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Syllabus and Overview

Complex Numbers

Review of complex numbers, including complex conjugate, inverse, modulus, argument and
Argand diagram. Informal treatment of complex logarithm, n-th roots and complex powers. de
Moivre’s theorem.

Vectors

Review of elementary algebra of vectors in R?, including scalar product. Brief discussion of vectors
in R" and C"; scalar product and the Cauchy—Schwarz inequality. Concepts of linear span, linear
independence, subspaces, basis and dimension.

Matrices

Elementary algebra of 3 x 3 matrices, including determinants. Extension to nxn complex matrices.
Trace, determinant, non-singular matrices and inverses. Matrices as linear transformations;
examples of geometrical actions including rotations, reflections, dilations, shears; kernel and
image, rank—nullity theorem (statement only).

Simultaneous linear equations: matrix formulation; existence and uniqueness of solutions,
geometric interpretation; Gaussian elimination.

Symmetric, anti-symmetric, orthogonal, Hermitian and unitary matrices. Decomposition of a
general matrix into isotropic, symmetric trace-free and antisymmetric parts.

Eigenvalues and Eigenvectors
Eigenvalues and eigenvectors; geometric significance.

Proof that eigenvalues of Hermitian matrix are real, and that distinct eigenvalues give an
orthogonal basis of eigenvectors. The effect of a general change of basis (similarity
transformations). Diagonalization of general matrices: sufficient conditions; examples of matrices
that cannot be diagonalized. Canonical forms for 2 x 2 matrices.

Discussion of quadratic forms, including change of basis. Classification of conics, cartesian and
polar forms.

Rotation matrices and Lorentz transformations as transformation groups.



Complex Numbers

We should be fairly familiar with complex numbers already, but here is a recap of what should be
well-covered.

Definition

We construct C by adding the element i to R, satisfying i* = —1. Then, any complex number z € C
has the form

z=x+1y
where x, y € R.

Each complex number consists of a real part Re(z) = x and an imaginary part Im(z) = y.
Properties
1. Addition. Given z4, 2z, € C where z; = x4 +1i J1, 29 = X5 +1 ¥, we can add or subtract them by
21+ 22 = (X1 +X2) +1(y1 + y2).
2. Multiplication. We can multiply z; and z, by
2125 = (X1 +1y1)(X2 +1)2) = (X1X2 — J1V2) + X1V + X271).
Remark. Both addition and multiplication are associative and commutative.

3. Identity. The identity element for the addition operation is the element O.

4. Inverse. For any z # 0, the inverse of z is given by

4 Xx-=1y
z =,
X% + 2
and it satisfies z - z7* = 1.
Moreover, distributivity is satisfied, i.e. if z1, 25, 23 € C Then
(Zl +Zz)23 =2Z123 t+2923.
5. Complex conjugate. For any z = x + i y, the complex conjugate is z = x — i y. With this, we can
write Re(z) = 2%, Im(2) = Z=.
Properties of complex conjugates includes:

1. (2) ==z
2. 21+ 25 =Z+Z
3. 2129 =271 - 25.

6. Modulus. For any z = x +1 y, we define the modulus in R to be
12| = x% + y2.

We will sometimes denote |z| by r.



7. Argument. The argument of a complex number z = x + i y # 0 is a real number, denoted by
arg(z) = # such that

z =r(cos d +isin6).

This is called the polar form of z. We can write

X
cosf=——, sinf= J

If 6 is an argument of z, then any 8 + 2ntn where n € Z is also an argument of z. Therefore, to
make this argument unique, we restrict the range of theta to (—m, ). We call arguments within
this range to be the principal value.

tan g = X.
X

We denote the principal value by arg(z). We also write Arg(z) = {arg(z) + 2nin | n € Z}.

Remark.

1. RCC,sinceforanya € R,wehavea +i10 € C.

2. Complex numbers of the form O + i b are called pure imaginary numbers.

3. The representation of a complex number in terms of real and imaginary parts is unique.
Once we have the properties above, here are a few more properties we can get to.

1. (C,+,-)isafield.

2. For the modulus operation, we have
* |21 + 23] < 21] + |22
* |2122] = |211]22].
* |21 — 221 2 [|21] = [22]].

We can also reach the following theorem, though we will not prove it here.
Theorem 1.1 (Fundamental Theorem of Algebra)

A polynomial of degree n with coefficients in C can be written as a product of n linear factors:

p@@)=c,z"+..+c, wherec;eCandc, #0
= Cpg—qy)(Z — @2)...(2 — a,;) wherea; € C.

Hence p(z) = 0 has at least one root in C, and n roots a; connected with multiplicity.

Argand Diagram

Forz =x+1iy € C, we can plot z in a 2-dimensional plot.



Im(z)
T o 2 =2 +iy=r(cosf +isin0)
-
0
o T Re(z)

We can therefore demonstrate some operations on the diagram.

1. Addition and subtraction

Im(z)
‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘ 21 4 29
R N ; 1_“
)
o -
2. Complex conjugates
Im(z)
%
5 -
z

This method immediately leads to some properties:
*Z1+23 =21 + 2.

* 2123 = Z1 * Z3.

z| = |z|.

De Moivre’s Theorem

Theorem 1.2 (De Moivre's Theorem)

Forany # € R, n € Z, we have

(cos @ +isin )" = cos(nb) + isin(nb).




Proof. To prove this, we first need a lemma.
Lemma 1.3

Letz, =ri(cosf, +isinf;)and z5 = ry(cos f, +1isinf,). Then

2129 = rlrz(COS(el + 92) + iSin(01 + 02))

Proof. Multiplying z; and z,,

2129 =T11Ty| cos 8, cos 8, —sin #4 sin #, + i (cos 8, sin 8, + cos 6, sin 6,) |.

COS(91+02) Sil’l(91+02)

For n = 0, we have z° = 1, which is true.
For n € Z-(, we shall prove by induction.

« Base case. This statement is true for n = 0.

- Inductive step. Let us assume (cos 8 + isin 8)" = cos(n6) + isin(né) for n. Then consider the
case forn + 1.

n+1

(cos @ +isinf)""" = (cosf +isinb)"(cos f +isin )

= (cos(nf) +isin(nf))(cos 8 + isin b)
bylemma = cos((n+ 1)) +isin((n + 1)6).

For n € Z~, we write n = —m with m > 0. Thus
(cosf +isinf)"” = (cosf+isinf) "
= ((cos 6 +isin 6’)'”)_1

= (cos(mb) + i sin(me))_1

cos(mé) +isin(mb)
- |cos(mb) + isin(mb)|
= cos(mb) —isin(mb)
= cos(—m#) + isin(—mb)
= cos(nf) + isin(nbh).

Exponential and Trigonometric Functions

Exponential Function
Definition 1.4

For z € C, we define



8

exp(z) =e° =

ZI’L
o n!

This definition converges Vz € C. Some fundamental properties of this function are:
« Vz,w € C,e"e"” ="

. if z € R, then e’ reduces to the usual exponential for reals
cef=1

- VzeC,nez () =e™

Trigonometric Functions

Definition 1.5 (Complex Trigonometric Functions)

Forallz € C:
cosz = %(elz + e"iz)
= % g:o %(l 2)" + g:o %(—1 z)”)
o 2n
= 2, gy
Analogously,

- ,Z:O (_1)n(2n +

If z € R, then the definitions produce the analogous results to real numbers.
From these definitions, we can write, for all z € C,
e'? = cosz +isinz.

In particular,

e'm=-1.
If x e R,
Re(e'*) = cos x
Im(e'*) = sin x.

10



Lemma 1.6

Forallne Z,e* =1 z=2nni.

Proof. Write z = x +1y. Then
% — o¥elY
=e*(cos y +1isin y)
Assume that e*(cos y +isin y) = 1. Matching real and imaginary parts gives
{siny:O:)y:nn foranyn € Z
e*cosy=1=>x=0,y=2nn foranyneZ

Hence e = e2"™ !,

2mn i

Assume that z = 21tn i. Then evaluating e gives cos(2mn) +isin(2nn) = 1.

Finally, if z = r(cos 8 + isin §) = rel? forr > 0, § € R, then de Moivre’s Theorem is immediate from
the results above.

Roots of Unity
Let z = re'?. If for some N € N we have z" = 1, then
Vel = rN(cos ON +isin ON) = 1.

Hence ¥ = 1leadstor =1.

Also, N = 21tn for some n € Z. Therefore 6 = ZNﬁ

Therefore, we get

2mni

z=e N wheren=0,1,..,.N-1

2mi

=w" wherew=e7.

We call the roots to be the roots of unity.
Logarithm and Complex Powers

Logarithm

Definition 1.7 (Complex Logarithm)

We define, for z € C and z # 0,

such that

Hence we have

11



log(re'?) =Inr + .
Note that complex logarithm is multi-valued.

Definition 1.8 (Multivalued Complex Logarithm)

We write Log(z) = {logz + 2mn i : n € Z} to represent the multivalued function.

Remark. To make the result unique, we can restrict the argument to -t < 6 < .

Complex Powers

We can define, forz € C, z # 0, « € C that

th — e(xlogz.

Note that this is multi-valued in general: different choices of the logarithm give

Za sy ZanT[ ina

for n € Z, and these agree for all n only when « € Z.

Example 1.9
iTrr

Consideri=-e

Then arg(i) = 7 and Arg(i) = {% +2mMn:ne Z}. Hence logi =i (g i ZTm) foralln e Z.

Lines and Circles in the Complex Plane

Lines

Taking z € C as a point on the line, and w € C as the direction, then a line can be expressed as
z=2zog+Aw AeR.

Taking conjugates, z = 2o + Aw = Wz — Wz = WZy — WZj.

Circles
For a center ¢ € C and radius p > 0, we can describe a circle as

z=c+ pel  geRr
& |z—c|l=p

& |z)> —cz—cz=p? —|c|>.

12



Vectors

A vector can be specified by a (positive) magnitude and a direction in space.
Introduction on Vectors

We can represent a vector as a line segment between two points A and B, and we write v = AB. The
vector v has length |v| and direction from A to B.

If we choose O as the origin, then point A has position vector & = OA.

Definition 2.1 (Vector Space Over Reals and Complex Numbers)

A vector space V over C or R is a set of abstract vectors {v} equipped with operations of

« vector addition @ : V x V —» IV, and
« scalar multiplication @ : Rx V —» V

that satisfy the following axioms:

Vector addition axioms

1. Commutativity: u @ v=v @ u.

2. Associativity: u @ v)Ow=u® (v w).

3. Additive identity: 30 € V suchthat0 @ v=vforallve V.
4. Additive inverse: Vv € V,3(-v) € V such that v @ (-v) = 0.

Scalar multiplication axioms
LAQud=AQu)dARQV).
2.0 RV=0L1QV)DURV).
3.AQUAV) =AM Q.

4. 1Qv=r.

Notation. Usually, we omit the circles of @ and ), and write them as if they were + and x.

Remark.
« Vectors under + form an Abelian group.

Example 2.2

In R?, we define the two operations as follows:

+ Vector addition. Consider a@ and b the position vectors of two points A, B respectively. We
can construct a parallelogram and then do compositions of two vectors, such thata + b = ¢.

13



+ Scalar multiplication. Given a the position vector of a point A, and A € R, Aa is a position
vector of a point on line OA, with length |Aa| = |A||a], in the direction as shown follows.

(A>0) Aa

(A<0) G A
/
Aa {A\a : X € R} is the set of all

points on the line through OA.

Definition 2.3 (Unit Vector)

A unit vector is a vector with length 1. We denote it as v.

Definition 2.4 (Linear Combination)

Consider two vectors a, b and scalars a, f € R. Then
aa + b

is a linear combination of ¢ and b.

In general, we denote all possible linear combinations of two given vectors a, b by
{aa + Bb : a, B € R} = span{a, b}.
This is called that span of {a, b}.

This extends to any number of vectors (possibly more than two).

Definition 2.5 (Parallel)

We say that @ and b are parallel, denoted a || b, if @ = Ab (or equivalently b = Aa) for some A €
R. We allow A = 0, so 0 || v for any vector v.

Remark. If a } b, then span{a, b} = span{a, a — b} is a plane through O, A, B.
Scalar Product (Dot Product)

Definition 2.6 (Scalar Product In R")

14



For two vectors a, b in R", and 6 the (plane) angle between them. Then the scalar product of a
and b is given by:

a-b=|a|lb|cosé.

Intuitively, this is the product of the parts in @ and b which are parallel.

We have some interesting results on scalar products in general.

Proposition 2.7

If a, b, ¢ are vectors and A € R, we have
cea-bh=>b-a

ca-a=|a*>0,and |a|=0ifand onlyifa =0
s Aa)-b=Aa-b)=a-(@b)
ca-b+c)=a-b+a-c

Definition 2.8 (Perpendicularity)

Moreover, we say that @ and b are orthogonal or perpendicular and denote it by a@ L b if
a-h=0.

In this case, we allow for @ or b to be 0.
Using the dot product we can write the projection of h onto a as
a\b|cosf = (a-h)a.
We can actually derive Definition 2.6.
Proposition 2.9

Forx,y € R3, define 6 [0, T] to be the (plane) angle between them. Then

x-y=|x||y|cosé.

Proof.

For any x, y € R?, we have
lx— y|® = |x* + |y|*> — 2|*| |yl cos @ by cosine rule. «1

But from the definition of scalar product,

15



x-yP=@x-y)-x-y)

2 2 «2
=lx|"+|yl"=2x-y.

By comparing Equation 1 and Equation 2, we getx - y = |x| |y| cos 6.

Definition 2.10 (Real Inner Product)

We say, for vector space V,amap (-,-): V x V — R s called an inner product if
1. (ax + By, z) = a(x,z) + By, 2).

2. (x, y) =y, %).

3. (x,x)>0forx # 0.

Definition 2.11 (Norm)

Given the inner product on V, we define the norm | - | : V — [0, oo] to be | x] = \/{x, x).

We can now form an inequality that we will encounter various times in various forms in later
courses, but here we shall see a simplest formation of it.

Theorem 2.12 (Cauchy-Schwarz Inequality)

Forall x, y € R", then
lx -yl < |x||yl

Proof. Consider the expression |x — )ty|2, where A € R. Then
x—Ayl* >0
(x—Ay)-(x-Ay)=0
1212 + A% |y|> —=2Ax -y >0

Mlyl?=2x-y+|x*>>0 by rearranging as a quadratic of A
4x-y)* —4lx)|yl* <0 by taking discriminant
lx -yl < x|yl

Here are some important observations for the Cauchy-Schwarz inequality.

Remark.
« This inequality holds for all scalar product in any real vector space.
» The equality holds if and only if x = Ay or y = Ax for some A € R.

+ Definition 2.6 is now well-defined since Cauchy-Schwarz ensures that —1 < cosf < 1.

Corollary 2.13 (Triangle Inequality)

16



For x, y € R", we have

e +yl <|x|+|yl

Proof. We have

X+yP=@+y) - x+y)
=|x®+|y>+2x-y
< |x)® +1y|* + 2|2y
= (x| +yD?

The result then follows.
Orthonormal Bases

Definition 2.14 (Orthonormal)

Vectors are said to be orthonormal if they are orthogonal unit vectors.

Consider R?, and consider vectors e, e, , ez that are orthonormal. Then we have

6,‘-8]‘:{2-) i;j fOI'i,j=1,2,3.

This is equivalent to choosing Cartesian axes along these directions. We need a few extra
definitions to describe this.

Definition 2.15 (Spanning)

For a vector space V, we say a subset S = {uq, ..., u, } is a spanning set for V if each of v € V' can
be written as a linear combination of the vectors in S.

Definition 2.16 (Linearly Independent)

We say the set T = {v4, ..., v,} is linearly independent if

q
YAvi=0& ), =0fori=1,..,q.
i=1

Definition 2.17 (Basis)

A set of vectors B ={u4, ..., u,} in V is called a basis if it is spanning and linearly independent.

Hence, {e4, €5, €3} is an orthonormal basis.

We can therefore denote a in the following ways:

17



a,
a=(a,0a,,a3) Oor a=|\a,|
as
Now, for @, b € R®, we have

a-b= (a161 + as,ey + a383) ° (b181 + bzez + bgeg)
= a1b1 ar azbz + agbg.

In particular, we can derive the Pythagorean rule, since
2 2 2
a-a=\a*=aj+a;+as.

For the canonical basis of R, the one that we use for the representation in terms of row or column
vector,

e;1=(1,0,0) e;=(0,1,0) e3=(0,0,1),
we can represent the vectors by
i,jk
respectively.

Vector Product (Cross Product) in R>

Definition 2.18 (Vector Product In R?)

Consider a, b € R®. Their vector product is defined by
axhb=|allbfisind

where 71 is a unit vector that is perpendicular to both @ and b, and (a, b, ) is right-handed.

Remark.
1. If we change 6 to 2t — 8, we obtain —# in the definition of @ x b instead.
2. nis not defined if @ || . However, we immediately have @ x b = 0.

3. fis not defined if |&| = O or |h| = O.
Notation. a A\ b = a x b for vector product.

Proposition 2.19 (Properties of Vector Product)

If @, b, ¢ are vectors in R®, then we have

axh=-bhxa.

axa=0.

axh=0¢& a=Abfor some A € R, or either vector is the zero vector.
Aa) x b = A(a x b) = a x (Ab).

axb+c)=axh+axc.

U g B8 Y=

18



6. a-(axb)=h-(axh)=0.

Proposition 2.20 (Geometric Interpretations of Vector Product)

For two vectors @, b € R?, then |a x b| is the area of the parallelogram formed by @ and b.

If a = 04 and b = OB, then the area of the triangle OAB is given by %la x B|.

Proposition 2.21 (Alternative Geometric Interpretations of Vector Product)

Fix a vector @ and consider x 1 a. Then, computing a x x gives a vector that scales x by |a| and
rotates it by % in a plane that is orthogonal to a.

a

NI

a XX

Component Expressions
Lete; =(1,0,0),e, =(0,1,0),e3 = (0,0,1). Then
€1 X €y =€3 =—€9 X1
€y X €3 = €1 =—€3 X €y
€3 X €1 =€ =—€1 XE€3

Consider @ = (a4, a5, as) and b = (b1, b5, b3). We have
axhb= (azbg = (lgbz)el
+(ashy —aibs)e;
+(a1by —asbq)es.
This is also equivalent to
i j kR
axh= a, ay as|
by by bs

Triple Products

Scalar Triple Product

Definition 2.22 (Scalar Triple Product)

19



Consider a, b, ¢ € R®. We write
[a,b,c]=a-(bxc)

to be the scalar triple product between a, b, c.

Proposition 2.23

Fora, b, c € R3, we have

a-(bxe)=h-(cxa)=c-(axDh)
=—a-(cxbhb)=-b-(axc)=—-c-(bhxa).

We can interpret Proposition 2.23 using a parallelepiped.

|e - (a x b)| is the volume of
parallelopiped which is given by
(Area of base) x (L Height)

Area = |a X b|

Note that¢- (a x b) = a - (b x ¢) is a signed volume:

- Ifa-(bxc)>0,then a,hb, c constitute a right-handed set.

« a-(bxc)=0iffa, b, c are coplanar. i.e. one of the them is a linear combination of the other two.

Vector Triple Product

Definition 2.24 (Vector Triple Product)

Consider a, b, ¢ € R®. We call
ax (b xc)

to be the vector triple product between a, b, c.

Proposition 2.25

Fora, b, c € R3, we have

ax(hxcec)=(a-c)b—-(a-hb)c.

Note that the vector triple product is not associative. This is because

ax(bxec)=(a-c)b—(a-b)c

20



but
(@axb)yxec=(@-c)b—(b-oa.

Lines, Planes and Vector Equations

Lines

Proposition 2.26 (Parametric Form of a Line)

Any point on a line through a with direction u # 0 has position vector r given by

r=a+iu. (A€R)

This form is equivalent to
ux(r—-a)=0suxr=»nh

where b is a constant vector.

Planes

Proposition 2.27 (Parametric Form of a Plane)

Any point on a plane through a can be described using directions u, v where u }# v, with the
position vector

r=a+Au+uv. (A,ueR)

0,

The normal vector to the plane r = a@ + Au + uv is

n=uxpv.

21



This normal vector is not a unit vector in general.
Then, we can write

r-n= a-n &F-a)-n=0
k= constant
The component of r along n is
R n-r k
n-r=—=—
In|  |n|

and % is the perpendicular distance from the origin to the plane.

Remark. If a, b, ¢ lie in the plane, then we can write the equation of the plane by

(r—a)-[(b-a)x(c-a)=0

Example 2.28 (Intersection of a Line and a Plane)

Consider the point of intersection between

Line: uxr=uxa abecR®
Plane: n-r=n-bh.

The line equation can be re-written as r x u = a x u. Taking vector product of this with n gives
(rxu)xn=(@xu)xn
Applying vector triple product property in Proposition 2.25 gives
(rxu)yxn=-nu—(u-n)r
=(b-nu—(u-nr.
Hence
u-nyr=0b-nu—(axu)xn.
Ifu-n # 0, then we can compute

_(b-mu—(axu)yxn
r= u-n

as the position vector of the point of intersection.

Otherwise, if u - n = 0, u is orthogonal to n. So either
- the line is parallel to the plane and never intersects the plane, or
- the line is contained within the plane.

Example 2.29 (Shortest Distance Between Two Lines)

Consider two lines
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Li:uy x(r—a,)=0
Lz:u2X(r—az)=0.

Then, the shortest distance between L4 and L, is attained at a line perpendicular to both lines,
with direction uq X u.

The shortest distance s is then computed by projecting the vector @, — a4 onto the unit vector
in the direction of 4 X u,, giving

Uy XUy
lug X us|

5= (@ - )

Spheres
A sphere in R? with centre 0 and radius r € R is given by
s={xeR®:|x|=r,r>0}L
In general, in R”, a hypersphere with center @ € R"” and radius r € R is given by
t={xeR":|x—a|=r,r>0}
Vector Equations
Our goal is to solve equations of the form
r+ax(Mhxr)=c
for r, where a, b, ¢ are known vectors.
Using the vector triple product identity in Proposition 2.25, we have
ax(bxr)=(a-rb—(a-b)r,
so that Equation 3 becomes
r+@-rb—-(a-br=c
Taking the dot product of both sides of Equation 4 with a gives
a-r+@-r)(a-b)—(a-h)(a-r=a-c
so we obtain
a-r=a-c.

Hence, substituting back into Equation 4 gives

«3

«4
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r+(@a-ch—(a-br=c
rl—(a-h)=c—(a-c)h.
- Ifa- b # 1, the there is a unique solution given by

_c—(a-c)b
r—m.

« Ifa-b =1, then by Equation 5, either
» there is no solution if ¢ — (a - ¢)b # 0, or

«5

» there are infinitely many solutions if ¢ — (a - €)b = 0. The set of solutions is given by our derived

condition

which represents a plane.

Index Notation & Summation Conventions

Consider an orthonormal right-handed basis {e4, €5, €3}. We write vectors a, b, etc. in terms of

coordinates in this basis.

From now on, we will use indices i, j, k that take values 1, 2, 3.

Definition 2.30 (Kronecker Delta)

The Kronecker delta §;; is defined as
_J1 i=j
su=[3 427
Proposition 2.31 (Properties of Kronecker Delta)

« Itis symmetric: §;; = §;;. Note that we can write
€;-€j= Sij-

« For vectors a, b, we can write

3 3
a-b= Z a,-bl- = Z 6’,-J-al-bj.
i

=1 i,j=1

Definition 2.32 (Levi-Civita Epsilon)

The Levi-Civita epsilon ¢, ;;, is defined as

1 (i,j,k)is an even permutation of (1, 2, 3)
¢ijr=1-1 (i, J,k)isan odd permutation of (1, 2, 3) .

0 ifanytwo indices are equal.

This is to say, that
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€123 = €331 = €312 =1

€321 = €132 = €313 = —1

and all other combinations are zero.

Proposition 2.33 (Properties of Levi-Civita Epsilon)

- Itis antisymmetric. We can write
3
€; Xej= Z EijrCr-
k=1
« For vectors a, b, we can write

axh= Sijk(libjek.

3
i,j. k=1

Einstein Summation Convention

Now, we can use a more efficient notation.

Definition 2.34 (Einstein Summation Convention)

In index notation, an index variable that appears twice in an expression are normally
summed. To simplify notation, we omit the summation sign for repeated indices and sum over
them. This is called the Einstein summation convention.

This notation follows the following rules:

 If an index appears only once in an expression, it is a free index, so it must appear in every
term of the equation, and can take any value.

 If an index appears twice in a term, it is a contracted index, and we sum over all its possible
values.

+ Noindex can appear more than twice in a term.

Example 2.35

Using Einstein summation convention, we can write
. 3

* a;6;; = a; Which means ), _, a;6;; = ;)

cea-bh= Sijaibj = Clibi

o (a X b)z = gijkajbk

a - (b X €)= eijkaibjck

«8§;=3

Proposition 2.36 (Important Identities Involving Delta and Epsilon)
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For indices i, j, k, [ taking values 1, 2, 3, we have

1. EijkEpgr = 5ip6jq6kr' — 6jp5iq6kr + 5jp6kq5ir — 5kp6jq5ir + 5kp5iq5jr — 6ip5kq5jr-
2. Sijkequ = 5ip5jq - 5iq5jp

3. Eijr€pjr = 25ip

4, gijkgijk =6

Proofs Using Index Notation

We can now use index notation to prove the vector triple product identity.

Example 2.37 (Proof of Vector Triple Product Identity)

We want to show that for a, b, ¢ € R,

ax(hbxc)=(a-c)b—(a-hb)c.

Proof. Using index notation, the ith component of the left-hand side is
(@ x (b xc); =¢;ja;(hxc),

= €ijri€rpaPpCq
= (€1jkErpa) %D Cq
= (€ijrEpqr) @b pCq
= (6,64 — 6ig0jp)ajb,c, soi = pinthe firstterm, and j = ¢ in the second
= (lejbi — ajbjci
=(a-c)b, — (a- b)c;.

This is precisely the ith component of the right-hand side.

Spherical Trigonometry

With index notation, we can also consider spherical trigonometry.
Proposition 2.38
For a, b, ¢ € R, then

(@xh)-(hxc)=(a-b)b-c) —(a-c)h|*

Proof.
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LHS = (a x b), - (b x ¢),
= &;ipAiDrEipgbpCy
= (€1jk€ipq)4brbyCq
= (€ijh€pqi)@DrbyCq
= (8p0rq = 61q0kp)aDrbyCq
= a;b;bycy, — ajbpbyc;
=(a-b)b-¢)—(a-c)b|".

Now consider a unit sphere in R? with centre 0, and points A, B, C on the surface of the sphere
with position vectors a, b, ¢ respectively.

The distance from A to B, §(A, B), is an arc length on the sphere.

A
. 54 LAOB=0(AB)
a-b=cosZAOB
= cos (4, B)
b B
In the same way, |a@ x b| = sin §(4, B).
Hence, we have
(axh)-(axc)
cosa =
la x b||la x c|
_ (bxa)-(axc)
 laxhb||laxc|
_(b-o)lal*—(b-a)a-c)
B la x b||a x ¢

cosasind(A, B)sind(A, C) = cos 6(B, C) — cos §(B, A)cos 6(A, C).

Which is the cosine rule for spherical triangles.
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Vectors in R"
We define the following operations for vectors in R”.
Definition 2.39 (Addition and Scalar Multiplication In R")

Addition. For @, b € R", we define
a+hb=(a;+by,ay+by,...,a,+by,).
Scalar Multiplication. For @« € R” and A € R, we define

Aa = (Aaq,Aas, ..., a,).

Any x € R" can be written as

n
x=) xe
i=1

where {e4, €5, ..., €, } is the standard basis for R” with 1 in the ith position and 0 elsewhere for e;.

Definition 2.40 (Dot Product In R")

For a, b € R", we define their dot product to be

Proposition 2.41

€;-€j =5ij'

Hence, the components of ¥ = (x1, X, ..., X,) can be determined by

X, =Xx-e;.

Notation. If we write vectors in R" as columns, then for x, y € R”, x" and yT denote their
transposes, and that their inner product can be written as

x-y=x'y.
Summation Convention
We have

Xy =06i%; =%V

We define ¢; ; ; to be the extension of the Levi-Civita epsilon (Definition 2.32) to n dimensions.

nindices

In R?, it can be used to define an additional scalar product:

la,b] = ¢;;a;b; = a1by — asb,q
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Geometrically, this represents the signed area of the parallelogram formed by @ and b.

Remark. One can compare this to [a, b, €], which represents the signed volume of the
parallelepiped formed by @, b, ¢ in R®.
Vectors in C”

We define the following operations for vectors in C".

Definition 2.42 (Addition and Scalar Multiplication In C")

Addition. For z, w € C", we define
Z24+W=(21+Wq1,20 +Ws,..., 2, + Wy).
Scalar Multiplication. For z € C" and A € C, we define
Az = (Azq,A2y,...,A2,).
- If 1 € R, then C" is a real vector space.
« If 1 € C, then C" is a complex vector space.
For any z € C", we have
Zi=X+1y;.

If we are only allowing real scalars, then we can write

z=) (% +iyye; =) i+ ) yifi=x+iy.

where f; is defined to be the vector with i in the jth position of the imaginary part and O
elsewhere.

Note that {eq, €5, ..., €n, f1, f2, ..., [} forms a basis for C" as a real vector space, with dimension 2n.

If we allow complex scalars, then we can define
fi=1iej,

and thus z = Zj z;e;. Hence C" is a complex vector space with dimension n. Note that {e;, €5, ..., €,}
forms a basis for C" as a complex vector space, with dimension 7.

Inner Product in C”

Definition 2.43 (Inner Product In C")

For z, w € C", we define their inner product to be

n
(z,w)y = zZ;w;.
=

29



Remark. This definition, including a complex conjugate, allows us to proceed with a definition

for the norm.
Properties of the Inner Product
Proposition 2.44 (Properties of the Inner Product In C")

1. Hermitianity. (z, w) = (w, 2).

2. Linearity and anti-linearity. Vz, w € C",Vu, u',A,A' € C,

« (z,Aw' +A'w) = Mz, w') + A (z, w)
« (uz+u'z', wh =z, w) + u'(z', w)

3. Positive definite. (z,z) = ¥, || > 0. Equality holds iff z = 0.

Definition 2.45 (Norm In C")

For z € C", we define its norm to be

n
2 2
2|° = (2,2) = ). |2]°.
i=1

Definition 2.46 (Orthogonality In C")

We say that z, w € C" are orthogonal if

(z,w) =0.

Remark. The standard basis for C” is orthonormal, and
(e,-, e,-) = 5ij'
From Complex to Real Inner Products

Forn =1, take z, w € C, then

(z,w) =zw.

Now, write z = a; +ia, and w = by +1 b, where a4, a,, b1, b, € R. Then we can identify z and w as

vectors in R?, with @ = (a4, a,) and b = (b;, b,) respectively.
Then,

zw=a-b+ila,b]

where [, b] = a1 b, — a,b; is product defined in Section 2.8.1, recovers both scalar products in R?.

General Vector Spaces

Definition 2.47 (Vector Space)
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A vector space V is a collection of vectors with two operations defined on them: vector addition
and scalar multiplication, which satisfies the axioms in Definition 2.1.

« If the scalar field is R, then V is a real vector space.
« If the scalar field is C, then V is a complex vector space.

Consider a real vector space V, and consider v4, v, ..., V,, € I/, we can write a linear combination:
MVi+Ave+ ...+ AV, €V

foranyAq,A,,...,4, € R.

Definition 2.48 (Span)

The span of {v, ...v,} is defined as

r
span{vy, ..., Vp} = { MAvitd € R}.

i=1

Definition 2.49 (Subspace)

A subspace U of a vector space V is a subset of I/ that is also a vector space under the same
operations of addition and scalar multiplication defined on V.

Equivalently, a non-empty subset U C V is a subspace if it satisfies that foreveryu,v € U and A, u €
R, we have Av + uu € U.

In particular, for any vq, v, ...,v, € V,
span{vq,..., V,}

is a subspace of V.
Remark. The two trivial subspaces of any vector space V are {0} and V itself.

Linear Independence and Dependence

Definition 2.50 (Linear Independence and Dependence)

Consider a vector space V, and vectors vq4, Vs, ..., v, € V. Consider a linear combination of these
vectors:

A1V1 +/12V2 AF 000 +Arvr /11, ---,Ar e RorC.

IfAivy + A3V + ...+ A,v, = 0implies A, = A, = ... = A, = 0, then the vectors are linearly
independent.

If there exists A1,A,, ...,A,, not all zero, such that A, v, + A,v5 + ... + A, ¥, = 0, then the vectors
are linearly dependent.

Remark.
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+ A set of vectors {v4, Vo, ..., V,.} is linearly dependent iff one of the vectors can be expressed as a
linear combination of the others.

. InR3, a, b, c are linearly independent iff
a-(bxc)#0.

This can be geometrically interpreted as the vectors not being coplanar

Example 2.51

1. {(5): (%) (3)} in R? is linearly dependent, noting that 2(%) = (3).
2. {(é) (?)} in R? is linearly independent.

3. Any set containing 0 is linearly dependent.

Inner Products

Definition 2.52 (Inner Product)

An inner product on a vector space V is a function that assigns to each pair of vectors v, w € V
a scalar (v, w) € R or C, satisfying

1. Hermitianity: (v, w) = (w, v).
2. Linearity and anti-linearity: Vu,v,w € V,Vu,u',A,A' € Cor R,

« (v, Aw +A'w') = v, w) + A (v, w')
s (uv+u'v',w) = v, wy+ u'(v',w)

3. Positive definiteness: (v, v) > 0 with equality iff v = 0.

Definition 2.53 (Orthogonality)

We say that v, w € V are orthogonal if

(v, w) = 0.

Proposition 2.54

If vectors v4, Vs, ..., v, € V are non-zero and orthogonal, then they are linearly independent.

Proof. Suppose for contradiction that the vectors are linearly dependent. Then there exist scalars
ai,d,....a, € Ror C, not all zero, such that

Z a;v; = 0.
i

Then

32



0= <Vj, >, aiv,-> =Y. a;(vj,v;) bylinearity
i
= aj(vj,v;) by orthogonality
2
= a5|v;".

By positive definiteness, Vj|2 > 0, so we must have «; = 0. This holds for all j, contradicting our
assumption that not all a; are zero.

Basis and Dimension

Definition 2.55 (Basis)

A basis of a vector space V is a set of vectors B = {vq, Vs, ..., V,} in V that
1. Bspans V,
2. the vectors in B are linearly independent.
Remark. This implies that the coefficients in the linear combination A1 vy + Ay vy + ... + A,V

are unique for any vector in V. The set of coefficients are called the components of the
vector with respect to the basis B.

Theorem 2.56

If{eq,e,,...,e,}and {f1, fa, ..., fm} are bases for the same vector space V, then n = m. The
number 7 is called the dimension of V.

Proposition 2.57

If V is a vector space of dimension n. Then,
1. if Y ={w,,...,w,}spans V, and that m > n, we can remove vectors from Y to get a basis.

2. If Z ={u,,...,up}is alinearly independent set in V with k& < n, we can add vectors to Z to get
a basis.
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Matrices

Linear Maps

Definition 3.1 (Linear Map)

For two vector spaces V and W, a linear map is a function
T:V->W
such that
TAx +puy)=ATx)+uT(y)

forall x, y € V and all scalars 4, u.

Definition 3.2

Let T : V — W be a linear map.

The image of x € V under T is the vector x' = T(x) € W.
The image of T is the set
ImT ={x'eW:x"=T(x)forsomex e I'}.

It forms a subspace of V.
« If x € V such that T(x) = 0, then x is in the kernel of T.

The kernel of T is the set

kerT ={xeV:T(x)=0}.

It forms a subspace of V.

« ForT:V — W, Vis called the domain of T and I the codomain of T.

» The dimension of the image of T, dim(Im T), is called the rank of T, denoted rank(T).

« The dimension of the kernel of T, dim(ker T), is called the nullity of T, denoted null(T).

Remark. For T : V — W, we have

dimkerT) <dimV, dim(ImT)<dimW.

Example 3.3

1. Thezerolinearmap T : V — W isdefined by T(x) = 0 forallx € V.
IthasImT ={0}and ker T = V.
2. Theidentitymap 7 : V — Visdefined by T'(x) =x forallx € V.
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IthasIm T = V and ker T = {0}.
3. Consider V = W = R? and T(x) = x', with
X] = 2X1 + X5
Xy = X1 — 4x,.

This is a linear map. In this case, Im T = {AG) + u(_14) D NIR= R} = R* and ker T = {0}

We can carry out several operations on linear maps.
« Linear combination

LetT,S : V — W belinear maps. Then,

aT +BS:V->W
is still a linear map, defined by
@T + BS)(x) = aT(x) + BS(x)

for all x € V and all scalars a, .
+ Composition

LetT :V - W,S:U — V belinear maps. Then,

ToS:U—->W
is still a linear map, defined by
(T 0 S)(%) = T(S(x))

forallx e U.

Theorem 3.4 (Rank-Nullity Theorem)

Let T : V — W be a linear map, where V is finite-dimensional. Then,

dimV =rank T +null T.

Proof. Let us call n = dim V and m = null T. Since dim(ker T') < dim V, we have m < n. We have
two cases:

1. m=n.Then,ker T =V, so T is the zero map. Thus, Im T = {0} and rank T = 0. Therefore,
dimV=n=0+n=rankT +nullT.

2. m < n.Then let{e,4,...,e,} C V be a basis of ker T. Then, T'(e;) = 0 for all i.
We can extend {eq, ..., €5} to the basis of the whole V:
{1, msCmits - €nl}
We need to show that {T'(é,,41), -.., T(€,)}is a basis of Im T.

« Spanning. To show that {T(e,;+1), ..., T(€,)} spans Im T, take y € Im T. Then 3x € V such
that
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Tx)=y.

Since x € V, we can write
n
x=) ae
i=1
for some scalars «4, ..., «,. Thus,
1 1 n
y=Tx)= T(Z Ofiei) =Y a;Te)= ), a;T(e).
i=1 i=1 i=m+1

Therefore, y is in the span of {T (€ 41), ---» T'(€x)}.

Linear independence. To show that {T(€;,+1), ..., T'(€e,)} is linearly independent, suppose
that

n
> a;T(e;)=0
i=m+1

for some scalars a,,.1, ..., @,. Then, by linearity of T, we can write

Thus, x € ker T. Therefore, since we supposed that {e4, ..., €,,} is a basis of ker T, we write
m
x=) pe
=il

for some scalars f4, ..., B,,- But since {eq, ..., €,} is a basis of V, the representation of x is
unique. Thus, a,;,,1 =...=a, =0.

Example 3.5

« Zero linear map. We have null T =dim VV and rank T = 0. Then dim V = dim V + 0.
+ Identity map. We havenullT = 0andrank T =dim V. Thendim V =0+ dim V.

Matrices as Linear Maps

Let M be a matrix with entries M;; € R. define

T:R" > R"

such that

where

Tx)=Mx=x" forx,x' eR"

]
X; = M,]xj

Given n = 2, with
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M, M
M = (M1 12)
(M21 My,

we have
(x:1> _ (M11 Mlz)(x1> _ (M11x1 + M12x2).
Xy My1 Myy)J\xy My1xq + Mayy Xy

Consider R; € R" the rows, and C; € R” the columns of M.

Proposition 3.6

The image and kernel of the linear map T defined by the matrix M are given by
ImT =ImM = span{Cy, ..., C,}

Ealel

kerT=kerM={xeR":R;-x=0foralli =1,...,n}

Proof. Let us consider the image and kernel of M. The components are related in the following
form:

M;; = (Cj), = (Ry);.
If{e,, ..., e,} is the standard basis of R”, then, under T,
e; — T(e;) =Me; =C;.
Since T is a linear map, we can write

x = ine,- - T(x) = inT(ei) = inci = x,C;.
1 1 1

Thus, Im T = Im M = span{Cy, ..., C,,}, which is the span of the columns of M.
Now, for the kernel, consider x; = M;;x; = (R;);xj = R; - X.

If ' = 0,then R; - x = 0 for all i. Thus, ker T = ker M is the set of vectors orthogonal to all the
rows of M.

Example 3.7 (Examples of Matrices as Linear Maps)

1. Zero map. The zero map is defined by taking M = 0.
2. Identity map. The identity map is defined by taking M = I, where I is the identity matrix.
3. Consider themap T : V — W where X' = T(x) = Mx. Let T be defined by

X} =3%; + X5+ 5x3

!
Xy =—=X1 —2X3
X5 =2x1 + X3 + 3x3
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then, the matrix associated to T is

/|

315

-10 -2]

2 1 3
3 1 5)

C]_= -1 ,Cz= 0] ,Cg= -2
2 1 3
3 -1 2

R1= ]_ ,R2= 0 ,R3= 1 o
5 —2 3

Hence, the image and kernel of the linear map T are given by

with columns

and rows

ImT =ImM = span{C;, C5, C3} = span{C4, C3} = rank(T) = 2,

5 3 il
because we have that (—2) = 2(—1) = (o).
3 2 il

Then, for the kernel, we need

i jRr| [0-(-2) 2
RyxRs=|-10 -2|=3+(4)|=(-1]
2 1 3 ) -1

Hence

2
kerT =kerM = span[ (—1)].
-1

Geometric examples in R* and R®

In R?

1. Rotations.

Consider 6 such that —7 < 8 < 7. Then, a rotation by an angle 8 about the origin in R? is given by
the matrix

__(cosf —sind
) = (sinH cos 8 )

Note that det Rot(f) = cos?(6) + sin*(§) = 1.
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2. Reflections.

Consider 8 with —r < 6 < m. Then, a reflection of angle g in R%is given by the matrix

__[cosf@ siné@
Ref()) = (sin § —cos 0)'

Note that det Ref(f) = —(0052(9) + sin2(0)) =-1.

,,\"0/2

Proposition 3.8 (Properties of Rotations and Reflections)

+ Rot(f) Rot(p) = Rot(f + ¢)
+ Ref(d) Ref(p) = Rot(d — @)
+ Rot(d) Ref(2p) = Ref(2¢p + 6)
+ Ref(260) Rot(p) = Ref(26 — )

In R3
1. Rotations.

« Consider a rotation by an angle 6 about axis es. This is given by the matrix

cosf —sinf O
Rot(f) =|sinfd cosf O]
0 0 1

« Consider a rotation by an angle # about the unit vector n. In this case, we have

x'=Rx
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where x € R® and &} = R, ;.
Then,

x' = (cos)x + (1 —cosb)(n-x)n+ (sinfn x x
or equivalently,

R;;j = (cos0)6;; + (1 — cos O)n;n; — (sin H)g; j,ny.

This can be derived by decomposing x into components parallel and perpendicular to n, and
then rotating the perpendicular component in the plane orthogonal to n.

X=x+x,
with
x,=(n-x)n,
X, =x-x
After applying R, we have
x) = Xy,

x| =(cosb)x, +(sinf)n x x,.

[looking down n]

) @WH

2. Reflections.
Reflections in a plane through the origin with normal unit vector n are given by
x'=Hx=x-2(n-x)n.

Thus we have
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x'i = Hl-jxj,
where

Hij = 5”' = annj

3. Dilations.
Dilations from the origin with scale factor A are given by
x'=D)x = Ax.
Thus, we have
x'; = D;;(Mx;,
where
D;;(A) = A6;;.
4. Shears.
Given a, b with |a| = |b| = 1 and such that @ - b = 0, a shear with parameter A is defined by
xX'=SWx=x+Ax-a)h.
Thus, we have
x'; =S;;Mx,
where
S;;j(A) = 6;; + Ab;a;.
Matrices in General
Definitions
Definition 3.9 (Matrix)

Consider alinearmap T : V — W, with dim VV = n and dim W = m, and take two bases
{eq,....,eptof Vand {fy,..., fm}of W.

Then, T can be represented by M, which is an m x n array with entries M;; € Ror C for i =
1,..,mastherowsand j =1,...,n as the columns, such that

T(ej) = Zl Mi; fi

for j =1, ..., n. This automatically ensures that for any x € V, x' = T(x), we can always write x'
and x in terms of the bases:

n m
x=)> xe;, x'=) xifi.
=1 iz
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This means that any coefficient from the image can be written as
n
!
X; = Z MU.X']
j=1

To summarise, given IV and W which are real or complex vector spaces with dim V = n and
dim W = m, and given bases {eq, ...,e,} of V.and {f4, ..., fm} of W, then

« V isidentified with R" or C".
« W isidentified with R™ or C™.
« We identify the linear map T : V — W with the matrix M such that x' = Mx.

Remark. Consider another linear map S : V — W with matrix representation N with respect to
the same bases. Then, for scalars «, S,

aT + BS
is represented by matrix

aM + SN
with coefficients

(aM+,8N)l-j = aMl-j +,3Nij.

This is because addition and scalar multiplication in matrices takes place entry-wise.

Example 3.10

Consider V = M,,,(R) and W = R®. Hence dim V = 4 and dim W = 3. Consider the map

a+b
T:V > W with (aZ)H c |
¢ d

The map is linear. We want to find the matrix representation of T with respect to the bases

[e1=(0 ) e2=(0 o) eo=(3 0} = I}

oG- -}

To determine M, we need to compute T(e;) fori =1, ..., 4:

o)

of V and

of W.
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Therefore, for a, b, c,d € R,

4 b 1 1 0 0 a+b
T(( ))zaT(el)+bT(ez)+cT(e3)+dT(e4)=a O|+blO]+cl1]|+d|O|=| ¢ |
cd o/ \o/ \o 1 d

Thus, the matrix representation of T with respect to the given bases is

1100
M=|0010]|

0001

Matrix Multiplication
Consider linear maps T and S such that
T: VoW, S:U->V.
We wish to compose them. The composition is given by
ToS:U->W
such that
(T o 5)(x) = T(5(x))
forallx e U.

If T is represented by the matrix M and S is represented by the matrix N, then T o S is represented
by the matrix L. = MN.

Let

. {eq,...,e,} beabasis of V (dim V = n),
s {f1,..., fm} be abasis of W (dim W = m),
« {gq1,...., 81 beabasisof U (dim U = I).

If we consider T o S so that T o S is represented by the matrix L. = MN, with coefficients given by
Lix = M;;Njp.

Note that
« Misan m x n matrix,
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« Nisan n x [ matrix,
« Lisan m x [ matrix.

Remark.

1. The number of columns of M must equal the number of rows of N for the product MN to be
defined.

2. L has the same number of rows as M and the same number of columns as N.

We can also write
Lix = (MN),,
= [R;(M)}[C(N)];
= R;(M) - Cr(N).
If we apply MN to a x € U, we obtain
(MN)x = M(Nx)
with
[M(Nx)]; = M;;[Nx];
and Thus
(MN);, X = M;;NjpXp.

Proposition 3.11 (Matrix Properties)

For any three matrices L, M, N such that the products below are defined, and for any scalars
A u,

« (AM + yN)L = A(ML) + y(NL)

« L(AM + uN) = A(LM) + u(LN)

« M(NL) = (MN)L.

Matrix Inverses
Consider three matrices M, N, L, satisfying

« Thesizeof Nism x n,
« Thesizeof Misn x m,
o The size of L. is n x m.

We say that L is a left inverse of N if
LN=1,
where I is the identity matrix of size n x n.
We say that M is a right inverse of N if
NM=1,,.

If N is a square matrix (i.e., m = n), then
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L =L(NM)=(LN)M =M,

so the left and right inverses coincide. In this case, we say that N is invertible (or non-singular)
and we denote its inverse by N~ .

Remark. If N has an inverse, then N is a square matrix.

Not all square matrices are invertible. For example, the zero matrix is not invertible.

Proposition 3.12

For two invertible matrices M and N of the same size,

MN) '=NML

Proof.

(N"M)MN)=N""(M'M)N=N'IN=N"'N=1

Example 3.13
1. Rotation. For Rot(f, n), we have

Rot(6,n)"" = Rot(—6, n).
2. Shear. Fix a, b. Then, for S(1), we have

S~ = S(=).
3. Reflection. If H is a reflection in a plane with normal n, then

H'=H.
Transpose and Hermitian Conjugate

Definition 3.14 (Transpose)

Consider a matrix M of size m x n. Then, the transpose of M is the matrix M' of sizen x m
with entries

(MT)ij = M]l

Proposition 3.15 (Properties of the Transpose)
T
1. (M") =M
X
2. 1f x is a column vector ( sl), then x' is the row vector (x1 - ).

Xn
3. MN)' =N"M"
4. @M+ AN)" = aM" + AN



Definition 3.16 (Symmetric and Antisymmetric Matrices)

If M is a square matrix, then M is

. symmetricifM' = M,
. antisymmetricif M' = —-M
Definition 3.17 (Hermitian Conjugate)

Consider a matrix M of size m x n with complex entries. Then, the Hermitian conjugate of M
is the matrix M' of size n x m

M =MT

with entries

(M), =M

where z denotes the complex conjugate of z € C.

Proposition 3.18 (Properties of the Hermitian Conjugate)
1. @M+ BN)" =aM' + BNT

2. (MN)' = N"M"

Definition 3.19 (Hermitian and Anti-Hermitian Matrices)

If M is a square, then M is

. Hermitianif M' = M, i.c. My = M_jifor all i, j,
- anti-Hermitian (or skew-Hermitian) if M' = —M, i.e. M;; = —M; forall i, j.

Trace

Definition 3.20 (Trace)
Consider any n x n matrix M, the trace is defined by
tr(M) = M;;.

i.e. the sum of the diagonal entries.

Proposition 3.21 (Properties of the Trace)

tr(aM + BN) = a tr(M) + B tr(N)

tr(MN) = tr(NM)

tr(MT) = tr(M)

tr(I) = n for the identity matrix of size n x n.
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Decomposition of n x n Matrices

Any n x n matrix is a sum of symmetric and antisymmetric parts. For a matrix M that is square
with real entries, we can write M as S + A, where

1
S = E(M+MT)

is the symmetric part and

is the antisymmetric part.

The symmetric part can be further decomposed:
T=S = tr(S)I
=S——tr
n

Note that tr(T) = 0, and we call T to be traceless. Noting that tr(S) = tr(M) and tr(A) = 0, we can
write

1
M = T + —tr(M)I + A
[S— n [S—
symmetric e — antisymmetric part
traceless isotropic part

Orthogonal and Unitary Matrices

Definition 3.22 (Orthogonal Matrix)

Areal n x n matrix U is orthogonal if and only if
U'U=UU" =1
or equivalently,
u'=Uu".

This means that columns and rows of U are orthonormal vectors. Equivalently, U is orthogonal
if and only if U preserves the dot product, i.e. for all x, y € R",

(Ux)-(Uy)=x-y,

and in this cases, U preserves lengths and angles.

Definition 3.23 (Unitary Matrix)

A complex n x n matrix U is unitary if and only if
vu'u=uu' =1

or equivalently,

v =u"
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Equivalently, U is unitary iff it preserves the complex inner product, i.e. for allx, y € C",

Ux) (Uy) = x'y,

and in this cases, U preserves lengths and angles.

Example 3.24

In 2 x 2, consider U as an orthogonal matrix. Consider the basis

(o} ()}

1\ (cosé@
U(O) = (sin 8) foreR
« U preserves angles, in particular, orthogonality

U<O> = +<_ sin 9) for6 e R

« U preserves norms

1 —\ cos @

Thus, we have either

_ _(cosf —sind
SIS0l = (sin@ cosé )

or
_ __[cos@ sind
WS IEi) = <sin 6 —cos 0)'

Determinant

Consider a map R” — R”" given by a real n x n matrix M, where

x'=Mx
for all x € R".
Assume that M~ exists, then
x=M1x'"
In R*
Consider M = (31 }i2), and let M = (22 7/12). Then,

x'=Mx = Mx'=MMx = det(M)x.
Wlth detM = M11M22 — M12M21.
Note that detM = [Me4, Me].

. 1 1
Therefore, if detM # 0, then M~ = detMM.
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In R>

We shall attempt to generalise our construction of the det M to R*. Take x — x' = Mx where M is a
3 x 3 matrix with real entries. We seek a matrix M and a scalar det M such that

MM = (det M)I.
We call this scalar det M the determinant of M.
Recall that the scalar triple product of three vectors a, b, ¢ € R? is defined by
[a,b,c]l=a-(bxc)=¢;a;bcy
which describes the volume of the parallelepiped formed by the three vectors.
Under the action of a 3 x 3 matrix M, volumes are scaled by a factor det M, where
[Meq, Me3, Mes] = [C1(M), C2(M), C3(M)]
= [M;1 €4, Mjy e, Mysey]
= Mi1 M3 Mys3le;, €;, €]
= &;jpMij1 Mjs My3
=: det M.
Thus, in R?, the determinant of a matrix M is given by
detM = g;;,M;1 M5 My3.
To construct M, note
Ry (M) = (M) x C3(M)
R,(M) = C3(M) x C1(M)
R3(M) = C1(M) x C5(M)
so that
R;(M) - €;(M) = C;(M) - (C2(M) x C5(M))6;;.
Thus,

(MM)U = (det M)(g”
And hence detM # 0 iff {Me,, Me,, Me3} is linearly independent. This is equivalent to saying
Im(M) = R?, or that rank(M) = 3.

Remark. General 3 x 3 determinants can be expanded in terms of 2 x 2 determinants. For
example,

M, Mo M
M11 M12 M13 M Mjyy My3 -M My My3 +M My My,
21 22 23| — 11 M32 M33 12 M31 M33 13 M31 M32 .
M3 M3y M3s
Permutations
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Our goal is to generalise the Levi-Civita symbol to n dimensions to define the determinant of an n x
n matrix.

Definition 3.25 (Permutation)

A permutation of a set S is a bijectione : S — S.

Notation. We write S, to be the set of all permutations of the set {1, 2, ..., n}. Note that |S,| = nl.
Consider p € S,, with
( 1 2 .. n )
pA) p2) ... p(n)
Definition 3.26 (Fixed Point)
A fixed point of a permutation p € S, is an element i € {1, ..., n} such that p(i) = i. We normally
omit fixed points when writing permutations.
Definition 3.27 (Disjoint Permutations)
Two permutations are disjoint if members moved by one permutation are not moved by the
other, i.e. they have no common elements that are not fixed points.

Example 3.28

We can write

(123456
P=\563142
(12456
=\56142
_(145\26
=151 4)l6 2
— (5 4 1)6 2)

where (5 4 1) and (6 2) are called cycles.

Note that disjoint permutations commute, but in general permutations do not commute.

Definition 3.29 (Transposition)

A transposition is a 2-cycle.

Proposition 3.30

Any g-cycle can be written as a product of 2-cycles.
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Proof. This is because we can write

a2..n=010 2)2 3)..n—-1 n).

Definition 3.31 (Sign of Permutation)
The sign of a permutation p is defined by
e(p) = (-1)"
where r is the number of 2-cycles of p when written as a product of 2-cycles.

In particular, if e(p) = 1, then p is an even permutation, and if £(p) = —1, then p is an odd
permutation.

Remark. £(po) = £(p)e(0) and £(p™") = £(p).

Definition 3.32 (Levi-Civita Symbol)

The Levi-Civita symbol in n dimensions is defined by
+1 if (i4,15,...,i,) is an even permutation of (1, 2, ..., n)
Eiyiy..iy =1—1 1if (i1, 05, ...,i,) is an odd permutation of (1, 2, ..., 1)
0 ifanytwo indices are equal

It is totally antisymmetric.

Alternating Forms

Definition 3.33 (Alternating Form)

For vectors vy, ..., v, in R"” or C", the rank n alternating form is defined by
V1, Val = €11 30 1) 11 (V2) 13 V) 1

= Z €0)(V1) 1) (V2) p2y (Vi) )
[}

Proposition 3.34 (Properties of Alternating Forms)

1. [v4,...,, V,]is multilinear in its arguments. i.e.
Vi, .., av; + Bu;, ..., Va] = [V, ..., Vi, oo, Va1 + BV, oo Uy o, Vi ]
2. Itis totally antisymmetric: [vq, ..., Vi, ..., Vj, oo, V| = —[V1, o0, V), oo, Vi, o, V| fOT AL #
Alternatively, [V, ..., Vo] = €(0)[V1, ..., V] fOr any permutation p.

3. [e1,...,e,]=1.
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Remark. Properties (1) (2) (3) uniquely define the alternating forms. Note that exchanging

two vectors changes the sign of the alternating form, so if any two vectors are equal, the
alternating form is zero.

4. If v, = v, for some p # g, then[v,,...,v,] = 0.

5. Ifv, = Z#p A;v; for some scalars A;, then [v4, ..., v,] = 0.
Proposition 3.35

Vi, ..., Vil # 0 © {vq, ..., v, } is linearly independent.
Proof.

If the vectors are linearly dependent, then one of them can be written as a linear
combination of the others. By property (5), the alternating form is zero.

If the vectors are linearly independent, then they span R" or C". In particular, for some
matrix U, we can write

ej = Ulj V;.
Hence,

[€1,....€x] = U1 Uiys...Uj u[Viy, s Vi, |

= Ui, 1Uiy2. Ui n€iyiy. i, [Ves oees Vil
Since [eq, ..., €,] = 1, we have

[vq, ..., Vn] # 0.
Determinants in R"” and C”

Definition 3.36 (Determinant)

Consider an n x n matrix M with columns given by
C; = Me;.
The determinant of M is defined by

detM = [Cy, Cs, ..., Cy]
=[Meq,Me,, ..., Me,]
= €iiy.i,Mi; 1 Miy0...M; p

= 2 €O)Mpan M2 Mpn
)

where £(p) is the sign of the permutation p € S,,. We can also write
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M1 Myz ... My,

Mnl an Mnn

Proposition 3.37 (Properties of the Determinant)

1. The determinant is multilinear in the columns of the matrix. In particular,
det(AM) = A" det(M)
for any scalar A and any n x n matrix M.

2. The determinant is totally antisymmetric in the columns of the matrix. In particular, if we
exchange two columns of M, then the determinant changes sign.

det(I) = 1 for the identity matrix of any size n x n.
If two rows or two columns of M are equal, then det(M) = O.

If two rows or two columns of M are linearly dependent, then det(M) = O.

S

det(M) # 0 if and only if the columns of M are linearly independent.

As a consequence, under a column operation C; — C; + AC; for some j # i, the
determinant is unchanged.

7. det(M) = det(M").
Hence, all properties above also hold for rows.
8. For any two n x n matrices M and N,
det(MN) = det(M) det(N).
In particular, if M is invertible, then
det(M™) = (det(M)) .

9. If M is orthogonal, then det(M) = +1.
10. If M is unitary, then |det(M)| = 1.

Proof. For (5), Suppose C;(M) + AC;(M) = 0 for some i # j and scalar A. Define N given by

N M ifs #i
s =\ My +AM,; if s = i

Then

det(N) = det(M) + A det(matrix with column i = column j) = det(M).
=0

Then, the ith column of N is all zeros. And thus det(N) = 0 = det(M).
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For (7), take a single term M,()1, ..., Mypyn, and a o in S,,. We have
My Mp@y2---Mpmn = MpoayoyMpe@yo@ +Mpomyom-
Take p = 6. Since ¢(p) = £(0), we have

detM = Z S(U)Mla(l)’-":Mna(n)

cES,

= det(M").

For (8), note that swapping columns an even/odd number of times introduces a factor of +1.
Hence,

det(MN) = ) £(0)(MN),;); (MN) ), ...(MN)

o

o(n)n

n

=29(0) Z Moaye, Ney1--Momyr, Niyn
o Ry-kp=1

n

= Z Nkll"'Nknﬂ ZS(U)MJ(l)kl'*'MG(n)kn .
kq-kp=1 o

S

Ifin S two indices k, = k, for some p # ¢, then S = 0 by property (4). Hence, we only need to
consider the case where k4, ..., k, are all distinct. This means that there exists a permutation p
such that k; = p(i) for all i. Thus,

S = Z £(0)Mo1)p1)---Momypcny
o
= g(p) det(M).
Therefore,

det(MN) = Y Ny1y1...Npmyné(p) det(M)
p

= det(M) det(N).

For (9), if M is orthogonal, then M'M = I, and thus
det(M") det(M) = det(I) = 1.

Hence, det(M) = +1.

For (10), if M is unitary, then M'M = I, and thus
det(M") det(M) = det(I) = 1.
Hence, |det(M)| = 1.

Minors and Cofactors

We want to find a way to compute determinants of n x n matrices in an efficient way. We do this by
defining minors and cofactors.
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Definition 3.38 (Minor)

For an n x n matrix M, consider the (n — 1) x (n — 1) matrix in row i and column j obtained by
deleting row i and column j from M. The determinant of this (n — 1) x (n — 1) matrix is called
the minor of entry M;; and is denoted by M*/.

Definition 3.39 (Cofactor)

For an n x n matrix M, the cofactor of entry M;; is defined by
A;j = (1) MY

Consider the columns and rows of M given by

Cj = ZMije,-, Ri = ZM,-jej.
l J

Then, the determinant of M can be written as (see proof in Theorem 3.40):

detM =[Cy, ..., Cpl = D) M;;A;; = Y. My
i j

We have
Aij = [Cl, o00g cj—l: €;, Cj+1, vees Cn]
= [‘Rl’ ""Ri—lv ej; Ri+]_, -..,Rn]

My o Mygoyy O Mygyry - Mg
M1 - Mi-1yj-1) 0 M-y = Mi—1yn
= 0o .. 0 1 0 w0
M1 - Miarng-1) 0 Mavag+r) = Misi)n

My - Mn(j—l) 0 Mn(j+1) o My,

i.e. the cofactor A;; is the determinant of the matrix obtained from M by replacing the entry M;;
with 1 and all other entries in row i and column j with O.

Hence, we can write the determinant of M as

detM = Z Ml]ALJ = Z M”(—l)H-JMlJ
i i
for any fixed column j. Alternatively, we can write
detM = Z MUAU = Z MU(—]_)H-JM”
J J
for any fixed row i.

Theorem 3.40 (Laplace Expansion Formula)
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Consider M an n x n matrix. Then, for any fixed j,

n
detM = Z M”Al]
i=1

Proof.
Notation. For an object j, we write {1, ooy Jr e n} to be the set of indices {1, 2, ..., n} \ {j}.

We have

n
detM = Z 8i1...inMi11"'Minn
i1..0p=1

n —

n
= Z Mijj Z 8i1...inMi11"'Mijj"'Minn'
=1

ij= i1 00djoin=1

Consider o € S, the permutation that moves i; to the jth position, and leaves everything else in
its natural order:

I W i]‘ Jj Jj+1 .. ij—2 ij—l ij+1...n

Assume i; > j (we can do a similar argument for i; < j). Since we have to perform |j — ;|
transpositions for o, () = (1)’ 7. Now consider the permutationp € S,,_1,

1 l_ n
p=(. 2 )
Bl oo 0 oo U

Note that po reorders (1, ..., n) to (iy, ..., ). Thus,
e(po) =&, .., = £(p)e(0)
= (1), 3

ll...ij...in'

Hence, we can rewrite

n

n .. R
detM= Y M;; > (1) 7 M. M.

ig.djunip
=1 i1 g =1
4 ig.djoip=

= ), My;(=1)"" MY

=1

n
D, Myby;
=1
n
=1

l
i

J
Y Miih;j.

1

Definition 3.41 (Adjugate Matrix)
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Reasoning as above, if C, = ), M;,e; then

detMifk=j
[Cl, ceey Cj—lr C'k, Cj+1, eeey Cn] = Zl:MlkAlJ = {O lfk ;é j

Hence

Z MikAij = (det M)gjk

i
Z Mlelj = (det M)ali'
7

The adjugate of a matrix is defined to be
M = adj(M) = A"

where A is the matrix with entries of cofactors A;;.

Remark. From the expression above, note that
MM = MM = (det M)I.

and if detM # O, then

1 _ M
detM’

This suggests a way to compute the inverse of a matrix using only determinants of smaller
matrices.

Example 3.42

Consider the matrix

NN
[EGUERGES
e

it

for some arbitrary scalar x € R. We want to compute det M.

By the fact that determinants are conserved under operations of the form C; — C; + AC;,



1
detM = (1
x

0 x 1
=x-1%*-2 0 1
1 -10

|0 x+20
=@x-1%*-2 0 1
1 -1 0

0O 10
-2 01
1 -10

=x-1%*x+2)

=@ -1%*x+2)Q) by direct computation

=@ -1 +2).

Systems of Linear Equations

2 x 2 Case

Consider the system of equations given by

{Allxl +A15%2=b1 (1)
Ag1x1 +AgXe =by (2)

We can write this system in matrix form as

Ax=h

A4 A X
A= (411 12>, x=(1)’ b:(
(A21 Ago X2

Consider (1) x Ay — (2) x A15, we have

where

(A11A22 - A21A12).X'1 = b1A22 - b2A12'

Similarly, consider (2) x A;; — (1) x A51, we have

(A11A22 - A21A12).X'2 = bZAll - b1A21-

bycl —)CI_CS

byRZ —)Rz —R3

byR3 —)R3 _Rl

by scaling in R, and R3

bYR]_ —)R1—2R3 —Rz

by scaling in R4

58



Note that det A is A11A22 = A21A12. Thus, we can write
(M) _ 1 ( Azp —A12)<b1).
Xy) detA\-Az1 A1 J\by
Equivalently, given Ax = b, if A=* exists, we can write

Al = 1 (Azz —A12)
detA\-4>1 An

General Case

Consider a system of n linear equations in » unknowns x; written in matrix form as
Ax=h

where A is an n x n matrix, x, b € R".

We shall consider three possible scenarios.

1. Ifdet A # 0, then A~ exists, and therefore there is a unique solution given by
x=A"'h.

2. IfdetA =0and b ¢ Im A, then there is no solution.

3. IfdetA = 0and b € Im A, then there are infinitely many solutions. We can find these solutions
by considering

X=X¢g+U
where x is a particular solution to the system, and u € ker A.
In more detail, a solution exists for
Axg=h

if and only if we can find Axy = b for some x, € R". This is equivalent to saying that b € Im A.
Then, x is also a solution if and only if

Uu=x-xg
satisfies
Au =0.
Thus, the general solution is given by
X=Xg+Uu

forany u € ker A.

Remark. In the first case, note that
detA#0 o ImA =R" & kerA ={0}.

In this case, if Au = 0 then we must have u = 0. Hence there is a unique solution.

For the other cases,

detA=0& ImA # R" © ker A # {0}.
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and thus either

b¢gImA asin(2)
beImA asin(3)

If{u,, ..., u,}is a basis for ker A, then the general solution for Au = 0 is

k
u=> Mu;
i1

for any scalars A4, ..., Ay, where k = null A.

Example 3.43

Consider the equation

with

and

where x, y € R are some scalars. We saw before that

detA = (x — 1)2(x + 2).

1. AssumedetA #0© x #1,—2. Then A~! exists, and we can construct it from the matrix of

cofactors.

We have

.
-1 _ A
detA’
1-x 1-x x2-1
AT=|x2-1 1-x 1-x
1-x x2-1 1-x

Note that ¥* — 1 = (x + 1)(x — 1). This indicates that we can simplify our matrix. Hence, the

solution to the equation is
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. 1 1 1 —x-1\/1
N G / —
* A-0@+2)| -1 _xl_ 1 1 {

1

1 y-x )
=—— | —x+y |
1 -x)(x+2) 2—xy—y

(1)
e o s s () )

The image suggests that we must have y = 1 to have a solution. In this case, one particular

The solution is a point in R®.

2. Assume that x = 1, then

(I -

1
1
1

e

1
solution is given by xy = | 0]. Hence, the general solution is given by
0

1 1
Xx=xg+A-1|+p4l O
0 -1

for any scalars A, u € R, i.e.

If y # 1, then there is no solution.

3. The case x = —2 is similar to case 2.

The Homogeneous Case — Geometrical Interpretation

Consider the equation

Au =0.
Then, if R4, R,, R3 are the rows of A, then
R]_ U= O
Au=0¢& Rz -u=0
R3 U= O

Each equation represents a plane in R® that passes through the origin with normal R;. The
solution to the system, which is ker A, is the intersection of these planes.

The possible scenarios are as follows:

1. rank A = 3 & null A = 0, so ker A = {0}. This means that all the normals of the three planes are

linearly independent, and thus the only intersection point is the origin.
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2. rank A = 2 & null A = 1. The intersection of the three planes is a line through the origin, and
the three normals span a plane.

3. rank A =1 © null A = 2. The intersection of the three planes is a plane through the origin, so all
three planes coincide. In this case, all normals are parallel.

The General Case — Geometrical Interpretation

Consider the equation

Au = h.
Then,
Rl'u:bl
Au=h & Rz'u:bz
Rg'u:bg

These are three planes in R® with normals R, R,, R3, and in general do not pass through the
origin.

The possible scenarios are as follows:

1. rank A = 3 & det A # 0. All the normals are linearly independent, and thus the three planes
intersect at a single point. There is a unique solution for any b € R®.

2. rankA <3 & detA =0.
The existence of solutions depends on h. More specifically, whether b is in the image of A.

- ifrank A = 2, then the planes may intersect in a line as in the homogeneous case, or there is
no solution.

<
X

« ifrank A = 1, then either all three planes coincide as in the homogeneous case, or there is no
solution.

1\
\

Gaussian Elimination

Consider a system of m equations in n unknowns:

Allxl =F A12x2 + ...+ Alnxn = bl
Alel + Azz.X'z + ...+ Aann = bz

Ap1 X1+ ApoXo+ .o+ AppXy, = by
WLOG, we can assume that A;4 # 0 (since we can always swap rows).

Notation. We will use a superscript (i) to denote the value in the ith step of the algorithm.
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Step 1. We subtract multiples of the first equation from all other equations to make the coefficients

of x4 zero in all equations except the first one.

1 1 1 1
Afxy + ADxs + .+ ALx, =B

1 1 1
A(zgxz +..+ A(z,)lxn = b(z)

1 1 e
A(m)zxz +...+ A(m)nxn = bﬁn)

Step 2. Repeat (1) for Aéz and coefficients of x, in all equations except the second one, and so on.

@) 1) 1) @) @)
Aj1%1 + A%y + Aj3Xs + .. + A%, = by
2 2 2 2

Ago s + Agaa+ oo+ Ay 20, = by

3 3 3
Ay + o+ Aaity = by

ADx, + .+ ADx, = b

(r)
0 = brr+1
0o =5y

In all these equations, A}; # 0.

The possible cases are as follows.

1. r=n<mand bir =0foralli =r+1,...,,m. Then, there is a unique solution. To obtain it, we can
first find x, from the nth equation, then substitute it into the (n — 1)th equation to find x,_4, and

SO on.
2. b{ # 0 forsomei=r+1,..., m. Then, there is no solution.

3. r<nandb; =0foralli=r+1,..,m(and not necessarily n = m). Then x,,4...x, are

undetermined. So, given any values of b4, ..., b, we can solve xq, ..., X,. Then, there are infinitely

many solutions given by varying x,,1, ..., X,.
Note that this algorithm can also be written in matrix form by
Ax=bh
where A is an m x n matrix. This algorithm can be reexpressed to obtain
Mx =d
with

Mll M12 cee er cee Mln
0 My .. . M,
Mrn
0
0

M2r
M=| 0 0 ..M, ..
0] 0] 0]

0]

0 0
which is called the row echelon form of A. Note that

« the first r x r block is upper triangular with non-zero entries on the diagonal.
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« r=rankM =rankA.

« ifn=m,detA=+detM,andifn =m =r,thendetA =+detM = M, M,,...M,, # 0. Then, both A
and M are invertible.
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Eigenvalues and Eigenvectors

Eigenvalues and eigenvectors can be used to analyse and simplify matrices.

Introduction

Theorem 4.1 (Fundamental Theorem of Algebra)

Let p(z) be a polynomial of degree m > 1. Then
m .
p@ =), ¢z’
j=0

where ¢; € Cand ¢,, # 0.

Then p(z) = 0 has precisely m roots in C (counting with multiplicities).

Definition 4.2 (Multiplicity of a Root)

k+1

A root z = w has multiplicity % if (z — a))k is a factor of p(z) but (z— w)" "~ is not.

Definition 4.3 (Eigenvector and Eigenvalue)

Let T : V — V (for a real or complex vector space V) be a linear map. Then, a vector v € V with
v # 0 is an eigenvector of T if there exists a scalar A € R (or C) such that

T(v) =Av.
The scalar A is called the eigenvalue corresponding to the eigenvector v.
If V. =R" or C", and T is given in terms of a n x n matrix A, then
Av=Alv& (A-A)v =0.

and for a given A, this holds for some vector v # 0 if and only if det(A — AI) = 0. This is called
the characteristic equation of the matrix A.

Furthermore, the polynomial y, (1) = det(A — Al) is called the characteristic polynomial of
degree n of the matrix A.

Remark. From the definition of the determinant,
xa(t) = det(A — tI)
=€), ju(Aj1 = 16,1)-(Aj,n = 16,n)
=Co+ Crt+ Cot® + ...+ Cyt"
for some coefficients cg, ¢4, ..., ¢,. From here we can conclude

1. ya(?) has degree n, and thus n roots by the fundamental theorem of algebra. Hence, an n x n
matrix has n eigenvalues (counting multiplicities).
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2. If A is real, then the coefficients cq, ¢4, ..., ¢, are real, and thus the eigenvalues are either real

or come in complex conjugate pairs.

3. ¢,=(-1D"and¢,_; = D) L(trA). By Vieta’s formulas, the sum of the eigenvalues is equal to

the trace of the matrix:
14
Z Ai =trA.
i=1
4. Finally,
co = xa(0) = detA.
By Vieta’s formulas, the product of the eigenvalues is equal to the determinant of the matrix

ﬁ Ai = detA.

i=1

Example 4.4

1. Consider V = C? and A = (8 ‘01) . Then

ya(t) = det(A —¢I) = det(_lt j) =t*+1.

Hence the eigenvalues are A; =iand A, = —i. To find eigenvectors, for A = i, we have

(3 Sromr=el)

(i _11)" 05 v= B(})

2. Consider V = R with 4 = ((1) }) Then

For A = —i, we have

xa(® =@ -1)>°

Hence the only eigenvalue is A = 1 with multiplicity 2. To find eigenvectors, we have

B2 =0-r=<f}

forany a € R.

Eigenspaces and Multiplicity

Definition 4.5 (Eigenspace)

For an eigenvalue A of a matrix A, we define its eigenspace as

E) ={v:Av = Av} = ker(A — AI).
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Definition 4.6 (Algebraic Multiplicity)

The algebraic multiplicity of an eigenvalue A, M(A) or M,, is its multiplicity as a root of the
characteristic polynomial y, ().

By the fundamental theorem of algebra, the sum of the algebraic multiplicities of all
eigenvalues of an n x n matrix is n.

Definition 4.7 (Geometric Multiplicity)

The geometric multiplicity of an eigenvalue A, m(A) or m,, is the dimension of its eigenspace
E,, i.e. the maximum number of linearly independent eigenvectors corresponding to A.
Proposition 4.8

Consider A an n x n matrix, and A an eigenvalue of A. Then

mASMASn.

Definition 4.9 (Defect)

The defect of an eigenvalue A is defined as
A}l = M/\ —m,.

By Proposition 4.8, A, > 0.

Example 4.10

1. Consider

410
A=|041]| ya()=@-1°.
004

The eigenvalue is A = 4 with algebraic multiplicity M, = 3. To find the eigenspace, we solve

010 1

001|lv=0=>v=a|0].

00O 0
1

Therefore, eigenvector is (0) with geometric multiplicity m, = 1.
0

1
Eigenspace is F, = span{(o)} withdim E, = 1.
0

2. Consider a reflection matrix in R® in plane through 0 with normal #. Then we have
Hn=-n, Hv=1v Vv | n.

Hence the eigenvalues are A; = —1 and A, = 1. We have
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S

E_]_ ={0(n} M_]_ :m_]_ :1
Ei={x:x-n=0} M, =m;=2.

Consider a rotation in R?

__[cosf —sinf
Rot(®) = (sinH cos 6 )

We have
XRrot(9)() = t* —2(cos )t +1

Ao =et!?

_—)

. Consider a rotation by angle 8 about n. Then

Rot(d,n)n = n,
and we have an eigenvalue A = 1 with eigenspace
E, = span{n}.

There are no other real eigenvalues unless 6 = km for some integer k. A rotation restricted
to the plane that is perpendicular to n has eigenvalues e*' .

. Consider the matrix

-3-11 ,
A=|-1-31)], xa®) =—-(t+2)".
-2 -20

Then the only eigenvalue is A = —2 with algebraic multiplicity M_, = 3. To find the
eigenspace, we solve

X
and we have a general solution ( y ) Therefore, the eigenspace is
x+y

o)

with geometric multiplicity m_, = 2.

The defectis A_, = 3 — 2 = 1. The eigenvectors do not form a basis for C>.

Diagonalisation and Similarity

Proposition 4.11
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For an n x n matrix A acting on V = R" or C", the following are equivalent:

« There exists a basis of VV consisting of eigenvectors of A. i.e. we have {v4, ..., v,} where

AVi = Aivi

for some eigenvalue A;.

« A is diagonalisable, i.e. there exists an n x n invertible matrix P such that

P 'AP=D

where D is a diagonal matrix, with the eigenvalues of A on the diagonal:

A O 00
p=|0 4 0|
0 0 .41,

Definition 4.12 (Diagonalisable Matrix)

An n x n matrix A is called diagonalisable if it satisfies the conditions of Proposition 4.11.

We will prove Proposition 4.11 in the following section.

Linearly Independent Eigenvectors

Theorem 4.13

Suppose that an n x n matrix M has distinct eigenvalues A4, A, ..., A,. Then the corresponding

eigenvectors v4, Vs, ..., V,. are linearly independent.

Remark. Let B, be a basis for eigenspace E) associated to A.If A4, ..., A, are distinct, then B,, U

By, U ...U B, is linearly independent.

Proof. We shall prove this by contradiction. Suppose that {v4, ..., v,.} are linearly dependent, such

that
r
Z%W=
j=1

for some scalars g;, not all zero.

Take the minimal p for which 3a4, ..., a, # 0 with

Then, applying A — A1 gives
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p
A-1D > ;=Y aj(l;—A)v;=0.

j=1 Jj>1
which is a linear combination of eigenvectors with p — 1 non-zero coefficients. This contradicts
the minimality of p. %

Now, we can prove Proposition 4.11.

Proof.
For any matrix P,

« AP has columns AC;(P)
« PD has columns A;C;(P)

where C;(P) is the ith column of P.

This means that
P'AP=DoAP=PD o Av;=\v; Vi=1,..,n
where v; = C;(P).

Given a basis of eigenvectors, we can construct P with these eigenvectors as columns, and
the above holds.

Given P such that the above holds, the columns of P are eigenvectors of A. Since P is
invertible, its columns form a basis of V.

Criteria for Diagonalisability
1. An n x n matrix A with n distinct eigenvalues is diagonalisable.

This implies the existence of n eigenvectors which are linearly independent, and then this
provides a basis for R” or C".

2. For any eigenvalue A,
M/\ =m,.

IfA; with i = 1,..., r are all the different eigenvalues of a matrix, then B, U ... U B, is a linearly
independent set, and its number of elements is

r r
my, = Z M/\i =n.
i=1 i=1

Hence, it forms a basis of R” or C".
Similarity
Definition 4.14

We say that two matrices A and B of size n x n are similar if
B =P 'AP.

for some invertible matrix P.
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Proposition 4.15

If A and B are similar, then,
1. tr(A) = tr(B)

2. det(A) = det(B)

3. xa(®) = xs(®)

So similar matrices represent the same linear map with respect to different bases.

Remark. For the particular case of

A, 0 .. 0
B=D=OA:2jO,
00 .41,

this means that A is diagonalisable, and then
1. trA) =Y" A
2. det(A) =T[_, A
3. Xa®) = ., i = 1)
Hermitian and Symmetric Matrices

Recall that a matrix A is called Hermitian if A = A'i‘, and symmetric if A = AT

Recall that the complex inner product is defined as viw. For v,w € R, this reduces to the dot
product v - w.

Remark. If A is Hermitian,

Av)'w=v'(Aw)

Theorem 4.16

For a Hermitian matrix A of size n x n,
1. Every eigenvalue of A is real.
2. Eigenvectors v, w corresponding to distinct eigenvalues A, u are orthogonal.

3. If A is symmetric, then for each eigenvalue A, we can choose a real eigenvector v so that (2)
becomes

viw=0.

Proof.

1. Consider an eigenvector v with eigenvalue A. We have
vi(Av) = (Av)Tv

sAviv= (XV)TV.
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Since v # 0, we have A = 1,501 €R.
2. Let v, w be eigenvectors with eigenvalues A, 4. Then
viAw) = (Av)'w
suw'w =ww'w =Aviw (Areal).

Since A # u, we have v'w = 0.

3. Wehave Av = Avwithv e C" and A, arereal. Let v=u +iu’, with u, u' € R". Then we have

Au =Au
Au' = \u’

but v # 0 since it is an eigenvector, so at least one of u, u' is non-zero, and we can choose this

as a real eigenvector.

Gram-Schmidt Orthogonalisation

Given a linearly independent set of vectors in C", say {w, ..., w,.}. We can construct a sequence of

sets of the form:

I !
c {uq, wy, ..., w,}
n n
s {uq,uy,ws, ..., w,

e {uq,u,,...,u,}

so that each set has the same span, each is linearly independent, and u; are orthonormal to each

other, and orthogonal to the w-vectors.

We construct this as follows:

. First step. Let u, = % and w; = w; — (ug'w;)u,.
1

This guarantees that |#,| = 1 and u, ' w;=0forall j > 2.

- Nextstep.Letu, = —z and wj = wj — (uz"'w})uz,

[wh|

This guarantees that |u,| = 1 and

uzTul =0
u,'wi=0
uZTW’! =0

J

forall j > 3.

+ Continue similarly until we reach u,..

We then find an orthonormal basis B, for each eigenspace E, of a Hermitian matrix A.

Then, if A4, ..., A, are the distinct eigenvalues of A, we have that

B=BA1 UB}[2 U...UB)Lr

is an orthonormal set of C" consisting of eigenvectors of A.
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Unitary and Orthogonal Diagonalisation

Theorem 4.17

More specifically,
1. There exists a basis of eigenvectors u,, ..., #,, € C" with
Au; = \ju;
for eigenvalues A;;
and equivalently,

2. There exists an n x n invertible matrix P such that

M0 .0
pap=p=[0 % 0|
0 0 .. A,

with the columns of P representing the eigenvectors v;.

Remark. In addition, the eigenvectors u; can be chosen to be orthonormal, so that u; "’ u;=0;;.

Equivalently, the matrix P can be chosen to be unitary, so that Pl = P!, and that

P'AP = D.

Remark. For an n x n real symmetric matrix A, the eigenvectors can be taken to be uq4, ...

R", and can be chosen such that

T
u; uj = 51']'.

Equivalently, P can be chosen to be orthogonal, so that P' = P!, and that

P'AP =D.

Change of Basis

Consider V, W to be real or complex vector spaces, with

dimV=n, dimW=m, T:V —> W (linear map).

and

. {eq,...,e,}to be abasis of /;
* {f1,..., fm} to be a basis of W,

such that T is represented by the m x n matrix A with respect to these bases. This means that

T(e) =Y, Ajifj.
=

Now consider

Let A be a hermitian matrix of size n x n. Then, A is diagonalisable.
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- {e}, ..., e, } to be another basis of V;
« {f1, ..., fm} to be another basis of .

In this case, T is represented by another m x n matrix B with respect to these new bases, such that

m
T(e;)= ), Bjifj.
j=1
Suppose that the bases are related by
e; =) Pren, fi=) Qifi
k ]
where P of size n x n and Q of size m x m are invertible matrices.

Proposition 4.18

With A, B, P, Q as above, we have

B=Q AP.

P and Q are called the change of basis matrices.

Proof. We have
T(e;) = T(Z Pkiek)
%
=Y Py T(ep)
%
= fiA 1P
k’j
and also
T(e;) = Z.fJ"Bji
i
=Y. f101;B;;
T
=3 fjQ;1Bri. (exchanging indices)
k’j

Comparing coefficients of f;, we have, in summation notation,
AP = QjrBy;.
Therefore,

AP =QB o B=Q 'AP.

Remark.

This defines the change of basis formula for matrices representing linear maps.
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« The definition of A which represents T with respect to {e;} and { f;} implies that the column i of

A consists of the components of T(e;) in the basis { f;}.

- Similarly, the column i of P consists of the components of €] in the basis {e;}.

- If we instead change in the other direction, ie. from {e;} to {e;} and from { f;} to { f;}, then P' =

P !and Q' = Q7}, such that
ei:ZP;eie,kr fj:ZQ;jfl'-
% I

Example 4.19

ConsiderdimV =n =2 and dim W = m = 3, with

Te=Jf1i+2fa—f3
T(ex)=—f1+2f2+ fs5.

1 -1
A=12 2|
-1 1

Now consider a basis for V formed by {e}, e, } that relates to {e;, ez} by

Thus, A is represented by

€1 =€1—€3, €5=¢€1+e€,.
Hence we have
(11
p=(4 )
For W, consider a basis formed by { f;, f, f3} that relates to {f3, fa, f3} by
fi=h-fs, fa=fe fs=h+fs

1 01
Q=(0 10|
-101

Therefore, the matrix B representing T with respect to the new bases is given by

_ 2.0 T(e)) = 2f,
— 0! _ 1 1
B=Q AP (83):{T(e’2):4f2’

Hence we have

Remark.

1. If V = W with the same basis change, i.c. e; = ¢; and f; = f;, then P = Q and

B =P 'AP.

Therefore, matrices represent the same linear map T : V — V iff they are similar.
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2. If V=W = R" or C", consider for both the standard basis {e;}, then if there exists a basis of
eigenvectors of T denoted by {v4, ..., v}, denote {e; = v;}, and define B to be the matrix
representing T with respect to this basis. Then,

B=P 'AP

where P has columns given by the eigenvectors v;. By Proposition 4.11, B is diagonal, with the
eigenvalues of T on the diagonal. So

Ay 0 .. 0
B=D= (:)/1:2 O
0 0 ..4,

where T(v;) = A;v; for each i, and thus D = P~ AP such that

Since v; = Zj e;P;; is the ith eigenvector of T, the columns of P are the eigenvectors of T
expressed in the standard basis. Therefore, P is the change of basis matrix, and is also the
matrix that diagonalises A.

Changes in Vector Components Under Change of Basis

Consider V a vector space and x € V. Assume that {e;} and {e;} are two different bases of V, related
by P and

x =xe; = xje;.
Then, taking into account that e'j = e;P;;, we have

! I
x = x;e; = xje;P;; = (P;;x;)e

[E—

and hence

]
X; = P,]xj

and this is the relation between vector components with respect to bases related by P. We can
write

! !
X1 P11 .. Piy\ (X1 X1
Xn Pnl . Bm x;1 x;1
and thus
x =Px'.

Similarly, consider vector space W and y € W. Assume that {f;} and { f;} are two different bases of
W such that

y=yifi=vif;
and with bases related by Q. Then, we have

!

y=Qy.
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Now, if we consider the definition of alinear map T : V — W in terms of a matrix A, we have
y=T(x)oy=Ax and y =Bx'
Therefore,
y=Q'y=Q 'Ax=Q 'APx' = Bx'.
This recovers the change of basis formula for matrices representing linear maps:

B = Q 'AP.

Cayley-Hamilton Theorem

Theorem 4.20 (Cayley-Hamilton Theorem)

Let A be an 7 x n matrix with

n
Xa(t) =det(A—tI) = ) ¢,
r=0

Then,

n

Xa@) =), c,A"=0.
r=0

Proof.

1. Consider a general matrix of size 2 x 2. Then

A A
A= (AH A12) = xa® = 12 = (A11 + Agg)t + (A11Asy — Ag3 A7)
21 Aao

Then, checking by direct substitution gives the result.

2. For a diagonalisable n x n matrix, consider A with eigenvalues A;, along with an invertible
matrix P such that

A 0 .. 0
P 'AP=D= ? A} . ? :
0 0 .1,

Note that we can compute powers of D easily:

A0 .. 0
Dr: OAS eee 0 .

0 0 ..A

Thus
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xa@=Y e = O xala 0 _g
r=0 .

But A = PDP ! andso AT = (PDP_l)r = PD'P!. Therefore,
n
Xa(A) = Z crAr
r=0

= Z ¢,(PD"P™Y)

P( f c,D’)P‘1

r=0

~

=POP ' =0.
In the general case, let M := A — tI, and y, (¢) = det M.
Recall that the adjugate matrix M is defined such that

MM = det(M)I.
We will use
_ n—1
M=) Bt
r=0

Comparing coefficients of t" on both sides,

n—1
MM = ) Bt (A—1tI)
r=0

BoA + (BjA—Bg)t+...+ (Bp_1A—Bp )" 1 —B,_,t"
and hence

col = BoA
C]_I = B]_A = BO

Cn-1I=Bpn 1A—By >
c,I1=—-B,_1.
evaluating in A gives
col = BoA
c1A = B;A* —ByA

Cro1A"t =By A" — By ,A""!
c,A" = -B,_,A".

Adding these equations gives



Y. ¢, A =0.
r=0

This completes the proof.

Quadratic Forms

We wish to study functions of the form x% + x% or Zx% +2Xx1Xx9 + 5x§ in R?, or more generally, a
quadratic homogeneous polynomial of degree 2 in n variables x4, ..., X,. It turns out that these can
be written in matrix form as £ Ax for some symmetric matrix A.

Definition 4.21

A quadratic form is a function 7 : R” — R defined by
F(x) = xTAx = szszJ

where A is a real symmetric matrix of size n x n.

We can hence write
P'AP=D

where D is diagonal with eigenvalues A4, ...,A,, on the diagonal, and P is a real orthogonal matrix of
size n x n with columns given by orthonormal eigenvectors of A.

Setting ¥' = P'x © x = Px', we can diagonalise the quadratic form:
Fx)=x"Ax
= (Px)"A(Px")
=x''(PTAP)x’
=x''Dx'

Therefore,
n 2
F@) =) Ai(x;)"
i=1

Note that x' is the representation of x in the orthonormal basis of eigenvectors {u4, ..., #,} of A,
where u; is the eigenvector corresponding to eigenvalue A;. Indeed, since the columns of P are the
eigenvectors u;, we have

x'=xie;+..+xne,
X=X1€61+..+X,€,

= X181 + ...+ XU, (sincex =Px")
and
xi = ui - X

are the components of x in the orthonormal basis of eigenvectors {u#4, ..., #,}, with the new axes
along these direction called the principal axes of the quadratic form.
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Since these are related to the standard axes by orthogonal P, we have

2 [
lx|” = x;x; = x;%;.

Example 4.22

In R?, consider F(x) = xTAx with A = (Z f{)

The eigenvalues are A, = a + 8,1, = a — f and the eigenvectors are

_1n _1/(a
1= \/§<1) 2 = \/5( 1 )
Then
F(x) = ax% + 2Bx,%5 + ax% = (a0 + /3)(x'1)2 + (a — /3)(x'2)2

with

! 1 ! 1
X1 =—=(X1+X3), Xy=—(-X1+x)

V2 V2

e.g. take a = % B = —%, thenAd; =1,1, =2. Thenifwe set F =1,

3
Fx) = Ex% —X1X2 + zxg = (x’1)2 + 2(x’2)2 =1.

defines an ellipse.

e.g. take a = —%, = % thenAd; =1,1, = —2. Thenifweset 7 =1,

1 1
F(x) = —zx% +3x1%05 — Exg = (x))" —2(xh)* = 1.

defines a hyperbola.

Example 4.23
Consider
T I 2 ! 2 I 2
F@)=x Ax = A1 (x])" +A2(x5)" + A5(xs)".
1. If)tl,Az,Ag > 0, then
Fx)=1

defines an ellipsoid.
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2.

)
= oR
orR Kk

IfA:(

), then the eigenvalues are A\; = A, = —1,A3 = 2, and the eigenvectors are
1 (1 1 (1 1 (1
Uy =—|-1), wp=—11| uz=—|1).
V2\ o Ve\_2 V3\1

F(x) = Z(x'3)2 — (x’1)2 — (x'2)2 = 2X1X9 + 2X9X35 + 2X3X1.

Then,

If we set 7 (x) = 1, it defines a two-sheeted hyperboloid.

S

If we set 7 (x) = —1, it defines a one-sheeted hyperboloid.
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Remark. Given a matrix M, M can be decomposed as
M=S+A

where S is symmetric and A is antisymmetric. Note that since A is antisymmetric, x' Ax = 0 for
all x € R". Therefore,

x Mx =x'Sx.
This is why we only consider symmetric matrices in the definition of quadratic forms.

Quadrics and Conics

Quadrics

Definition 4.24 (Quadric)

A quadric in R” is a hypersurface defined by
Ox)=x"Ax+2b"x+c=0

for some n x n real symmetric matrix A, b € R” and ¢ € R.

Hence,

Q) = A;jxixj +2b;x; + ¢ = 0.
The purpose of this section is to classify the solutions of this kind of equations up to geomtrical
equivalence. i.e. there is no distinction between solutions related by isometries of R”, including
- translations,
 orthogonal transformations about the origin.

If A to be invertible, we can complete the square by setting
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y=x+A'h,
then
Fy)=y'Ay=x"Ax+2b'x+b'A'h
=(x"Ax+2b'x+c)+h A h—c
=Qx)+bh"A'h—c
= Q) +k
where £ = h"A™'h — ¢ is a constant.
Hence we have
Fy)=Fke Qx)=0.

Now we diagonalise F as for the quadratic forms before. The orthonormal eigenvectors of A define
principal axes (the new coordinate axes), and the eigenvalues of A along with k& determine the
shape of the quadric.

1. If all eigenvalues > 0 and k& > 0, then we have an ellipsoid.
2. If eigenvalues are of both signs and & # 0, then we have a hyperboloid.

3. If A has one or more zero eigenvalues, then our analysis changes. It is simplest in the standard
form, where we have linear and quadratic terms to analyse.

Conics

Definition 4.25 (Conic)

Quadrics in R? are curves called conics.

« Ifdet A # 0, we get the form
I 2 I 2
/11(.')6'1) +A2(x2) =k
which represents

1. ifA1,A, >0, then
» if k > 0, an ellipse;
» if k = 0, a point;
» if £ < 0, no solutions.

2. if A; and A, have opposite signs, then
» if k # 0, a hyperbola;
» if k = 0, a pair of lines.

« IfdetA =0, consider A; > 0 and A, = 0. We can diagonalise A into the original formula for
quadrics to get
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2
Aq ()" + bix] + byxy +¢=0.

R o N SrR B
Al(xl) + blxl aF m(bl) = m(bl) + b2x2 +¢c=0
2 2
I b: 1o (b,l)
Al(xl‘l‘i) +b2X2+(C_ 4/11 =0
xy @
Aaly® + bhxh + ¢ =0.

1. If b, = 0, then the equation reduces to Alx’{z + ¢' = 0. This represents
» if ¢’ <0, a pair of lines;
» if ¢' = 0, a single line;
» if ¢' > 0, no solutions.

2. If b, # 0, we can write
A1 (xh)® + bhah =0
for x5 = x4 + bc—z This represents a parabola.
Note that all changes of coordinates used here are isometries of R?.
Standard Forms for Conics in Cartesian Coordinates
Example 4.26

Consider

+2 =1,

2 P
a2 b2

« If eccentricity e < 1, this is an ellipse, where, taking a > b, the semi-major axis is a and the
semi-minor axis is b. We can write

b =a*(1-¢)
and the foci are at x = tae.
« If eccentricity e = 1, this is a parabola, with focus at (a, 0) and
y* = 4dax.

- If eccentricity e > 1, this is a hyperbola, with semi-major axis ¢ and semi-minor axis b
related by

b? =a*(e® - 1).

The foci are at x = +ae.

Focus-Directrix Property of Conics
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The four types of conics (ellipse, parabola, hyperbola, circle) are essentially four different types of
cross-sections of a cone. They can also be defined in terms of a focus point and a directrix line.

Consider the expression for the conic:

.X'Z y2

a2+b—2:k.

Conic sections can be defined in terms of the followings.

Definition 4.27 (Eccentricity)

The eccentricity ¢ is a non-negative parameter. The eccentricity and scale properties of a
conic section satisfy

- the foci of a conic are (+ae, 0);

« the directrices are the vertical lines x = i%.

A conic is the set of points whose distance from the focus is

e x distance from the corresponding directrix,

where the focus (ae, 0) corresponds to the directrix x = % (and (—ae,0) tox = —%), unlesse =1, in
which we will take the other directrix.

We have the following cases.
1. e < 1, the conic is an ellipse.

The equation of the ellipse is

or equivalently,

where b = aV1 — e2.
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In this case, the semi-major axis is @ and the semi-minor axis is b. Additionally, if e = 0, the

ellipse is a circle of radius a.

2. If e > 1, the conic is a hyperbola.

The equation of the hyperbola is

Jo—asi=e (-9

or equivalently,

where b = aVve? — 1.

3. If e = 1, the conic is a parabola.

The equation of the parabola is

or equivalently,

x2 y2 X
a? a*(e?-1)
z=3
y :
' (dist.)
\\\(8 ° dlst)
O ae X

Ve —a)? + y2 = (x +a)

Polar Coordinates
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We introduce a new parameter [ such that é is the distance from the focus to the directrix. Then,
for a central conic (an ellipse or a hyperbola),

I=a|l-¢?
while for a parabola / = 2a. We can use polar coordinates (r, ) centered on a focus, such that the
focus-directrix property is:

l

l
r=el—-—-rcosfleor=——.
(e ) 1+ecosé

Example 4.28

1. For an ellipse with e < 1, we have

a(1-e?) )
rzm where lza(l—e).

2. For a hyperbola with e > 1, we have

2
a(e —1)
r=——— "’ where [=ae®-1).
1+ecosf ( )
3. For a parabola with e = 1, we have

2a

r=——— where [=2a.
1+ cosf

Jordan Normal Forms

This gives us a classification for n x n complex matrices up to similarity.

Consider a matrix A of size n x n corresponding to a linear map T : C" — C" and is similar to a
matrix B after a change of basis.

Proposition 4.29

Any 2 x 2 complex matrix A is similar to one of the followings:
1. B= (Aol fz) with Ay # Ay, With ya(®) = (¢ — A1) — As).

2. B= (g 2), with ya(®) = (¢ — 1)

3.B= (g }), with ya(®) = (¢ — )%

Proof. y(t) has 2 roots, counting multiplicities, in C. We have the following cases.

1. For distinct roots (eigenvalues) A,,1,, we have M), =m,, =1 =m,, = M,,. And thus
eigenvectors v,, v, form a basis of B = P"'AP, diagonalised with the eigenvectors as columns
of P.

2. Forrepeated root A, = A, = A, with M, = m, = 2, then the same argument as above applies,
and B is diagonalised.
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3. Forrepeated rootA; =1, = A, with M, = 2 and m, = 1. Let v to be an eigenvector for A and
extend it to a basis {v, w}, where w is any vector linearly independent of v. Hence,

Av=Av, Aw=av+ fSw.

Then, the matrix of the linear map w.r.t. the basis {v, w}is

(A«
B = (O ﬁ).
Note that we will only consider 8 = A, otherwise we will return to case (1). Also, a # 0,
otherwise we will return to case (2).

Now, defining u = av. Then we have that, with respect to the basis {u#, w}, the matrix of the
linear map is
(A1
2=(5 1)
with B = P"*AP, and the columns of P given by u, w.

Theorem 4.30 (General Jordan Normal Form)

Any n x n complex matrix A is similar to a matrix B with block form given by

]
B= [ nzh2) ]

I Jﬂr(/\r) l

where each Jordan block is a matrix of the form

A10..00
0OA1..00

)=+ . ¢ | ofsizepxp
000..141
000..04

withnq + ny, + ...+ n, =n,and A4, 1,, ..., A, are the eigenvalues of A and B (because they are
similar).

Note that the same eigenvalue may appear in multiple Jordan blocks.

A is diagonalisable iff all Jordan blocks are of size 1 x 1.

Symmetries and Transformation Groups

Orthogonal Transformations and Rotations in R"
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Recall that R is an orthogonal is equivalent to
«R'R=RR" =1,
« Rx)-(Ry)=«x-yforallx,y € R,

« The columns or rows of R form an orthonormal basis of R”.

Definition 4.31 (Orthogonal Group)

The set of orthogonal matrices R of size n x n is a group, denoted O(n), is called the orthogonal
group.

Recall that det(R) = +1 for any orthogonal matrix R.

Definition 4.32 (Special Orthogonal Group)

A subgroup of O(n) formed by orthogonal matrices with determinant 1 is called the special
orthogonal group, denoted SO(n).

+ R € O(n) preserves lengths and n-dimensional (absolute) volumes.

« R € SO(n) preserves orientations, given by the signs of the volumes.

Geometrically, SO(n) consists of all rotations in R”, and reflections belong to O(n) but not to SO(n).
Any element of O(n) is of the form:

« R € SO(n),
« RH where R € SO(n) and H € O(n) \ SO(n).

For a rotation matrix R, consider
!
X, = R,-jxj.
We can view this in two ways:

« transformation of vectors (active point of view)

A

32 A

We have |x'| = |x| where x; are components of the new vector x' after ¥' = Rx with respect to the
standard basis.

« change of basis (passive point of view)
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€s A
56‘2 _________ 1

Now x; are components of the same vector & but with respect to a new orthonormal basis {#4, 5}
where

u; = Z Rijej = Z ej(R_l)ji
J J

Remark. Compare this to the standard notation for the matrix of change of basis, with P = R™*.

2D Minkowski Space and Lorentz Transformations
Consider the inner product on R? given by (x, y) = x' Jy where J = (é _01).
Ifx = (2) and y = (ﬁ) then
(X, y)=X1J1 —X2¥32.
This inner product is not positive definite, since
(@, %) = x7 — x5
which is not always positive. Nonetheless, it is still bilinear and symmetric.

Now let us consider how the standard basis vectors behave under this inner product. Consider
€ = ((1)) ande; = ((1)) They are orthonormal with respect to this inner product, in the sense that

<eO’ eO> = 1’ <61’ el> = _1’ <eO’ el> = O
Definition 4.33 (Minkowski Metric and Minkowski Space)
The inner product defined Vx, y € R? by

@, yy=x"Jy
where J = (é _01) is called the Minkowski metric.

R? equipped with the Minkowski metric is called a Minkowski space.

Consider M = (%‘;3 ﬁ(ﬁ) associated to a linear map 7T : R*> - R?. This preserves the Minkowski
metric iff
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Mx,My) =(x,y) Vx,yeR>
& Mx) IMy)=x"Jy Vx,yeR?
©x'(M'IM)y =x"Jy Vx,yeR?
& M'IM =7J.

The matrices M satisfying this condition form a group, with

(detM")(det J)(det M) = detJ = (detM)” =1 = detM = 1.

Definition 4.34 (Lorentz Group)

The Lorentz group is the subgroup of the group above that satisfies detM = 1 and My > 0.

General Form of Lorentz Transformations
We shall determine a general form for matrices in the Lorentz group given the conditions above.
A similar argument as for orthogonal matrices will be followed.
Using
+ (€, €p) = 1, which gives (Meqy, Meg) = 1.
We have

MooMlo 1 0 M00M01 1_ 2_ 2
1 O)(Mm M \o —1)\p1yo 3y, )\0) = Moo~ Mi0 =1

« (€1,€1) = —1, which gives (Me;, Me;) = —1.
We have

MOO M10)<1 0 )(MOO MOl)(O) 2 2
01 =M, — M7, =-1.
( )(M(n M o —1\myo py, 1) = Mor =M

. (eg, €1) = 0, which gives (Meq, Me;) = 0.
This similarly gives MyoMy, — M1oM11 = 0.
° MOO >0

Combining these equations, we can derive a general form

M = cosh @ sinh 6
“ \sinh @ cosh@

) for some @ € R.

For elements of the Lorentz group, we have
M(61)M(8) = M(6; + 02)
using hyperbolic trigonometric identities.

Physical Interpretation of Lorentz Transformations



Lo

Fix (x, x) = k to be constant. Any Lorentz transformation over x maps it to other vector x' on a
same curve.

Note that £ and x#' must lie on the same branch of the curve, since My, > O.

We have
1 tanh@d
1 — (tanh 0)2 L1
since cosh? # — sinh? @ = 1 and tanh 4 = 2208
coshé

Now, for a physical interpretation, define v := tanh § with -1 < v < 1.

Rename xo — ¢ andx; — x . Then, we can interpret
= %(t ar V.’Xf)
r_ 2 -V
x' = Mx with ,
P — ﬁ(x + Vt)

so Lorentz transformations boost the time and space coordinates for an observer moving at speed
v relative to another observer. More details on this topic will be covered in IA Dynamics and
Relativity.

1
Vi-v?
For composition of velocities,

The factor in Lorentz transformations gives rise to time dilation and length contraction.

M(61)M(8,) = M(6; + 605)
03
where v; := tanh 6;, we get

tanh 91 + tanh 02 Vi +Vy

v3 = tanh(f;) = tanh(f; + 6) = 1+tanh@; tanhf, 1+vivy

This is the relativistic velocity addition formula.
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