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Syllabus and Overview

Basic Concepts

Classical probability, equally likely outcomes. Combinatorial analysis, permutations and
combinations. Stirling’s formula (asymptotics for log n! proved).

Axiomatic Approach

Axioms (countable case). Probability spaces. Inclusion-exclusion formula. Continuity and
subadditivity of probability measures. Independence. Binomial, Poisson and geometric
distributions. Relation between Poisson and binomial distributions. Conditional probability,
Bayes’s formula. Examples, including Simpson’s paradox.

Discrete Random Variables

Expectation. Functions of a random variable, indicator function, variance, standard deviation.
Covariance, independence of random variables. Generating functions: sums of independent
random variables, random sum formula, moments.

Conditional expectation. Random walks: gambler’s ruin, recurrence relations. Difference
equations and their solution. Mean time to absorption. Branching processes: generating functions
and extinction probability. Combinatorial applications of generating functions.

Continuous Random Variables

Distributions and density functions. Expectations; expectation of a function of a random variable.
Uniform, normal and exponential random variables. Memoryless property of exponential
distribution.

Joint distributions: transformation of random variables (including Jacobians), examples.
Simulation: generating continuous random variables, Box—Muller transform, rejection sampling.
Geometrical probability: Bertrand’s paradox, Buffon’s needle. Correlation coefficient, bivariate
normal random variables.

Inequalities and Limits

Markov’s inequality, Chebyshev’s inequality. Weak law of large numbers. Convexity: Jensen’s
inequality for general random variables, AM/GM inequality.

Moment generating functions and statement (no proof) of continuity theorem. Statement of central
limit theorem and sketch of proof. Examples, including sampling.



Basic Concepts
We shall begin by general definitions in probability theory.

Probability Spaces

Definition 1.1 (Probability Space)

Suppose Q is a set and F is a collection of subsets of Q. Then we call 7 a o-algebra if
- QeF
- IfAeF, thenA®eF

« If (A,),cn 1s a countable collection of sets in ¥, then

A, eF.
n

Let 7 be a g-algebra on Q. A function

P:F - [0,1]
is called a probability measure if
« P@Q) =1

+ Countable additivity. For any countable disjoint collection of sets (4,),., in F, we have
P(U An) =Y P(4,).
n n

We say P(A) to be the probability of the event A € 7.
We call (Q, 7, P) a probability space.

Definition 1.2 (Outcomes and Events)

Suppose (Q, F, P) is a probability space.

The elements of Q are called outcomes, and the elements of F are called events.

Remark. We talk about probabilities of events instead of outcomes.

When Q is countable, we take F to be the power set of Q.

Proposition 1.3 (Properties of Probability Measures)

Suppose (Q, F, P) is a probability space. Then for any A, B € 7, we have
- P(A%) =1-P(4)




- P@)=0
- P(A)<P(B)ifACB
« P(AU B) =P(4) + P(B)— P(An B)

Example 1.4

1. Consider rolling a fair die. We have

Q0 =1{1,2,3,4,5,6}

F =P©Q)
P{w}) = % Yw e Q.
P(A) = I:%l VAeF.

2. Consider

Q={wy, ..., 0}

F=2Q)
P(A) = 14l VAeF.
Q]

This models the experiment of picking a uniformly random element from Q. We have

1
P{w}) = @ Yo € Q.

3. Consider picking balls from a bag. Suppose we have n balls labelled {1, 2, ..., n}. We pick &
balls at random without replacement. Then we have

Q={ACl,..n}:|Al =k}

a1-(})

F =P
1
P{w}) = — Yw € Q.
(+)

4. Consider a well-shuffled deck of 52 cards. Then
Q = {all permutations of 52 cards}
4-3-500 1
521 221°

P(top 2 cards are aces) =

5. Largest digit problem. Consider a string of n random digits from 0O, ..., 9. Then

Q=10,1,..,9"
F = PQ).



Then we define
Ay, = {no digit exceeds k}.
And so

P(A,) = M.
10"
Another example is the event
By, = {largest digit is k}.
Then
(k+1)" - (®)"

P(By) = P(Ap \ Ap_1) = 10m

6. Birthday problem. There are n people. What is the probability that at least two people
share a birthday?

We may assume that there are 365 days in a year, and each person’s birthday is equally
likely to be any of the 365 days, independently of other people.

We have
Q=1{1,2,..,365)"
F =P(Q).

Then

1
P({w}) = W Yw e Q.

Let A be the event that at least two people share a birthday. Then we have

oy 365 364 365—n+1
()‘365'365"“ 365

Thus

P(4) =1-P(4°).

Combinatorial Analysis

1. Let Q be a finite set with |Q| = n.

We want to partition Q into k disjoint subsets Q, ..., Q, with |Q;| = n; and }}; n; = n. Consider the
number of ways to do this.

Let M be the number of ways to do this. Then

M (n) (n—nl) (n—nl—...—nk_l) n! ( n )
a nq no ny - Nqy+Noy ... - Npy - ni,Ny, ..., Np )

2. Let f:{1,...,k} - {1, ..., n}. We say that f is




» strictly increasingif x < y = f(x) < f(¥)
« increasingifx < y = f(x) < f(y)

Each strictly increasing functions can be determined by its range. Hence the number of strictly
increasing functions is ().

For increasing functions, define a bijection
g:Af:{1,..,k} > {1,.., n}increasing} - {f : {1, ...,k} - {1,...,n + k — 1} strictly increasing}
by
U@ =r@+i-1.

n+k—1)

Hence the number of increasing functions is ( X

Stirling’s Formula

Notation. Let (a,), (b,) be 2 sequences. We write
(a,) ~ (b, as n-o oo

if%elasn—wo.
n

Theorem 1.5 (Stirling's Formula)

As n — oo, we have

n! ~ne™"\/2mn.

We shall first consider a weaker statement.

Proposition 1.6

log(n!) ~ nlog(n) as n — oo.

Proof. Define
I, =log(n!) =log2 + ... + log(n).
For x € R, we shall write | x| as the integer part of x. Then
loglx| <logx <log|lx +1].

Integrating from 1 to n, we have

1 n n
logk < J logxdx < Y logk
1

n—
k=1 k=2

l,_1<nlogn—-n+1< I,
nlogn—-n+1< L,<m+1logn+1)—(n+1)+1.




Dividing by n log n, we have

—1 as n — oo.
nlogn

Proof. Forall f : R — R that is twice

differentiable, for all @ < b we have

f(a)+f(b)

Jf(x)d - )——J(x a)(b - ) f" (x) dx.

This can be checked using integration by parts twice.

Take f(x) =logx,a=k,b=k+1,k € N. Then we get

k+1 1 l k 1 1 k+1 _ 1 _
J log x dx = ogk +log(k + )+ I (x —k)(k + X) die
k

2 2 ), x2
Therefore,
" 1 -+l n =l
I logxdx = og(n — L)' + log(n}) + Z ar
1 2 k=1
where
1 x@1-x)
ay = —J 5 dx.
0o (x+k)
We have
1 n-
nlogn—n+1 =log(n!) — % + Z ar
logn!) =nlogn—n+1 + —_—— Z ar
n=n".e". n-exp(l— 2 ak).
Now, for ay,

1t x@- 1 rt
ak:fj x( x)dxsﬁj x1—-x)dx =
0 0

(x + k) 12k2°
(lk).
1

So the series Y}, , a), converges. Let

M8

A= exp(l —
k

Therefore,



n! =A-n”-e_”-\/ﬁ-exp<2 ak).
k=n

—1 asn—o
We have shown that

nl

n*-e"\/n

— Aasn — oo.

It remains to show that A = v/21. We already know that
nl~A-n"-e".\/n.

Consider

g-2n 2n =2_2,1(271)!
n n'n!

272" . 2n)*" . e72"\2n - A
(n"-e/n - A)2
2
=

We shall use a different method to show that

2n 1
2'2”-( )~— as 71 — oo.

n \/TIN

This would imply that A = /2.

Consider
2 ) , -
[n:J (COS@) de Wlth '[O:E’Ilzl'
0

Using integration by parts, we have the recurrence relation
n-1
[n = n [n—2 .

2n—-1
Iy, = 57 Ion_a

3 n-1)2n—-3)-...-1m

So

@n@n-2)-.-2 2
3 2n)!
22?2

T 2n
— _2—2” .
72 ()

10



Thus I, = 7 - 2_2”(2”).

n

Similarly,

242 1 ~ 2m\\
Ions1 = I = 22"-( ) .
2n+1)-...-3-1 2n+1 n

Now, if we have that 11# — 1asn — oo, then we have

2n+1

EZ—Zn 2n m 2 1

2 ( ) - -1 = (2_2”( )) ~— as n - oo.
- n mn

n

2n1+1 (2—271 ) (znn)>

In order to show that Ili — 1 as n — oo, we note that
2n+1
I
—lasn — oo.

n-2

Recall that
% n
I, = J (cos 8)" dé.
0
Since I, is decreasing in n,

I Iy, _
2n<2n1_>1’

12n+1 N ]2n+1

I I
2n < 2n 1.

Iony1 — Iopso

So

[Zn
—lasn — oo.

12n+1

This completes the proof.

11



Axiomatic Approach
Recall our definition of probability spaces in Definition 1.1.
Probability Measure
There are several important properties of the probability measure P.
Proposition 2.1 (Countable Subadditivity)

If (A,) is a collection in 7, i.e. (A, € F) Vn, then

P(U A,,) < > P(Ay).

neN neN

Proof. Define B, = A; and forn > 2,

Bn = AI’L \(Al U..uU An—l)'
Then (B,) is a disjoint collection in 7 and |, A, = U,, B.
So

P(JAn)=P(JB,) = ; P(B,) < ; P(4,)

because B, C A, for all n.

Proposition 2.2 (Continuity of Probability Measures 1)

Let (4,),cy Where A, € 7 and A, C A,,, for all n. We call (4,) an increasing sequence in 7.

Then P(A,) is an increasing sequence in R and converges to P(U, .y Ar)-

Proof. Define B; = A;,and forn > 2,
Bn = An \An—l = An \ (A1 u..u An—l)'

Then (B,) is a disjoint collection, and

Lnj Bk =An

k=1

P(A,) = P(O Bk) = i P(By) — P(D Bk) as n— oo.
k=1 k=1 k=1

Now we also have

i P(B,) = ]P’(O Bk) = ]P( U An).

k=1 k=1 neN

Hence

12



lim P(4,) = ]P( U An).
n—oo neN

Proposition 2.3 (Continuity of Probability Measures 2)

Let (A,),cy Where A, € F and 4, 2 A,,, for all n. We call (4,) a decreasing sequence in 7.

Then P(4,) is a decreasing sequence in R and converges to P([), .y 4n)-

Proof. Taking complements, we have that (A?l) is an increasing sequence in 7. By Continuity of
Probability Measures 1 2.2, the result follows.

Inclusion-Exclusion Formula

Proposition 2.4 (Inclusion-Exclusion Formula)
Let A,B € F. Then

P(Au B) =P(A4) + P(B)— P(A N B).
In general, for n events A4, ..., A, € F, we have

P(Lnj A,-) = é}l (—1)’“1( > P(A;N..n A,-k)).

1<ii<..<ip<n

Proof. We shall prove this by induction on n. The base case n = 2 has already been shown.

Assume that the formula holds for n — 1 events. We shall show it holds for n events.

i=1
- P( ) FB(A,) P((U A,.) n An)
i=1 i=1

:P(’?_lAi)+IP’(An)— (U (A; nAn))

B;

]p(r'l_lAl) _¥ (_1)k+1( 3 P(A;, N...n A, k))

1<ip<...<ip<n-1

n—1 n—1
]P’(U B,-) = 3 > PlA;n..nA,nA,
- k=1 : :

1<iz<...<ip<n-1
! k Bilﬂ...ﬂBik

Plugging these into the previous equation gives the result.

13



Lemma 2.5 (Bonferroni Inequalities)

Let A, B € F. We have
P(AuU B) < P(A4) + P(B)

Let A4,...,A, be events in F. Then for any r < n,

< Phoy CD (B o e cipen PAL 00 Ay)) ifris odd

n
i=1 > Y, (-1) +1<lei1<...<ikSn P(A;, Nn...n Aik)) if r is even

Proof. We shall prove this by induction. The base case n = 2 is clear.

Suppose the result holds for n — 1 events. We shall show it holds for n events.

Assume that r is odd. Then

P(gjl Ai> = ]P’(]:g A; U An) = PCQ Al—> +P(A,) — ]P’((ZEJI1 A,-) N An)

n-1
P( Al>+P(An)—P( A; ﬂAn)
j i
B;

Il
iy

By the induction hypothesis, since r is odd,

P(U Ai) N E 3 P(A; N .0 Aik))
i=1 k=1

= 1<i)<..<ipgn—1

n—-1 r=1
P(U Bi) > Z (_]_)k+1 Z P Ail N..N Aik NnA,
i=1 k=1 1<ii<..<ip<n—-1 | BnnB '
i1 N--NBj,

Substituting these into the previous equation gives the result. The case where r is even is similar.

Remark. 1f Q is a finite set and (Q, 7, P) is a probability space with 7 = 2(Q), and define

|A|
P(A) = — VAeZT.

|9

Take A4, ..., A, € F, then by the inclusion-exclusion formula on ]P’(U?=1 Ai), we can get

gAi’:kil(_l)kﬂ( 3 |A,-1r1...nAik|).

1<i)<...<ip<n

This is the inclusion-exclusion principle in combinatorics.

Example 2.6 (Counting Surjections)

Let

14



Q={f:{1,..,n}->1{1,..,m}}
A={f e€Q: fisasurjection}.

We want to find |A].
Define
A={feQ:i¢ f{1,..,nh} Vi=1,..,m.

c
Ai)
1

Then

—

A=Ain...n,4?n=(

1

Al = [Qf -

m
U4
i=1

Note that we have

Q| = m"

m
A1 U UApl =Y (—1)’”1( S 4, m...nAik|)

k=1 1<ii<..<ip<m
m
=y (—1)k+1(m)(m — )"
k=1 k
So

_ n_m _ k1M AN
Al=m" = 3 D (k)(’" B,

Example 2.7 (Counting Derangements)

A derangement is a permutation with no fixed points. Let

Q = {permutations of {1, 2, ..., n}}
A ={derangement}={fe€Q: f@l)#1i Vi=1,..,n}

Pick a permutation at random. Consider the probability that itisin A. Fori =1, ..., n, let

A={f€Q: f()=1}

C
Ai).
1

P(A)=1- P( ! Ai).
i=1

Then

a

A:Ain...nAS,:(

1

So

15



Using Inclusion-Exclusion Formula 2.4, we have

P(Lnj A,-) = f (-1)f*t > P(A;Nn..nA;)
k=1 '

1<i)<...<ip<nt

n!

k+1< )(n k)!

k+1 1

Therefore,

+ < 1
P(A)=1-— Z (1" 1 ; (—1)%.

k=1

Note that as 7 — oo, P(A) — e 1.

Independence

Definition 2.8 (Independence of Events)

Let (Q, F,P) be a probability space. Let A, B € 7. We say that A and B are independent if
P(A N B) = P(A)P(B).
We write A L B.

Let (4,),y be a collection of events in 7. We say that (4,) are mutually independent if for any
finite subset / C N,

P(ﬂ A,-) = [[PA).

iel iel
Remark. Pairwise independence does not imply mutual independence.

Example 2.9
Consider tossing a fair coin twice. Let
2 ={(0,0),(0,1),(1,0), (1, 1)}
P{w}) = % Yw € Q.
Define events

A ={(0,0),0, 1}
B={0,0),(1,0}
C ={(1,0),(0, 1}

16



Then we have

P(A) = P(B) = P(C) =

)

PANB)=PANC)=PBNC)=

’

Al N

P(ANnBNC)=PJ)=0.

Thus, A, B, C are pairwise independent but not mutually independent.

Proposition 2.10

IfA 1 B, then A L B

Proof.
P(AnB%) =P(A)-P(AnB)
=P(A) - P(A)P(B) since A L B
=P(A)(1 - P(B))
= P(A)P(B°).

Conditional Probability

Definition 2.11 (Conditional Probability)

Let (Q, F,P) be a probability space. Let A, B € 7 where P(B) > 0. The conditional probability
of A given B is

-~ P(A N B)
(A|B)= W
In particular, if A 1 B, then
P(A | B) = P(A).

Proposition 2.12 (Countable Additivity for Conditional Probability)

Let (A,),cy is a disjoint sequence in . Then for some B € 7 where P(B) > 0,

(e

B) =Y. P(A, | B).

Proof.

17



B) _P(U,4,)nB)
P(B)
_ P(U,(4x N B))
P(B)
3. P(A, N B)
=
P(4, N B))

N
Z P(A, | B).

P(U Ay

n

by countable additivity

Proposition 2.13 (Law of Total Probability)

Suppose (B,), oy is a disjoint collection in 7 such that | J, B, = Q and P(B,,) > 0 for all n. Then
forany A € F,

P(A) = Y P(A | By)P(By).

Proof.

Fr=elan(yn)

- (U(A n Bn)>

=Y.P(AnB,) since B, are disjoint
n

=Y, P(A | B,)P(B,).

Proposition 2.14 (Bayes' Formula)

Consider (B,) to be a collection of disjoint events in 7 such that | J, B, = Q and P(B,) > 0 for all
n. Then for any A € F where P(A) > 0,

P(A | By)P(Bx)
2, B(A | B)P(B,)

P(B | A) =

Proof. By Conditional Probability 2.11,

P(B;, N A)

BB | 4 =—5p

By Law of Total Probability 2.13, we have

18



P(A) = ), P(A | B,)P(By).

Also,
P(B, N A) = P(A | By)P(By).

Plugging these into the first equation gives the result.

This formula is the basis of Bayesian statistics; if we know the probabilities of P(B;) and we have a
model which gives us P(A | By), then we can compute the posterior probability P(B; | A).

Example 2.15 (False Positives for a Rare Condition)

Suppose that a rare condition A affects 0.1% of the population, i.e. P(4) = 0.001. A test for the
condition has a 98% true positive rate and a 1% false positive rate.

An individual takes the test and tests positive. Consider the probability that they actually have
the condition.

Define

A ={individual suffers from A}

P = {test is positive}.
We have

P(4)=0.001, P(P|A)=0.98, P(P|A")=0.01.
Then
P(P | A)P(A) 0.98 x 0.001
P(A | P) ~ 0.09.

" B(P| AP(A) + P(P | A)P(A%  0.98x 0.001 + 0.01 x 0.999

Note that we can rewrite this as

1 1
P(A | P) = P(P|A%)P (&%) = 501x0099 ~ 0-09.
1 4 FCLAOREY) — q 4 001x0.999

Since IF’(AC) and P(P | A) are both very close to 1, so the relevant ratio is approximately
P(P | A°)
P(A)

But P(P | AC) > P(A) and hence the posterior probability is still quite small.

Example 2.16

Consider the probability that a person have 2 boys given that,

19



1. They have exactly 2 children, one of whom is a boy.

Since no further information is given, we assume that all outcomes are equally likely.

Let
BG = {elder child is a boy, younger child is a girl}
GB = {elder child is a girl, younger child is a boy}
BB = {both children are boys}.
GG = {both children are girls}.
We want to find
P(BB |BBUBGUGB) = P(EB)
(BB | BBUBGUGP) = 5 om 5= GE)
1,3
=3/3
1
=3
2. They have exactly 2 children, the elder of whom is a boy.
We want to find
P(BB | BBUBG) = —P(BB)
(BB [BBUBG) = 555 56
1,2
=3/3
B 1
T2

3. They have exactly 2 children, at least one of them is a boy, who was born on a Thursday.

Let T denote the event that a child is a boy born on a Thursday, and N denote the event that
a child is a boy not born on a Thursday. We want to find

P(TTu TN U NT)
P(TTUTNUNTUGT U TG)

P(TTUTNUNT |[TTUTNUNTUGTUTG) =

Example 2.17 (Simpson's Paradox)
Suppose the following data is collected for applicants to a Cambridge college:

Admitted Rejected Admission Rate

20



) State 25 25 50%
All Applicants
Independent 28 22 56%
State 15 22 41%
London Schools
Independent 5 8 38%
. State 10 3 77%
Cambridge Schools
Independent 23 14 62%

Note that within each school type, state school applicants have a higher admission rate than
independent school applicants. However, when considering all applicants, independent school
applicants have a higher admission rate than state school applicants.

This phenomenon is called confounding in statistics. It arises when we aggregate data from
disparate populations.

In terms of conditional probability, let
A ={individual is admitted}
B ={individual is from London}
B = {individual is from Cambridge}
C = {individual is from a state school}

C® = {individual is from an independent school}.

We have
P(A|BnC)>P(A|BnCP),
P(A|B°nC)>P(A|B°nCP),
but
PA|C)<P(A] ).
Note that

P(A|C)=PANB|C)+P(AnB°|C)
_PANBnC) P(ANB°nC)
RO EG)
_P(A|BnC)P(BnC) P(A|B°nC)P(B°nC)
- P(C) i P(C)
=PA|BnC)PB|C)+P(A|B nC)P(B°| ()
>P(A|BnCYPB|C)+P(A| B°nC)P(B° | C)

Now, if we (falsely) assume that P(B | C) = P(B | CC), then
PA|C)>P(A|BnC*)P(B|C’)+P(A| B°nC’)P(B°| C°)
=P(4]C").

21



Nonetheless, this does not hold in our example.

Discrete Probability Distributions

Definition 2.18 (Discrete Probability Distribution)

Let (Q, 7, P) be a probability space, where Q is countable with
Q= {CL)]_, Wy, }
F =P(Q).

If we know P({w;}) for all i, then VA C Q,

P(A) = ), P{w:)).

w;€A
In this case, we say that (P({w;})); a discrete probability distribution.

We write p; = P({w;}) for all i.

Proposition 2.19 (Properties of Discrete Probability Distributions)

Let (p;); be a discrete probability distribution on a countable set Q = {w1, w,, ...}. Then

1. p; >0foralli.
2. Zi D= 1.

Let us see some examples of discrete probability distributions.

Definition 2.20 (Bernoulli Distribution)

A Bernoulli distribution models the outcome of a single binary experiment, such as a biased
coin toss.

The Bernoulli distribution Ber(p) with parameter p € [0, 1] is defined by

Q=1{0,1}
Po=1-p
P1=D.

Definition 2.21 (Binomial Distribution)

A binomial distribution models the number of successes in n independent Bernoulli trials,
each with success probability p € [0, 1].

The binomial distribution Bin(#n, p) with parameters n € N and p € [0, 1] is defined by

Q=1{0,1,..,n
n p—
pr= (k>pk(1 —p)"* vk=0,..,n.
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where (p;) is called the binomial distribution. Note that in the case of a coin toss,

P = P(obtaining k heads in n tosses).

Definition 2.22 (Multinomial Distribution)

A multinomial distribution models the number of occurrences of each outcome in n
independent trials, each with & possible outcomes with probabilities p4, ..., pg.

The multinomial distribution M(n, p4, ..., pr) with parameters n € N and p4, ..., pr € [0, 1] where
p1+ ...+ p, =1isdefined by

i=1

k
3
Q= {(nl, v ) € Zsg Z n; = n}

n n
pnl,...,nk = <n1 . nk)p;tl Seeet pkk V(n’I, (X213} n’k) € Q'

For example, suppose that there are k boxes and we throw n balls into these boxes
independently, where each ball lands in box i with probability p;. Then

P(n, balls in box 1, ..., n;, balls in box k) = (: )p'll1 — (n T nk_l)pnk
1

ny k

n nq np
= pl '...‘pk .
<7’l1, ceey nk)

Definition 2.23 (Geometric Distribution)
A geometric distribution models the number of Bernoulli trials needed to get the first
success, where each trial has success probability p € [0, 1].
The geometric distribution Geo(p) with parameter p € [0, 1] is defined by
Q=N
pe=Q-p*'p VkeN.

Note that,

Zpk=2(1—p)k‘1p=p/;=1

% % 1-1-p)

This models, for example, the number of times we need to toss a biased coin with heads
probability p until we get the first heads.

Definition 2.24 (Poisson Distribution)
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A Poisson distribution models the number of events occurring in a fixed interval of time or

space, where these events occur with a known constant mean rate and independently of the
time since the last event.

The Poisson distribution Poi(A) with parameter A > 0 is defined by

Nee—h
DPr = kl Vk (S ZZO'
Note that
k-2
Ate 2

Zpkzz kl =e .eA:]_,
k k

Proof. Consider the number of customers arriving at a shop in a time interval [0, 1]. We can
discretise the time interval to [% ﬁ] withi =1,..., N, where each interval has a small
probability p of a customer arriving. Then

N
P(k customers have arrived) = ( L )pk(l —pN*

__NC o A
TRV A withp =7y

NN -1V -k + 1) (1 N )N_k

k! Nk N
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Discrete Random Variables

Definition 3.1 (Random Variable)

Consider a probability space (Q, 7, P). A random variable is a function X : Q — R, satisfying
thatVx € R,

{weQ: X(w)<x}eF.

Wewrite{X <x}={weQ: Xw)<x}andVACR,{X €eAl={weQ: X(w) € A}.

Definition 3.2 (Indicator)

Let A € 7. The indicator of A is a random variable 1, : Q — [0, 1] defined by

1 ifweA

Definition 3.3 (Probability Distribution Function)
Suppose X is a random variable. Define the probability distribution function of X to be
Fx(x) =P(X <x)

where Fy : R — [0, 1].

Definition 3.4 (Multidimensional Random Variable)

X = (X4, ..., X}, is called a random variable in R” if
(X1,..,X,) : Q- R"
is a function such that Vx4, x,,...,x, € R,
(X1 x4, X, <Xt ={weQ: Xi(w) £xq, X)) < X9, ... Xp(@) <x,} € F.

Equivalently, all X; are real random variables.

Definition 3.5 (Discrete Random Variable)

A random variable X is called discrete if its range is countable.
Suppose it takes values in a countable set .S, then for every x € S we write
Py =PX =x) =P({w : X(w) = x}).

We call (p,).... the probability mass function of X, or the distribution of X. Note that VA C S,

P(X €A)= ) p,.

xX€eA

xes

Recall that two events A and B are independent if P(A N B) = P(A)P(B).



Definition 3.6 (Independence)

Let X1, X5, ..., X,, be discrete random variables with values in Sy, ..., S,,. They are independent if
foranyx; € S4,...., X, €S,

P(Xl = xl; ceey Xn = xn) = IP(X]_ = xl) C e P(Xn = .X'n).

Example 3.7

Consider tossing a p-coin N times independently. let Q = {0, 1} with w € Q, where
w=(wq,wsy,...,0N)

and w; is the result of the i-th toss. Then
N l-w
Po=P{w) = [] p**@-p)y
k=1

Forall k =1,..., N define random variables X}, : Q — {0, 1} with X} (w) = w;. Then

PX,=1)=p
P(X,=0)=1-p.

Note that X}, is a Bernoulli random variable with parameter p.

Claim. X4, ..., Xy are independent random variables.

Proof.
i 1-x
P(Xy =%, ... Xy = Xpy) = H p*rA—p)y
k=1
N
= H P(Xk = .X'k)
k=1
Expectation

Definition 3.8 (Expectation for Non-Negative Discrete Random Variables)

Let Q be a countable set and X : Q — R be a discrete random variable.

For X > 0, the expectation of X is defined by
E[X]= ), PEuhX(w).

we

Alternatively, consider
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Qy ={X(w) : w € Q}
Q= | {w: X(w) =x}

xeQy

Then

=
3
I

D, X(@) - Pw)

we

>, Y X@-P(w)

xeQy we{X=x}

oY x-Pdw)

xeQy we{X=x}

Yox ) Plwd

xeQy we{X=x}

>, XP(X = ).

xeQy

So the expectation of X is the weighted average of the values taken by X, with weights given by
the probabilities of X taking those values.

Example 3.9

Consder X ~ Bin(V, p). Then Vk € {0, ..., N},

P(X =k) = (N

. )pk(l -k

Then, for the expectation,

N
E[X]= ) k-P(X =k)

k- (]Z)pk(l -p"*

NI

Y

N-1 N_l L
= N( Y )pk(l—p)lep

p@+1-p)" "

bl Eyd
M= iM= I

bl

pfa-p"*

b
Il
o

N
Il
o

N
N

=

Example 3.10

Consider X ~ Poi(d) with A > 0. Then forall k € Z,,

k

A
_ |
P(X—k)—e E
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Hence

ElX]= S k-P(X = k)
k=0

=\

Notation. Let X be a random variable. Define
Xt =max(X,0) and X~ = max(-X,O0).
Then

X=X"—X" and |X|=XT+X".

Definition 3.11 (Expectation for General Discrete Random Variables)

Suppose X is discrete. We can define E[X "] and E[X "] as in Definition 3.8.
If at least one of E[X "] and E[X "] is finite, then we can define the expectation of X by

E[X] = E[X*] - E[X].

Otherwise, E[X]is not defined.

Definition 3.12 (Integrable Random Variable)

A random variable X is integrable if E[| X|] < oo.

Proposition 3.13

If E[X] is well-defined, then we have
E[X]= ) xP(X =ux).

xeQy

Remark. We shall assume that whenever we write E[X], it is well-defined.

Proposition 3.14 (Properties of Expectation)

1. If X >0, then E[X] > 0.
2. If X >0and E[X] =0, then P(X =0) =1.
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w

. If c e R, then E[cX] = cE[X]and E[c + X] = ¢ + E[X].
. If X and Y are random variables, then E[X + Y] = E[X] + E[Y].

[ 52 I SN

. Letcq,...,¢c, € Rand X4, ..., X,, be integrable random variables. Then

IE[§: Ckkk]iz E: ¢, E[X}].

k=1 k=1

(@)}

. Suppose that X, X, ... are non-negative random variables. Then

Eli Xkl = 5 Bl
k=1 k=1

Proof. Suppose that Q is countable.
For (6), we have

IE‘:[Z X%|= ¥ (2 xn<w>) P(e)

weQ\n

=Y > X,(w)P@w}) since all terms are non-negative
n weQ

= Y E[X,].

Example 3.15
LetAeF, X =1(A), X(w) = 1(w € A). Then

E[X]= ), 1w € A)-P{w})

we

= ), P(w}

weA

= P(A).

Proposition 3.16

Letg:R - R, X : Q - R and consider g(X) defined by g(X)(w) = g(X (w)). Then g(X) is a
random variable, with

E[gX)]= ), @PX = x).

xeQy

Proof. Let Y = g(X). Then we have
Y=yt={0: gXW)=yt={0: X e g @p}={x e g @D}

Hence,
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= > YR =y)

VEQy

= Y yP(X € g (yD)

yEeQy

=Yy > PX=x

yeQy xeg iy

=) 2 EWPX=ux

V€Qy xeg=1({yd

= ). SWPX = x).

XEQyx

Proposition 3.17

Suppose X > 0 and takes integer values. Then

E[X] = i P(X > k) = i P(X > k).
k=1

k=0

Proof. Note that forany x € N,

o)

= i x>k =) 1x > k).

k=1 k=0
Since X > 0and X € Z-(, we have
Xw)= > 1Xw) =k = ) LX(w)> k).
k=1 k=0

Taking expectation on both sides, we get

E[X] = [Z 1(X > k)
k=1

= [i]l(X>k)

8

E[X]= ), E[1(X > k)] = Z [1(X > k)]

k=1 k=0

P(X > k) = i P(X > k).

1 k=0

M8

E[X] =
k

With expectation, we can form another proof of the inclusion-exclusion formula.

Proof. Let A,B € F. Then
1(A%) =1-1(4)
1(An B) = 1(4) - 1(B)
1AUuB) =1-1(A°nB%)=1-(1-1(4) -1 - 1(B)).

More generally, if we have A4, ..., A,, € F, then
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141 U..UA) =1-1(A] n...n 4})

=1-J]@-14y)
i=1
S 1Ay - Y LA LA + e+ DAL - - L(A).

i=1 1<i<j<n

Taking expectation on both sides, since E[1(A)] = P(A), we get

P(A;U..UA,) = f P(A)— Y P(AiNA)+..+D"TP(A n...nAy).

i=1 1<i<j<n

Variance and Covariance

Definition 3.18 (Moment)

Let X be a random variable and r € N. We call E[X"] the r-th moment of X, as long as it is well-
defined.

Definition 3.19 (Variance)

The variance of X is defined by

Var(X) = IE:[(X - IE‘.:[X])Z].

The variance is a measure of concentration of the distribution of X around its expectation. The
smaller the variance, the more concentrated the distribution is around its expectation.

Definition 3.20 (Standard Deviation)

The standard deviation of X is defined by /Var(X).

Proposition 3.21 (Propositions Of Var(X))

1. Var(X) > 0.

2. If Var(X) = 0, then P(X = E[X]) = 1.

3. If ¢ € R, then Var(cX) = ¢? Var(X) and Var(c + X) = Var(X).
4. Var(X) = E[X*] - (E[X]D>.

5

. Var(X) = min,cr ]E;[(X - c)z], with the minimum attained at ¢ = E[X].

Proof. For (4), we have




Var(X) = E[X? - 2XE[X] + (E[X)?]
= E[X?] - 2E[X]E[X] + (E[X))?
= E[X?] - (E[X]>.

For (5), define f(c) = ]E[(X - c)z]. Then
f(e) = E[X?] - 2¢E[X]+ ¢*.
Hence, taking derivative with respect to ¢, we get
f'(c) = =2E[X] + 2c.

Therefore, f'(c) = 0 if and only if ¢ = E[X]. Moreover, f"(c) = 2 > 0, so f is convex and the
minimum is attained at ¢ = E[X]. Hence

Var(X) = f(E[X]) = IEZ[(X - ]E[X])Z] = min IE:[(X - c)z].

Example 3.22
1. Consider X ~ Bin(n, p). Then E[X] = np and

Var(X) = E[X (X — 1)] + E[X] — (E[X])>.

Note that
n!
E[X(X —1)] = 2 k(k — DW p*a -p)**
2)!
= n(n—1)p* Zm Q-p">*
1

=n(n - 1)p>.

Hence,

Var(X) = n(n — 1)p2 +np — nzp2
=np(l—-p).
2. Consider X ~ Poi(A). Then E[X] = A and

00 Ak
_ _ -7
E[X(X -1)] = kgz k(k —1)e 7l

Hence,
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Var(X) =A*+1—-21% = A.

Definition 3.23 (Covariance)

Let X and Y be random variables. The covariance of X and Y is defined by

Cov(X, Y) = E[(X — E[X])(Y — E[Y])].

It is a measure of the dependency between X and Y.

Proposition 3.24 (Properties of Covariance)

Cov(X,Y)=Cov(Y, X).

Cov(X, X) = Var(X).

Cov(X,Y) = E[XY] - E[X]E[Y].

Let c € R. Then Cov(cX,Y) = ¢ Cov(X, Y) and Cov(c + X, Y) = Cov(X, Y).
Var(X + Y) = Var(X) + Var(Y) + 2 Cov(X, Y).

Let ¢ € R. Then Cov(c, X) =

N o ok w b=

More generally, for all ¢4, ..., ¢,, d4, ..., d, € R, we have

Cov(Z ¢ X, 2 ,lg)

|_\/_|=
M=

¢;d; Cov(X;, Y).

I
=

=1 i

1j

In particular,

M=

n n
Var( Xl-) =Cov{ ) X;, ). X;
=1 i=1 j=1

i

=Z1 ar(X;) + Y, Cov(X;, X;).

i#]

Proof. For (3), we have

Cov(X,Y) = E[(X — E[X])(Y — E[V])]
XY — XE[Y] - YE[X] + E[X]E[Y]]
XY] - E[X]E[Y] - E[Y]E[X] + E[X]E[Y]

XY] - E[X]E[Y].

([
H OEH H

E[
[
[
[

For (5), we have

Let X, Y, Z be random variables. Then Cov(X + Y, Z) = Cov(X, Z) + Cov(Y, Z).
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Var(X +Y) = E[(X - E[X]) + (¥ - E[Y])’]

= E[(X — E[X]?] + E[(Y — E[Y])*] + 2E[(X — E[X])(Y — E[¥])]
= Var(X) + Var(Y) + 2 Cov(X, Y).

Recall that if X7, .., X, are discrete random variables, then they are independent iff for all x4, ..

P(Xl =X, ,Xn = .X'n) = ]P(X]_ = xl) t et P(Xn = xn)

Proposition 3.25

If X1, X,, X5 are independent, then X; is independent of X,.

Proof. We need to show that
Vxq, %2, P(Xyp =x1,Xs =Xp) = P(X; = x1)P(X3 = x»).
We have

P(Xy =x1, Xy =X2) = ZP(XI = X1, X2 =X, X3 = X3)

X3

= Z P(X1 = x1)P(Xy = x3)P(X5 = x3)

X3

=PX; =x)P(X; = xz)z P(X3 = x3).

X3
1

Lemma 3.26

Let X and Y be 2 independent random variables, and f, g : R — R,. Then
ELf(X)8(M)] = ELf (XIE[Z(YV)].

Proof. Let Z = (X,Y) and define h(Z) = f(X)g(Y). Then

E[MZ)] = )} h(x, NP(Z = (x, )
X,y

= fO)gNPX =x,Y = y)
Xy

=), JWEWPX = x)P(Y = y)

xy
(Z S@PX = x))(z WP = Y))
x ¥V
E[f (XIE[Z(Y)].

Lemma 3.27

Let X and Y be 2 independent random variables. Then

3] xny
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Cov(X,Y) = 0.

Important. The converse of the above lemma is not true.

Example 3.28

Let X1, X5, X3 ~ Ber(%) be independent random variables. Let
Y, =2X; -1, % =2X,-1
Zy =1 X3, Zy = DhX;.
Then E[Y;] = E[¥,] = 0. Moreover,
E[Z,] = E[1 X5] = E[R]E[X5] =0, E[Z,]= E[¥;X;]=E[RL]E[X5]=0.

So,
Cov(Z4,Z,) = E[Z1Z,] — E[Z1]E[Z,]
=E[hKLX;]|-0
= E[1, BIE[ X3 ]
= E[N K ]E[X3]
=0.
However,

P(Z, = 0,7, = 0) = P(X5 = 0)
Pz =0z, =0)= 1
—§¢ (Z1=0)P(Zy = )—Z-

Hence Z; and Z, are not independent, even though Cov(Z,, Z5) = 0.

Corollary 3.29

Let X1, X5, ..., X, be independent random variables. Then

n

Var(f X,-) = ! Var(X;).
i=1 i

=1

Example 3.30

Consider n random variables S, ~ Bin(n, p) . Then we have Var(S,) = np(1 — p) as seen before.
We also know that S, = X; + ... + X,, where (X;) are independent and X; ~ Ber(p).

Hence, by the above corollary, we have
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Var(S,) = i: Var(X;)
i=1

1

=) prd-p
=1

=np1 - p).

Inequalities

Proposition 3.31 (Markov's Inequality)

Let X be a non-negative random variable and a > 0. Then

E[X]

Proof. Observe that
X>a-1(X > a).

Taking expectation on both sides, we get
E[X] > aE[1(X > a)] = aP(X > a).

Proposition 3.32 (Chebyshev's Inequality)

Let X be arandom variable and a > 0. Then

Var(X)
P(X - E[X]| =2 a) < o

Proof. Note that
P(X - E[X]| > a) = P(1X - E[X]|" > a”)
E[(¥ ~ E[X)’]

<

by Markov's

a2
Var(X)
= az .

Proposition 3.33 (Cauchy-Schwarz Inequality)

Let X and Y be random variables. Then

E[|XY|] < \VE[X2]E[Y2].

Proof. Assume that E[X?] < oo and E[Y?] < oo, otherwise there is nothing to prove. Then
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1 2 2
IXY| < i(X +Y?) = E[XY]] < .

Assume that E[X 2] > 0 and ]E[YZ] > 0, otherwise this is the trivial case. Assume WLOG that X and
Y are non-negative.

Let t € R and consider (X — tY)* > 0. Then
E[(X - t7)*] > 0
E[X?] - 2tE[X Y]+ *E[Y?] > 0.

fo
Then
f'(®) = —2E[X Y]+ 2tE[Y?].
This function is minimised at f(¢,) where ¢, = %. Hence, using the fact that f(¢,) > 0, we get

E[X?] - 2¢,E[XY]+ t3E[Y?] 2 0

(E[XY])*
E[Y?]

= E[|XY|] <+/E[X2]E[V2].

Remark. The equality holds when f(¢,) =0, so

= E[X?]-

E[(x—t,,¢Y)2]=0:>P(X—t*Y=0)=1:>P(X:t.,J):l.

Definition 3.34 (Convex Function)

A function f : R — R s called convex if Vx, y € R, V¢ € [0, 1], we have

fx+A-0py) <tf)+A-Df).

Proposition 3.35 (Jensen's Inequality)

Let X be a random variable and f : R — R be a convex function. Then

JEIX] < E[f(X)].

Proof. We first need an additional claim.

Claim. Let f : R - R be a convex function. Then f is the supremum of all the lines below it, i.e.
forall m € R, 3a, b € R such that

fx)>ax+b forallx e R,
f(m)=am+b.

37



Proof. Let m € R and x < m < y. Then for some ¢ € (0, 1), we have
m=tx+(1 -ty etm-x)=>1A-t)(y —m).
By the convexity of f, we have
fm)=fax+A-y)<tf®)+A-f )
= t(f(m) - f(x)) <A =(f () — f(m)).
Hence, using the fact that t(m — x) = (1 — t)(y — m), we get
fm - /@) _ f(J/)—f(M).

m-x T  y-m

Leta = SUPyem % ThenVx<m< y,

f(m) = f(x) gagf(Y)_f(m).
m-—x y—-m

So, this gives that Vz,
f(@) =a(z—-m)+ f(m).

Hence, we can take b = f(m) — am and get the desired result.

Let m = E[X]. By the claim, Ja, b € R such that

f(x)>ax+b forallx eR,
f(m)=am+b.

Then we have f(X) > aX + b. Taking expectations on both sides, we get
E[f(X)] = aE[X]+b=am+ Db = f(m) = f(E[X]).

Remark. For the equality case, let f : R —» R be convex with the extra property that for m = E[X],
da,b € R, such that f(x) > ax + b forallx € R\{m}and f(m) =am + b.

We wish to find a condition of X such that we have
ELf(X)] = fIE[X]L.
We have f(X) > aX + b= f(X)—(aX + b) > 0. Taking expectations gives
E[f(X)] = aE[X]+b=am+ Db = f(m) = f(E[X]).
Hence, the equality forces E[f(X) — (aX + b)] = 0.

Since f(X) — (aX + b) > 0, we must have P(f(X) — (aX + b) = 0) = 1. By the extra property of f,
this is equivalent to P(X = m) = 1.

Proposition 3.36 (Am-GM Inequality)

Letxq,%5,...,x, € R, then
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S|+
M=
=
bl
\Y4
bl
L=
=
-~
S|

Proof.

Claim. Let f be a convex function. Then Vx4, ..., x, € R, we have
1 n 1 n
=) flxp) > f(— xk)
n k§1 n k§1
Proof. Let X be arandom variable with P(X = x;) = % foralli =1,...,n. Then

1 & 1
BLACOI= 5 3, ) > FEIXD = £(5 3 )
k=1 k=1

Let f(x) = —log x with x > 0. This is a convex function. Hence, by the above claim, we have
1 & 1 &
— ), —logx;, > —log(— xk)
n k§1 n k§1

Rearranging gives the desired result.

Multiple Discrete Random Variables

Joint Distribution and Conditional Distribution

Recall that if X is a discrete random variable, then the distribution of X is given by (P(X = x)),.

Definition 3.37 (Joint Distrbution and Marginal Distribution)

Let X1, X5, ..., X,, be discrete random variables. Their joint distribution is defined to be
P(X; =x1,...X, =x,) forallxq,.., x,.
In particular,

PG =x)= ), Py =x1, Xy =%,..., X = Xp).

X255 Xn

where P(X; = x;) is called the marginal distribution of X;.

Definition 3.38 (Conditional Distribution)

Let X and Y be two discrete random variables. The conditional distribution of X given Y = y is
defined by

P(X =x,Y =y)
P(Y =y)

PX=x|Y=y)=

By the law of total probability, we have
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PX=x)=)PX=xY=y)=)PX =x]|Y=y)PY =y).
y y

Distribution of the Sum of Random Variables
Let X and Y be two independent random variables. We wish to find the distribution of X + Y.

PX+Y=2=)PX=z-y,Y=y)
¥

= YPX=z-pP¥ =y) .
y

convolution of the 2 distributions
Example 3.39 (Independent Poisson Random Variables)

Let X ~ Poi(A) and Y ~ Poi(u) with X 1 Y Then

n

PX+Y=n=) PX=n—RkPY =k)

k=0
= ie"A » _”#—k

= m=Rk)! R

—-A+p) n

e (”) n—k k
= A u

n! ,;O k
n
:e_(}H'/’l)(A-i_—‘u).
n!

SOP(X+Y=n)= e‘(“ﬂ)M. Hence X + Y ~ Poi(A + y)
n!

Conditional Expectation

Recall that for P(B) > 0,

P(A N B)

P(A | B) = 55

Definition 3.40 (Conditional Expectation)

Let X be a discrete random variable and B € F with P(B) > 0. The conditional expectation of
X given and event B is defined by

E[X - 1(B)]

E[X | B] = 5E

Note that if X = 1(A), we recover

E[1(An B P(AnB
B | B= S n = ZER D | )

Proposition 3.41 (Law of Total Expectation)
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Let X be a discrete random variable and (Q,) a partition of Q with P(Q,,) > 0 for all n. Then

E[X] =) E[X | Q,]P(Qy).

Proof. We have

E[X]= ), X(@P(w})

we

=Y, D, X(@P({w})

n weQ,

= Y E[X - 1(Qy)]

= Y, E[X | Q,]P(Qy).

In particular, for the conditional probability of X given Y = y, we have

E[X -1(Y =
BV ] [P(Y(:y)m
P(X =x,Y = y)

X

g: PY =y)
L

¥P(X =x|Y =y).

Let g(y) = E[X | Y = y]since this is a function of y. Consider what is meant by E[X|Y].

We will define E[X | Y] as a random variable, which is a function of Y.

Definition 3.42 (Conditional Expectation Given a Random Variable)

Let X and Y be discrete random variables. The conditional expectation of X given Y is
defined by

E[X | Y]=)E[X | Y = yIL(Y = y) = &(¥).
y

where g(y) = E[X | Y = y].

Remark. The above notation can be confusing. E[X | Y]is a random variable, which is a function
of Y. In particular, if Y(w) = y, then E[X | Y](w) = E[X | Y = y].

Bear in mind that random variables are functions. We have X, Y : Q — R, and so g(Y) really
means go Y.

Example 3.43

Consider tossing a p-coin n times independently. Fori =1, ..., n, let
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X; = 1( — th toss is H)
Y,=X; +...+ X,
We wish to find E[X; | V,]. Let
g =E[X1| Y, =yl

_ElX; - 1(%, = )]
P(Y,=y)

_Phi=1%=y)
P(Y,=y)

(pta-p

(2)pra-p

S|I<

So, E[X; | Y] = g(¥;) = 2.

Proposition 3.44
Let X and Y be discrete random variables. Then for some constant ¢ € R,
1. E[cX | Y] = cE[X | Y].
2. E[c+X | Y]=c+E[X | Y]
In particular, E[c | Y] = c.

3. E[X/_, Xi | Y] =%, ELX; | Y]

Proposition 3.45 (Tower Property)

Let X and Y be discrete random variables. Then

E[X] = E[E[X | Y]].

Proof. We have
E[X | Y]= ) EX | Y = y]L(Y = y).
v
Taking expectation on both sides gives
E[E[X | Y]] =) E[X | Y = yIP(Y = y)

v
= E[X] by the law of total expectation.

Proposition 3.46
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Let X and Y be independent discrete random variables. Then

E[X | Y] = E[X].

Proof. We have

E[X | Y]=NEX|Y = yl1(Y = y)

LY =p) ) xP(X =x|Y =)

¥
3E=0
a
)

(Y =) ) xP(X =x) by independence

X

1(Y = y)E[X]

y
E[X].

Proposition 3.47

Let Y, Z be independent discrete random variables. Then for any random variable X,

E[E[X | Y]| Z] = E[X].

Proof. Let g(Y)=E[X | Y]and g(y) = E[X | Y = y].

Claim. g(Y) is independent of Z.

Proof. We need to show that
Vw,zeR, PEY)=w,Z=2)=PEY)=wPZ =2).
We have
P =w,Z=2)= Y PY=yZ=2)
yeg tqwy

= Y. P(Y=y)P(Z=2) byindependence
yeg tqwy
=PEY)=wP(Z =2).

Then, by Proposition 3.46, we have E[g(Y) | Z] = E[g(Y)].
By Proposition 3.45, we have E[g(Y)] = E[X]. Hence, E[E[X | Y] | Z] = E[X].

Proposition 3.48

Let X, Y be two random variables and # : R — R. Then
E[A(Y)- X | Y] = (Y)E[X | Y].
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Proof. We have

E[R(Y)- X | Y]= ) 1(Y = PERY)- X | Y = y]
y

=Y h(LY = Y)EX | Y = y]
y

= W(Y)E[X | Y].

Corollary 3.49

Let X, Y be two random variables. Then
1. E[E[X |Y]|Y]=E[X | Y]
2. E[X | X]=X.

Example 3.50

Consider tossing a p-coin n times independently. Fori =1, ..., n, let
X; = 1(i — th toss is H)
Y,=X1 +...+ X,
We wish to find E[X; | V,]. By symmetry, E[X; | ¥,] = E[X; | ¥,] for all i. Hence,
Y, =E[Y, | Bl =EX; +..+ X, | 1]

= Y E[X; | %]
i=1
= nE[X; | Y]

So, E[X; | Y] = 2.

Random Walks

Definition 3.51 (Random Process / Stochastic Process)

A random process or stochastic process is a sequence of random variables (X;), .-

Definition 3.52 (Random Walk)
A random walk is a random process that can be expressed as
Xp=x+1H+HL+..+1,

where x is a deterministic constant and (Y,),,. are independent and identically distributed
(i.i.d.) random variables.

The steps of the random walk are the random variables Y,,.

Simple Random Walk
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Definition 3.53 (Simple Random Walk)

A simple random walk is a random walk satisfying P(Y; = 1) = p =1 - P(¥, = -1).

Ifp=q=1-p= % then we call it a simple symmetric random walk.

Example 3.54 (Gambler's Ruin)

Consider (X,) as a simple random walk, which is the fortune of a gambler who starts with £x at
time O and at every time step, he wins £1 with probability p and loses £1 with probability g =
1 — p.The game ends if he reaches O or if he reaches £a, whichever comes first.

Notation. We will denote P,(4) = P(A | X = x), and X = (X,,).
Let h(x) = B.((X,) reaches a before reaching 0). Then A(0) = 0 and h(a) = 1.

Then,

h(x) = B.(X reaches a before reaching 0)
= B.(X reaches a before 0, ¥; = 1) + B.(X reaches a before 0, ¥; = —1)
= pP,,1(X reaches a before 0 | ¥; = 1) + (1 — p)P,_1 (X reaches a before 0 | ¥; = —1)
=p-hx+1)+A—-p)-h(x-1).
So we can solve the following system of equations to find A (x) for all x:
h(x) = ph(x+1)+ (1 — p)h(x - 1)

h0)=0
hia)=1

e Forp=g¢q= % we get a simple symmetric random walk (SSRW), in which case we have

h(x) = sh(x +1) + $h(x - 1)

h(0) = 0
h(a) =1
This leads to
h(x+1)—hx)=hx)—h(x—-1)=c.
Hence,
h(x) = 3 (h(@)—h(G-1)) = i: c=cCX.
i=1 i=1

Considering boundary conditions, h(a) = 1 gives ¢ = % Hence, for a SSRW, we have
X
h(x) = —.
() ==

« For p # q, we need to try a solution of the form A* for some A. Then

45



/Ix=p-}t“1+q)tx"1=>A=10r}l=%.

X
The general solution is of the form A(x) = A + B(%) for some constants A, B € R. Using the
boundary conditions, we get

S
SIS
~—

h(x) =

—
ASEIS
S—"

Time to Absorption

Let (X,) be a simple random walk. We are interested in the time to absorption, which is the
duration of the game. Let the time to absorption be denoted by T. Then

T =min{n >0: X, €{0,a}}.

We would like to consider the expected time to absorption, i.e. E[T | X = x].
Notation. We will denote E[T] = E[T | Xo = x] = k(x).

By the law of total expectation, we have
k(x) = E,[T]
=E,[T |1 =1]P(h =1 + E([T | ¥ = -1]P(; =-1)
= PExia[T + 1]+ qE, [T + 1]
=pkx+1)+1)+qk(x—-1)+1)
=pk(x+1)+qgk(x—-1)+1.
Boundary conditions are k(0) = k(a) = 0.

« Forp=gq= % try a solution of the form %(x) = Ax>. Then
2 1 2 1 2
Ax® = EA(x+1) +§A(x—1) +1=>A=-1.

The general solution will be of the form &(x) = —x* + Bx + C. Using boundary conditions, we get

k(x) = x(a — x).
« For p # g, try Cx as a solution. Then C = ﬁ. Hence
q X
kx)=A+ ——x+ B(J_ﬂ)

Solving this gives

Probability Generating Functions
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Introduction

Definition 3.55 (Probability Mass Function)

Let X be a discrete random variable. The probability mass function of X is defined by

pr=PX =7).

Definition 3.56 (Probability Generating Function)

Let X be a discrete random variable taking values in N. The probability generating function
(PGF) of X is defined by

p(2) = E[zX]= )] p,2"
r=0

where |z] < 1.

Note that p(z) converges absolutely for |z| < 1 since p, > 0 and Z;’;O p, = 1. Hence the radius of
convergence of p(z) is at least 1. Therefore, p(z) is well-defined for |z| < 1.

Remark. In this section, we will only consider discrete random variables taking values in N.

Theorem 3.57

The PGF of a random variable X uniquely determines the distribution of X.

Proof. Let (p,) and (g,) be 2 probability distributions with the same PGF, i.e. for all |z| <1,

Ms

(o]
przr = Z qrzr-
r=0

r=0

We need to show that p, = g, for all r. We shall show this by induction. For z — 0,
Po =4o-
Assume that p, = ¢, for all » < n. Then
i pz = i q,2".
r=n+1 r=n+1
Dividing both sides by z"** and letting z — O gives

Pn+1 =qn+a-

Example 3.58

Consider X ~ Bin(n, p). Then

p(@) = E[z¥] =) (’:)p’(l -p)" " =1 -p+p2)".
r=0
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Remark. Suppose that X1, ..., X,, are independent random variables with PGFs
q:(2) = E[2"].

Consider the PGF of S, = X7 + ... + X;:

p(z) = E[z5 %] = B[z 2%, 2% ] = B[z |E[2"*].. E[2""] = ﬁ Tico)-
i=1

Example 3.59
Consider X ~ Bin(n, p) and Y ~ Bin(m, p) with X 1 Y. Then
E[z**] = E[z"|E[z" | =A -p+p2)"A-p+p2)" =1 -p+p2)"".

Hence X + Y ~ Bin(n + m, p).

Example 3.60

Consider X ~ Geo(p). Then

oo 3 pZ
E[z¥]| = ZA-p)tp=—"
"] PR )
Example 3.61
Consider X ~ Poi(A). Then
[ee) [ee) r
E[z"]= ). Zet e >, W) _ gohehs = he-),
r=0 rl r=0 rl

Example 3.62
Consider X ~ Poi(A) and Y ~ Poi(u) with X 1 Y. Then
E[ZX+Y] — ]E[ZX]E[ZY] — e/\(z—l)eu(z—l) — e()t+u)(z—1).

Hence, X + Y ~ Poi(A + p).

Theorem 3.63

Let p(z) be the PGF of a random variable X. Then

lim p'(z) = p'(17) = E[X].

Proof.
« Assume that E[X] < co. Take 0 < z < 1. Then
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[oe)

p'@=>Y rpZt <) rp, =E[X].
r=1 r=1

So p'(2) is increasing in z and bounded above by E[X]. Hence, lim,_ - p'(2) < E[X].
Take ¢ > 0. There exists N such that

N
Y. rp, > E[X] -c¢.

r=1

Then,

N
lim p'(z) > lim ) rp,z ™" =
z-1- z—1" =1

M=

rp, > E[X]—e.

r=1
Hence, lim,_ - p'(2) = E[X].
« Assume that E[X] = co. Then VM > 0, 3N such that

N
Sorp, =M.

r=1

Then,
N X
: A > T 1 _
lim @) lim 3, rp,2"™ = 3, ror 2 M.
Hence, lim,_ ;- p'(2) = oco.

Theorem 3.64

Let p(z) be the PGF of a random variable X. Then
p"17) =EXX -1)]

VE >0, p®(17) = E[X(X — 1)..(X — k + 1)].
Var(X) = p"(17) +p'17) - (p'17)"

PX =n) =1 (p@) L)

z=0

Sum of a Random Number of Random Variables

Let X7, X5, ... be independent and identically distributed random variables and let N be an
independent random variable taking values in N.

Let
Sn =X1+X2+...+Xn

n
Syp(w) = Z Xi(w)
i=1

N(w)
Sy(w) = Z Xi(w)-
i=1
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Lemma 3.65

Let ¢(2) = E[z"] be the PGF of N and p(z) = E[z*"] be the PGF of X;.
Then the PGF of Sy is given by

r(z) = E[z°Y] = q(p(2)).

Proof.
Proof 1 We have

r(z) = E[z°"] = i E[z°" - L(N = n)]
n=0

[oe]

_ Z E[ZX1+...+X,, LN = n)]
n=0

= i E[z"z%..2%]- P(N = n)
n=0
= ), (B[] pv =m)

S
8 1
o

ZO (p(2)" - P(N = n)
= Zp(z)) by definition of PGF.
Proof 2 We have
r(z) = E[z°] = E[E[z°" | N]].
Note that
E[z°" | N|(n) = E[z°" | N = n]
= E[z*

N =n|
= E[z*"] by independence
= (p(2)".

Hence, we can write E[z°" | N| = (p(2))". Taking expectation on both sides gives

r@) = E[(p@)" ] = ¢ (@)).

We have
E[Sy]l=1r'"(17) =¢'(p(Q17))p'(17) = E[N]E[X{]
Var(Sy) = E[N] Var(X;) + Var(N)(IE:[Xl])Z.
Branching Processes

Let X, =1, and X; be the distribution of the number of offspring of the individual in the first
generation.



P(X,=k)=g, VYkeZsg.
Each individual produces an independent number of offspring with the same distribution as X;.

Let (Y.n) w1 nso P€ @ family of independent random variables such that ¥, , has the same
distribution as X; for all &, n. Then we can write

Y..» = number of offspring the k-th individual in the n-th generation produces,
X 0 if X, =0
LS Y, if X, > 0.
We are interested in the probability of extinction.

Generating Functions of Branching Processes

Theorem 3.66

Let (X;) be a branching process with offspring distribution X;. Then,
E[X,] = (E[X1])".

Proof. We will show this by induction. For n = 0, we have E[X,] = 1 = (E[X 1])0. Assume that
E[X,] = (E[X1])". Then

E[Xp11] = E[E[Xp4q | Xp]]-

Note that
E[Xp1 | Xn=m]=E[Xn+ .4 Yu | X =m]
=E[Y,+..+Y,,] byindependence
= mE[Xl]
Thus,

E[Xns1 | Xnl = X, E[X7].
Taking expectation on both sides gives

E[Xn41] = E[X,]E[X1] = (E[X1 )"

Theorem 3.67
Let G(2) = E[z""] and G,(2) = E[z*"]. Then
Gni1(2) = G(Gn(z)) =Gp(G(2) =GoGo-oG(2)

Proof. We have
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Gns1(2) = E[21]
= E[E[z" | X,]

= E[E[z"t e | X,]]
Note that,
E["rt o | X, = m] = B[]
= E[z""]...E[z""] by independence
= (G@)™.
Hence,

Gne1(2) = E[(G(2)"] = G1(G(2).

Extinction Probability
Let
q = P(X,, = 0 for some n > 0)
and g, = P(X, = 0).

Since {X, = 0} € {X,,1 =0}, (g,,) is an increasing sequence that converges to ¢, by the continuity of

probability measures.

Proposition 3.68

Let G(2) be the PGF of X;. Then G(z) = E[z"}], and
In+1 = G(@n), q=G(Q).

So we just need to show that g, = G(g,)-
Proof 1 We have

dn+1 = IEJ)(Xn+1 = 0) = Gn+1(0)
= G(G,(0))

= G(qn).

branching processes with the same offspring distribution as X;. Then

Hence,

Proof. 1f we were given that g, = G(q,), then since G is continuous as g, — ¢, we have g = G(q).

Proof2 Conditioning on X; = m, let X, ,(11), X ,(12), ..., X" be independent and identically distributed
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dn+1 = 1P)(Xn+1 = 0)
= Z P(Xn+1 =0 | Xl = m)P(X]_ = m)
m

_ Zp(f xV -0 ‘ X, = m)]P(X1 = m)
i=1

P(Xy =...= X" = 0)P(X; = m)

(@n)"P(X1 = m)

[
Q3] 31 s

n)-

Note that in Theorem 3.66, we have
E[X,] = (E[X1])".
So, in order to evaluate g, consider the following cases:
« If E[X;] < 1, then E[X,] - 0 as n — oo, SO we expect that g = 1.
« If E[X;]> 1, then E[X,] —» o as n — oo, soO we expect that g < 1.
« If E[X;] =1, then E[X,] = 1 for all n, which does not give us an intuition on g.

Note that the relation ¢ = G(g) always has a solution at ¢ = 1, as shown in the following graphs:

1 1

0 0

Note that the gradient of the tangent at x = 1 is G'(1) = E[X; ]. Hence, the first two cases can be
justified.

Theorem 3.69

Let (X,) be a branching process with offspring distribution X;. Assume that P(X; = 1) < 1.

Then the extinction probability g is the minimal non-negative solution to the equation G(x) =
X.

Moreover, g < 1 iff E[X;] > 1.

Proaof. We know that ¢ = G(q) in Proposition 3.68.

Let £ be the smallest non-negative solution to G(x) = x. We will show that g = .




We will prove by induction that g,, < ¢ for all n, which will imply that ¢ < t as n — oo, but since ¢ is
the smallest non-negative solution to G(x) = x, we have ¢ < q. Hence, q = t.

For n = 0, we have qo = P(X, = 0) = 0 < t. Assume that g, < t. Then
Gni1 = G(@n) S GO =1

since G is increasing in [0, 1]. Hence, g,,,1 < t.

Now, we will show that ¢ < 1 iff E[X;] > 1.
Assume that g5 + g1 =1, then P(X; <1) =1, and then
E[X1]=&1.
Then in this case, G(2) = go + g12 = 1 — E[X ]+ E[X;]z. Then,
G =2z=> 1-E[X;])-z=1-E[X;].
Because E[X;] = g; <1,wehavel — E[X;]#0,andsoz =1.
Now assume that g; <1 and gy + g1 < 1, we shall show that g < 1 iff E[X;] > 1. Define

H2)=G@R)-z= i g2 —z.
r=0

Then H (1) = 0. We shall first show that A can have at most one more root in [0, 1). We have

H'(z) =Y r(r-1)g2"%>0in(0,1)
r=0
because gy + g1 < 1 implies that there exists r > 2 such that g, > 0.

Hence H'(2) is strictly increasing in (0, 1). Therefore, H can have at most one more root other
than 1, due to Rolle’s theorem.

We therefore have two cases:
« H has no other root other than 1. Then g = 1. We need to show that E[X;] < 1. We have
H'1)=G(1")-1=E[X;]-1<0.
This is because H(0) = G(0) = go > 0and H(1) = 0. So
H(z) >0 Vze][0,1].
Hence

H@-HQ) _

H'(17) = lim —~——~<0.

SoH'(17) £0, and hence E[X;] < 1.

« H has another root r < 1. So r has to be the extinction probability g. We need to show that
E[X;] > 1. We have

H()=0, H()=0.
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By Rolle’s theorem, there exists z € (r, 1) such that H'(z) = 0. We also have
H'(17) =E[X;]-1.

Since H' is strictly increasing in (0, 1), we have H'(17) > H'(z) = 0. Hence, E[X;] > 1.
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Continuous Random Variables

Probability Distribution Function
Consider a probability space (Q, F, P). Recall that a random variable is a function
X:Q->R
where Vx € R, the set X‘l((—oo, x])={X <x}={weQ: X(w)<x}isaneventinF.
Recall Definition of Probability Distribution Function 3.3. Let F(x) be the probability distribution

function of X. We have the following properties of F:

Proposition 4.1 (Properties of Probability Distribution Function)

Let F be the probability distribution function of a random variable X. Then, we have the
following properties:

1. Fisincreasing,i.e. F(x) < F(y)forallx < y.
2. Foralla,b € R with a < b, we have
P(a < X < b)=F(b)— F(a).
3. F isright-continuous and F always has left limits, i.e. for all x € R, we have
F(x7) = lim F(7) < F(@)
F(x*) = ylljﬁ F(y) = F(x).

4. F(x7) = P(X < x).
5. F(—00) = 0 and F(c0) = 1.

Proof.
For (2), we have
Pla<X<bh)=PX<b,X>a)
=P(X <bh)-P(X <bh,X <a) by thelaw of total probability
=Fb)-PX <a) sincea < b
= F(b) — F(a).

For (3), let (x,) be a decreasing sequence with x,, — x. Then, we want to show that F(x,) — F(x).
Define

A, ={x <X <x,}
SO

P(Ap) = F(xy) — F(x).

Note that A,,; € A,, and hence P(4,) — P(, A,) by the continuity of probability measures.
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Now, we have ", A, ={x < X <x} =, so P(, A,) = 0. Therefore, F(x,) - F(x).

Since F is increasing, left limits always exist, and so F(x™) = lim,_,,- F(y) < F(x).

For (4), consider

1
Fx™) = %ir{)lo F(x - ﬁ)'

Define B, = {X <x- %} Then we have B,, C B, 1. Hence

P(B,) — ]P(U Bn) =P(X <x)=F(x").

Definition 4.2 (Continuous Random Variable)

A random variable X is said to be continuous if its probability distribution function F is
continuous. Equivalently, for all x € R,
F(x™) = F(x)
& PX<x)=PX <x)
& PX=x)=0.

For the purpose of this course, we will only consider continuous random variables whose
probability distribution function F is differentiable. These are also known as absolutely
continuous random variables.

Definition 4.3 (Probability Density Function)

Let X be a continuous random variable with probability distribution function F. If F is
differentiable, then the probability density function f of X is defined as

f@x) =F'(x).

Proposition 4.4 (Properties of Probability Density Function)

Let X be a continuous random variable with probability density function f. Then, we have the
following properties:

1. f(x)>0forallx € R.
2. [% f)dx=1.
3. F(x)= ffoo f(t) dt for all x € R. More generally, for every A C R,

P(X € A) = J f(x)dux.
A
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Intuitively, f can be thought as being proportional to the probability that X takes values around x.
Mathematically, for Ax small, we have

xX+Ax

P(x<X§x+Ax)=J fdt = f(x)Ax.

X

Uniform Distribution

Definition 4.5 (Uniform Distribution)

A uniform distribution on [a, b] is a continuous random variable X, denoted Ula, b], with
probability density function

Fl) = {bi—a x €[a,b]
0

otherwise

Proof of density validity. We have

J_Z fx)dx = Lb bi—a dx

1 b
= de
b—a),
1
:—b_a(b—a)
=1.

Suppose X ~ Ula, b]. Then for every x € [a, b],

* X—a

Otherwise, if x > b, then P(X <x) =1,and ifx < @, then P(X < x) =0.
Note that for U[0, 1], we have P(X < x) = x for all x € [0, 1].

Exponential Distribution
Definition 4.6 (Exponential Distribution)

An exponential distribution with parameter A > 0 is a continuous random variable X,
denoted Exp(A), with probability density function

_Jae™ x>0
Jo0 = {0 otherwise

‘ Proof of density validity. We have
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ro fx)dx = ro e~ dy
—00 0

= AJ e M du
0

Suppose X ~ Exp(A). Then for every x > 0,
X
P(X <x)= J fOdt=1-—e™
PX>x)=1-P(X <x)=e™,
Remark. Let T ~ Exp(A), and T, = |[nT | with n € N. Then, for every k € N,
k _n\k
P(T, 2 k) =P(nT 2 k) = P(T 2~ =@n»
Note that T, + 1 is a geometric random variable with parameter p =1 — e‘%, since P(T,, +1 > k) =
P(T,>k—1)=(-p) ' foreveryke N.Asn — o0, p ~ %
Hence, % converges in distribution to T as n — oo. So, we can think of an exponential

distribution as a continuous analogue of a geometric distribution.

Proposition 4.7 (Memoryless Property of the Exponential Distribution)

Let T ~ Exp(A) with A > 0. Let s, € R,. Then

P(T>s+t,T2>5s)
P(T > 5)

_P(T=2s5+1)

T OP(T >5)

e—/\(s+t)

P(T>s+t|T>s) =

e—/ls

_ oM

=P(T > 1).

It is significant that the exponential distribution is the only continuous distribution with the
memoryless property.

Theorem 4.8
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Let T be a positive random variable which is not identically zero or co. Then T has the
exponential distribution iff T has the memoryless property, i.e. forall s, € R,

P(T>s+t|T=s)=P(T >1).

Proof.

This is shown in Memoryless Property of the Exponential Distribution 4.7.

Suppose that T has the memoryless property. Let t € R, and

8§@) =P(T 2 1).
Then g(t + s) = g(t)g(s). For every m € N, g(mt) = (g(t))".
In particular, when ¢ = 1, we have g(m) = (g(1))".
Let g(1) = P(T >1) = e~*. We have
A=—logP(T > 1),

and so g(m) = e ™™,

By our definition, for any m,n € N,

() ==

s0 g(*) = e~ Therefore, g(r) = e ™" for all r € Q.. We shall extend this to R,.

Lett>0,andr,s € Q, suchthats<t<randr—s<e. Then

As

eV =g(r) < g < gs) =e.

Taking ¢ — 0, we have g(t) = e ™.

Expectation and Variance of a Continuous Random Variable

Definition 4.9 (Expectation of a Continuous Random Variable)

Let X be a continuous random variable with density f with X > 0. The expectation of X is
defined as

o]

B = | x/Gds.
0
Let g be a non-negative function on R. Then, we define
B0l = | gtof@ax.

For a general random variable X, define X, = max(X,0) and X_ = max(—X,0). Then, X = X, —
X_.IfE[X,] < oo or E[X_] < oo, then we define



E[X]=E[X,]-E[X_]= Joo xf(x)dx.

Remark. As in the discrete case, we have
n n
EIZ aiXil = Z CliIE:[Xi].
i=1 i=1

Lemma 4.10

If X is a continuous random variable with X > 0, then

[ee]

E[X] = J P(X > x)dux.
0

Proof. We have

00

E[X] = xf(x)dx
Jo

= m(r dt)f(x) dx
Jo \Jo

= nw(Iw f(x) dx) dt
Jo \Js

=| @-F@)dt
Jo
=| P& >tdr
Jo

Recall that in the discrete case, we have

X = ,21 1(X > n).

Lemma 4.11

If X is a continuous random variable with X > 0, then for any outcome w,

[ee]

X(@) = J 1(X (@) > x)dx,
0

E[X] = 1EUOO 1(X > x) dxl = r P(X > x)dx.
0 0

Definition 4.12 (Variance of a Continuous Random Variable)
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Let X be a continuous random variable with ]E;[X 2] < co. The variance of X is defined as

Var(X) = E[(X - ]E[X])z] = E[X*] - (E[XD>.

Example 4.13

1. Consider X ~ Ula, b]. Then the density f of X is given by
1

f:{m x €la,b]

0 otherwise
Hence

a+b

IE‘:[X]:IOo xf(x)dx = .

2

2. Consider X ~ Exp(A). Then for A > 0, f(x) = Ae™* and x > 0. Hence

EX]=| xle™dx
Jo

= P(X > x)dx
Jo

=| e™dx

Jo

1

T

Normal Distribution
Introduction

Definition 4.14 (Normal Distribution)

An normal distribution with parameters —oo < y < oo and ¢ € R, is a continuous random
variable X, denoted N (g, ¢°), with probability density function

! (o —p)?
fx) = — exp(— oo )

| Proof of density validity. We have



n 00

I= f(x)dx

J—00

= exp| — dx
J-o\ V2102 20°
r OO 1 u2 ) X —‘Ll
= ——|exp|——|du withuy = —
—o0 VZTE 2 0

ST

Consider 2. We have
2 00 oo u2 V2
== - —— |dud
‘TL L exp( 2)exp( 2) udv

Changing to polar coordintates with u = r cos(d) and v = r sin(f), we have

s 27 2
I“ =— re 2z drd@
T Jo Jo

(o] rz
= J re”zdr
0

[

Il

|

(DI

Nl“,\,
——
© 8

Since I > 0, we have I = 1. Hence, f is a valid probability density function.

Proposition 4.15

Let X ~ N(u,0%) with —o0 < 41 < o0 and ¢ € R, Then

E[X]=u, Var(X)=o>.

Proof. We have
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E[X] =ro xf(x)dx

—ro(x—) ! ex _(x—,u)z dx+Joo ! ex _(x—,u)z dx
e #\/21102 A\ 2 —oo//l\/21'[02 A\ 2

IS, fx)da=p

; “ u” du +
= expl| —— u

Hence, E[X] = u. Moreover,

Var(X) = IE:[(X - /1)2]

00 1 _ 2
= J (x— ,u)z— exp _(x # dx
—0o 21—[02 20'2

0 1 u? x —
= J o%u? exp(——) du with u =

2102 2

=02,
Hence Var(X) = ¢°.
Linear Transformations of Normal Distributions

Theorem 4.16

withu =x—pu

the integrand is odd

Let X have density f, and let g be a function which is strictly monotone and g% is

differentiable. Then g(X) has density

e @) (e @)

Proof.

« Suppose that g is strictly increasing. Then
P(g(X) <x) =P(X < g (x))
=F(g™'(x)
e <=1 ®) ()
« Suppose that g is strictly decreasing. Then
P(g(X) <) =P(X > g (%))
=1-P(X <g ' (x)

d '
T BEON <) ==f(¢7 () (¢7) @)
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Hence the result follows in either case.

Proposition 4.17 (Linear Transformations of Normal Distributions)
Let X ~ N(u,oz) with —co < yf < 0 and ¢ € R,.. Let @, b € R with a # 0. Then

aX +b~ N(ap+b,(a0)?).

Proof. Define g(x) = ax + b and ¥ = g(X). We have g~ (x) = *=2 and (& ) (x) = —. Hence,
Sr) = Fe(g ) - |(g‘1)'<y>|
2
. (Z-#) | 2
e T lal
1 ( (y—(au+b))2)
=—— exp|- .
V2ma2o? 20%0°

SoY ~ N(au+b, (aa)z).

Remark. If X ~ N(u, 02), then

Example 4.18

Let X ~ N(u, 02), and consider

X—u
P(—20<X—ﬂ<20)=P(—2< 5 <2).

Let

2

d(x) = r \/—_ exp(—u—) du = P(Z < x).

Note that

N9

i 1 -
p(x) =D (x) = —e

V2m
(@(x) + P(—x))' = 0.
Since @(0) = =, we have ®(x) + ®(—x) = 1. Hence,
P(Z<x)+P(Z <-x)=1.

We have existing tables of @ values, so we can compute P(X < x) for any x, in particular,
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P(—20 < X — 4 <20) =P(=2 < Z < 2) = ®2) — D(—2) = 2d(2) — 1 > 0.95.

Definition 4.19 (Median)

Let X be a continuous random variable. The median of X, denoted by m, is the value such that
1
]P’(XZm):]P’(Xsm):z.

Alternatively,

1

Jjo fx)dx = ,[: fx)dx = 5

where f is the density of X.

Example 4.20

Suppose that X ~ N(u, ¢%). Then
X—u

Pasm=P( s@:mmqnsm:%

Hence the median of X is u.

Multivariate Density Functions

Introduction

Definition 4.21 (Multivariate Density Function)

Let X = (X1,..., X,)" be a random vector. We say that X has a multivariate density function if
there exists a non-negative function f : R” — R such that for all x, ..., x, € R,

X1 Xn
P(X]_ < X1, Xn < xn) = J J‘ f(y]_, ,yn) dyn dyl

The probability distribution function F of X is defined as

Fxi,.nXx,) =PX1 <Xx1,..., X;, < x,).

Therefore,
n

f(xlr ’xn) =

—F(xq, ..., .
0X7...0X, (1, v )

More generally, for B ¢ R",
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P((Xl, X)) e B) =I Fisem Vo) dyq...dy,.
B

Definition 4.22 (Independence of Continuous Random Variables)

Let X, ..., X,, be continuous random variables. They are independent if for all x4, ..., x, € R,

P(X; <xq,.... X, <x,) =P(Xq < x1)..P(X, < x,).

Theorem 4.23

Let X = (Xy,..., X)) be a random vector with density f.
1. Suppose X4, ..., X, are independent with densities fi, ..., f;, then forall x4, ...,x, € R,
S, X0) = fr(x1).. fu(Xn).

2. Conversely, suppose f factorises as f(xq, ..., X,) = f1(x1)...f,(x,) for some non-negative
functions f, ..., f, on R. Then X4, ..., X,, are independent with densities proportional to

Jio o fae

Proof.
1. We have
PX:<xq,...X, <x,) =PXq <x1)..P(X, <x,)

= (Jj; S1(r1) dh)([t; Ja(rn) dJ’n)
= J: [:o S1D)-Sfu(Yn) dyp...dyy.

S0 f(X1, s Xp) = f1(X1).. fr(X7).
2. We have

X1 Xn
P(X]_ < X1, Xn < xn) J J f(yl, ,yn) dyn dJ/1

J J n J11)e fa(Vn) Ayp... dya

<£: fi(ro) dyl)---(f; Su(Vn) d.Vn)-

[: J: Fr) e fa(rn) dyp...dys = 1.

Note that

Hence
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_ L AGody [ ) Ay
Ifom fl(J/l) dYI ffooo fn(.Vn) d.,Vn.

So, X4, ..., X,, are independent with densities proportional to f1, ..., f,.

P(X:<xq,... X, <Xx,)

Marginal Density Functions

Definition 4.24 (Marginal Density Function)

Let X = (X4, ..., X,)' be a random vector with density f. The marginal density function of X;
is defined as

le(x):I J f(x,x9,...,x,)dx,...dx,.

Proof. Suppose X = (X4, ..., X,)" has density f. Then consider
P(Xl S .x') - P(Xl S x, X2 S R, ,Xn S R)

:J (r" J"" f(JC1,...,xn)dxn...dxz)dxl_

Sx, (X)) = f:o f:o f(x,xq,...,x,)dx,...dx,.

So the density of X; is

Sum of Independent Random Variables

Suppose X and Y are independent random variables with densities fy and fy respectively. We
want to find the density of X + Y.

Recall that in the discrete case, we used the discrete convolution formula

PX+Y=2=) PX=xY=z-x).

xeR

For the continuous case, we have the following analogue of the discrete convolution formula.
fror@= | pr@se- v

‘ Proof. We have
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PX+Y<2)=P(X,)e{@x,y) eR®:x+y<z])

n

= Sx.y(@e,y)dxdy
Hx+y<z}

n

= Sx@) fy(y)dxdy

Jx+y<z}

- fx(x)J Fo)dy dx

J—

- fx(x)I fry —x)dy de

- J Fe@)fr (7 - x)dedy,

J

So the density of X + Y is given by the convolution formula

Fror(@ = J @) fy(z — 1) da.

Conditional Density Functions

Definition 4.25 (Conditional Density Function)

Let X and Y be two random variables with joint density fy y and marginal densities fy and fy
respectively.

The conditional density function of X given Y = y is defined as

_FOG Y, )

Sy | y) = 0 for fy(y) > 0.

Proposition 4.26 (Law of Total Probability for Continuous Random Variables)

Let X and Y be two random variables with joint density fy y and marginal densities fy and fy
respectively. Then, for every x € R,

o) = j Fey(r,y)dy = J FarGe | 0 dy.

Similarly, we can define the conditional expectation of X given Y.
Definition 4.27 (Conditional Expectation of a Continuous Random Variable)

The conditional expectation of X given Y is defined as E[X | Y] = g(Y), where

§() =J xfxiy(x | y)dx.

Transformation of Random Variables
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Theorem 4.28

Let X be a random variable with values in D € R" and density f. Let g : D — g(D) be a bijection
with a continuous derivative on D, and

detg'(x) #0 forallx € D.

Then, the random variable Y = g(X) has density
fr) = fx(g7 W) - V]

n
where J = det((?—f) ) is the Jacobian determinant of g~ *.
ili,j=1

Example 4.29

Let X,Y ~ N(0,1) be independent. Then, consider (R, ®) in polar coordinates with R =
VX2 +Y2and® = arctan(%). We have

X =Rcos®
Y =Rsin©®.

We want to find the density of (R, ®). We have
Jroe, 0) = fx y(rcosf,rsing)-|detJ|
where

__[cosf —rsind
“\sinf rcosé

and detJ = r. Hence,

Jro(r, 0) = fxy(rcos@)- fy(rsinf)-r

1 ( r? cos? 9) 1 ( r? sin? 9)
= ——exp|- . exp| — or

V21 2 V2T 2
1 2

- — @ 2.
21_[6 r

where r > 0 and € € [0, 2].

r2
Hence, ® ~ UJ0, 2] and R has density f(r) = re” z for r > 0, and they are independent, by
Theorem 4.23 (2).

Order Statistics of a Random Sample

Definition 4.30 (Order Statistics)

Let X4, ..., X,, be i.i.d. random variables with probability distribution function F and density f.
Order them from the smallest to the largest as
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Lete ¥; = X;). Then, Y1, ..., ¥, are called the order statistics of the random sample Xj, ..., X,.

We aim to find the density of (¥4, ..., ¥;,). For the minimum ¥;, we have

Phh<x)=1-P; >x)
=1-PX;>x,...X, >X)
=1-(1-Fx)"

d
fru0) = - P(h <x) = n( - F@)" f@).

For the maximum Y¥;, we have

P(Y, <x)=PX; <x)" = (Fx)"

fy () = %P(Yn < %) = n(F )" f ().

In order to find fy, vy (X1,...,%,) withx; <X, <... < Xx,, we have

P(Yl S X1y eeey Yn < xn) = n'P(X1 < Xq, ,Xn < xn,Xl <X,<..< Xn)

= n!‘[...‘[fglwxn(ul, e W) LUy X9, ey Uy S Xy, U S Uy < ... <Uy)du,...du,

=n!J J Jn fq)fs)...f (u,) du,...du,.

Hence,

n

le,...,Yn(xl’ 7xn) = 0 P(Y;L S xlr (X33 Yn S xn)

X1...0X,

_ {n!f(xl)f(xz)...f(xn) forx; <xy<..<x,
10 otherwise

Order Statistics of Exponential Distributions
Let X ~ Exp(Ad) and Y ~ Exp(u), where X L Y and A, > 0. Let Z = min(X, Y). Then
PZ<2)=1-P(Z>2)=1-PX >2)P(Y >2)
—1-—eMe M =1—e M forz>o0.
Hence, Z ~ Exp(A + p).
If (X;) are independent random variables with X; ~ Exp(A;), then min(X4, ..., Xn)T ~ Exp(Z?zl /1,-).

Now, consider Xi, X3, ..., X, be i.i.d. random variables with X; ~ Exp(d). Let ¥; = X(;) be the order
statistics of X4, ..., X,,.

LetZ,=Y,Z,=Y,-Y,..,Z, =Y, —Y,_4. Note that we have found the distribution of Z; above.

Consider the joint density of (Z4, ..., Z,,). We have
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1 0 ..0 OO
71 Y, -110..00
Z=\|:|=A|": whereA=({0 -1 1 0 .. 0}
Zn Y, S O
0O .. 00-11
Hence, with the transformation of z=Ay and y; = Zle z;, we have

fZl,...,Zn(er ceey Zn) = fylw-,Yn(yl’ ceee yn)|detJ| Where J = A_l
=nlf(y1)..f(Vn)

=nlle V1 LM

ﬁ ((n —i+ 1)Ae‘A(”"i+1)Zi).
i=1

Hence, Z; ~ Exp((n — i + 1)A) and they are independent, by Theorem 4.23 (2).

Moment Generating Functions

Definition 4.31 (Moment Generating Function)

Let X be a random variable with density f. The moment generating function (MGF) of X is

m() = ]E[egx] = ro e £ (x) du

— 00

whenever the integral is finite. Note that m(0) = 1.

Theorem 4.32

The MGF uniquely determines the distribution of a random variable, provided it is defined for
an open interval of values of 6.

Theorem 4.33

Suppose that the MGF is defined for an interval of values of 6, then

d"m(6)
M) — _ r
m"’(0) = & |, = E[X"].

Gamma Distribution

Example 4.34 (Gamma Distribution)

For n € N and A > 0, the gamma distribution with parameters n and A is a continuous random
variable X with density

fx) = ’:L_-x forx > 0.
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Proof of density validity. We have

An—lxn—l

B o4} B [e} e
I, _L f(x)dx_JO Ae NCEEE dx

dx integrating by parts

[ _AxAn—lxn—l
- (n—-1)!

o 0 (n-=21)!

00 An—an—Z
_ —-Ax
= L Ae TR dx

=l, 1=..=1; = J e~ dy = 1.
0

We denote X ~ I'(n, A). Then,

) An st
m(f) = E[eex] = J e e LY gy

o (m—-1)
_ ” —(A—e)(A—B)n'xn_ld . A"
Jo © (n-1)! x a-o"

=1

If 6 < A, then m(0) = (ﬁ—g)n

Proposition 4.35

If Xq, X5, ..., X,, are independent random variables, then

m(8) = E[efr+Xor ] - ﬁ E[e?].
i=1

Suppose X ~TI'(n,A) and Y ~ I'(m,A), where m,n € N,A > 0and X L Y. Consider the density of X +
Y.

We aim to show this by Theorem 4.32. Consider, for 6 < A,

E[eB(X+Y)] — E[eﬁX]E[eé’Y]

(53 ()

A n+m
()
Hence X + Y ~T'(n + m,A)
Suppose X1, ..., X, are i.i.d. with X; ~ Exp(A). Then, X; + ... + X, ~ T'(n, A).

Remark. One could also define I'(a, A) with «,A > 0 by replacing (n — 1)! in the density by
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T(a) = J e x% 1 dx.
0

. e—Ax.Aa_xa—l
We say X ~ I'(a,A) if f(x) = @ for x > 0.
Cauchy Distribution (Non-Examinable). The Cauchy distribution is defined as the distribution
with density

1
f(x)=— forxeR.
T

(1 +x2)
The MGF is

0 Ox

- _J1 forf=0
)= J_w (1 + x2%) *= {oo otherwise

Hence, X, 2X, 3X, ... all have the same MGF. However, it is not the case that X, 2X, 3X,... all have
the same distribution. So the assumption that the MGF must be finite for an open interval of
values of # is necessary in Theorem 4.32.

MGF of the Normal Distribution
Recall that if X ~ N(u, 02), then

f) =

1 ( (x—u)z)
exp| — 5 |-
V2mo? 20

_ Ox] _ * Ox 1 _(x_/’l)z
m(f) = IE:[e ] = J_Oo e s exp( 552 )dx

Hence, the MGF of X is

Note that, the exponent is

(o — u)?
exponent = fx — 552
e x? L2 u?
- 202 202 202
2 5 2
=30t P2l ) 55
2 (,u + 6’02)2 (/,t + 902)2 u?
—_ _ R 2 —
202 " 2 2(ﬂ+60 ) 202 " 202 202
1 2 U 2u00>  6%c* o

Hence,
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00 _ fo> 2 2 2
m(6) =J ! exp _(x (ﬂ+ i )) dx-exp<y9+ 670 )
-w V2102 20° 2

integral of density of N(u+602,02)

62 g
:exp(pt0+ 5 )

Let X ~ N(,u, 02) and YV ~ N(v, 1'2), and X L Y. Then

02 2 92 2
m(6) = E[eg(“y)] = exp(y& + To) exp(v@ + TT

= exp((,u +1)0 + 5

Hence X + Y ~ N(u+v,0° + %),
Multivariate Moment Generating Functions

Definition 4.36 (Multivariate Moment Generating Function)
Let X = (X3,.., X,)" € R" be arandom variable. The MGF of X is defined to be
m(f) = ]E;[eoT'X] = IE';[eZ?=19iXi],

where 0 = (04, ...,6,)".

Theorem 4.37

For a multivariate random variable, if the MGF is finite for an open set of values of 6, then it
uniquely determines the distribution of the random variable.

In this case,

o'm 0" m
-|  =E[X/] and ——| =EX/X]
o8] |,_o 06,086 |,_,

Proposition 4.38

Let X = (Xy,..., X,)" be a random variable in R™. Then
_ x| _ z 0; X;
m(f) = ]E;[e =1] E[e ]

i=1

iff X4, ..., X,, are independent.

Proof.

This is a direct consequence of the definition of MGF.
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If X4, ..., X,, are independent, then m(0) factorises. If m(#) factorises, then by Theorem 4.32,
X4, ..., X, are independent.

Multidimensional Gaussian Random Variables
Introduction
Definition 4.39 (Gaussian Random Variable)

A random variable X with values in R is called Gaussian (or normal) in R if it can be written as
X~u+0z

where Z ~ N(0,1),u € R, 0 > 0.

If 0 > 0, then the density of X is, for x € R,

o) = 1 (x — p)?
VT e T2 )

Definition 4.40 (Gaussian Vector)

Let X = (X4,.., X,)" € R" be a random variable. We say that X is a Gaussian vector (or
Gaussian in R") if for all u € R”,

is a Gaussian random variable in R.

Proposition 4.41

Let X = (X4, ..., Xn)T be a Gaussian vector. Let A be an m x n matrix and » € R™. Then AX + b is
also a Gaussian vector.

Proof. Letu = (uq, ..., u,)" € R". We need to show that #" (AX + b) is a Gaussian random variable
in R. Note that

u (AX+b)=u"'AX+u'b
Letting v = A'u, we have
W AX+b)=v'X+u'b

n
= VTX + Z uibi.
i=1

Since X is a Gaussian vector, v' X is a Gaussian random variable in R. Note that Z?zl u;b; is a
constant. Hence, u' (AX + b) is also a Gaussian random variable in R.
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Definition 4.42

Define
E[X;]
p=EX]=] :
E[Xn]
V = Var(X) = ]E[(X —u)(X - u)T].
Note that

(X =& =)= = u)(X; — ).
Var(X),;; = Cov(X;, X;).

Hence, Var(X) is a symmetric matrix.

Consider the random variable u' X for some u € R”. We have
n n
E[u'X]= ]E[Z ul-X,-l =N wEX]=u"p
i=1 i=1

Var(u'X) = Var(i ul-Xl-)
=1

n
= Z Uju; COV(XZ',)(]')
i,j=1

=u'Vu.
Proposition 4.43

V is a non-negative definite matrix, i.e. for any u € R",

u'Vu > 0.

Proof. Note that Var(uTX) = u'Vu. Since Var(uTX) > 0, we have u'Vu > 0.
Consider the MGF of X. We have
m() = ]E[e"TX] VA e R"
Note that A" X is N(A"u,ATVA). So

1
mQ\) = exp(/\Tﬂ + EATV/\).
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We have seen that the MGF uniquely characterises the distribution if defined for an open set of
values. Hence, to characterise a Gaussian vector, we only need the mean g and the covariance
matrix V.

We have determined the MGF of a Gaussian vector purely from the definition of a Gaussian vector,
and we will consider its density function later.

Construction of a Gaussian Random Vector

Lemma 4.44

LetZ4,Z5,...,Z, beiid.with Z; ~ N(0,1). Let Z = (Z4, ..., Zn)T. Then, Z is a Gaussian vector.

Proof. We need to show that Vu € R", u'Z is normal in R.

The MGF of u' Z is
Au'Z ST Az c AuiZ Ay A
= = i=1 AUiZi | Uizi| — —_ A —
m(}) ]E;[e ] E[e ] 1131 IE'.;[e ] exp| i;l u; | = exp| 5 lu|” ).
Sou'Zz ~ N(O, |u|2), and hence Z is a Gaussian vector.

Remark. We have

E[Z]=0 and Var(Z)=1,.

We write that Z ~ N(0,1,)

Let u € R" and let V be a non-negative definite matrix. We want to construct a Gaussian vector
with mean g and (co)variance matrix V, using the standard Gaussian vector Z ~ N(0,I,,).

Note that we will need some form of “square root” of V.

Definition 4.45

Let V be a non-negative definite matrix. Consider
V=U'DU whereU'=U""!

and D is a diagonal matrix with

Ay 0 ... 0
D= 0 A:Z " .| wherely, .., A, 20.
0 .. 04,

Then, the square root of V is defined as
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VAy 0 .. 0
6=U"V/DU where VD = O \//E O

0 .. 0L

Note that 6% = V.

Lemma 4.46

Let g € R", V be a non-negative definite matrix. Let Z;, Zs, ..., Z, be i.i.d. with Z; ~ N(0, 1), and
letZ = (Zq,... Z,)".

Let o be the square root of V. Then, X = u + 6Z is a Gaussian vector with mean g and
covariance matrix V.i.e, X ~ N(u, V).

Proof. X is a Gaussian vector as a linear transformation of a Gaussian vector. We have
ElX]=n
Var(X) = E[(X - (X —p)" |
= IE[(GZ)(O'Z)T]
=6E[ZZ |6’

= O'InGT =c%=V.

Density of a Gaussian Vector

Let X ~ N(u, V). We want to find the density of X.

We shall consider two cases
+ Vis positive definite, i.e. A, ..., A, > 0. We can write
X=p+06Z whereZ ~N(0,1,).
Note that x = u + 62z gives z = 6~ (x — u). Hence,

fx(®) = fz(67 (@ — ) - |det 6|

= fZ(Z]_’ eeey Zn) * det 6_1

1 z|?
= 0 exp(—'—l) -dete™"

- exp —(x_”)T ' (G_l)T 6 (- )
(211)% deto 2

__ 1 exp(_(x—uf v (x—ﬂ)).
Ve detv 2
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+ Vis non-negative definite, and 3i such that A; = 0.

By an orthogonal change of basis, we could assume that
V= (g g) where U is a positive definite matrix of size m x m for some m < n.
Let

n= (ﬁ) whereA e R" andve R"™™.

We can then write

X = (’; ) where ¥ ~ N, U)

fr(y) = . exp<—(y —h U (y—/\))
T e detu 2 '

Proposition 4.47

Let X = (X4, ..., X;,) be a Gaussian vector. Let g = E[X] and V = Var(X).

If X, ..., X,, are independent, then V is a diagonal matrix.

Proof. Since V;; = Cov(X;, X;) = 0 for i # j, the matrix V is diagonal due to independence.

Proposition 4.48

Let X = (X4, ..., X;,) be a Gaussian vector. If V is a diagonal matrix and strictly positive definite,
then X3, ..., X,, are independent.

Proof 1. We have

A, 0 .. 0
V= O A:Z where A4, ...,A, > 0.
0 .. 021,

Let u = (U4, ..., U,). We have

fx(x) =

( (x—u)T-V‘l-oc—m)
exp| — 5

1
V(@2m)" detV

__ 1 eX( f(x’ 2)
\/(Zn) detV i

Since fy factorises, by Theorem 4.23 (2), X1, ..., X,, are independent, and X; ~ N(u;, A;).
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Proof 2. Consider the MGF of X. We have
1
m(f) = ]E[eBTX] = exp(OTﬂ + EHTVH).
since we have
8'X ~N(6"p,8'V6).

Hence

n

m(f) = exp(z ihi + Z )

=1

ffor )

Since m(0) factorises into a product of functions of 8;’s, by Theorem 4.32, X1, ...,

independent, and X; ~ N(u;, A;).

X, are

Therefore, we can conclude that if (X4, ..., X;,) is a Gaussian vector, then Xj, ..., X,, are independent

iff Cov(X;, X;) = O for all i # j.

Bivariate Gaussian Distribution

Definition 4.49

Let X = (X, X,) be a Gaussian vector in R?. Let y;, = E[X4], 0,3 = Var(X}) and
Cov(Xy, X3)

= Corr(Xy, X,) = .
p = Corrldy, Xa) VVar(X;) Var(X,)

2

Then X is called a bivariate Gaussian vector with parameters 4, i, of and o;.

Proposition 4.50

pel[-1,1].

Proof. By Cauchy-Schwarz inequality, the result follows.

Note that we can write the covariance matrix of X as

2
v=| %1 ,001202 .
pO10y 0,
Proposition 4.51

Let 04,0, > 0and p € [-1, 1]. Then the matrix
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V= 0% po107
po1oy 05

is non-negative definite.

Proof. Consider any u = (uq, )" € R%. Then

u'Vu=(1- p)(afui + ogug) +p(0, Uy + 0qUs)?

=(1 +p)<0%ui + U%”%) — p(01U1 — O33)°

. If p €[-1, 0], the second line gives u'Vu > 0.

. If p €[0,1], the first line gives #' Vu > 0.

Now, consider E[X, | X;]. We can write

Xy =Xy —aX,; +aX, foranyaeR.

LetY =X, —aX;. Then (ﬁl) is a Gaussian vector since

Note that

Taking a =

Cov(X1,X3)

Var (X1)

(9)= (% 262

COV(X]_, Y) = COV(X]_,XZ — aXl)
= Cov(Xq, Xy) — a Var(X,).
gives Cov(Xq, Y) = 0. Hence, X; and Y = X, — aX; are independent. We have

E[X; | X1]1=E[Xy —aX; | X1]+ ElaX; | X{]
== ]E[Xz - aXl] + aX1
= Uy —apy +aXy

0>
= Uy + (P—)(X1 — U1).
01
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Convergence Results and Limit Theorems

Convergence Results

Definition 5.1 (Convergence in Probability)

A sequence of random variables (X},), . converges to a random variable X in probability and
we write

ifasn — oo,

Ve>0, P(X,—-X|>¢)—0.

Theorem 5.2 (Weak Law of Large Numbers)

Let X1, X5, ... bei.i.d. random variables with mean y = E[X;] < c. Let S, = X; +... + X,,. Then
S, p

n n—oo

ie.

n—oo

Ye>0 PS”
I , — =
T H

>8)—>O.

This is called the weak law of large numbers (WLLN).

Proof. Assume that 6> = Var(X;) < co. We need to show that

Sn
P 7—;4 >e¢|—>0 asn — oo.
We have
Sn
P 7—;{ >¢e|=P(S, —nul > ne)
E[IS, — nul?]
< ———5—— byChebyshev's
nee
Var(S;,)
T n2e?

By definition, we have Var(S,) = no*. So

Sn
P(|=2 —
(o

o’n 0% e
>¢e|< 55 = 0.
n2e ne
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e 5 Convergence Results and Limit Theorems

Definition 5.3 (Convergence Almost Surely)

Let (X,),cn b€ a sequence of random variables and X be a random variable. We say that X,
converges to X almost surely (a.s.) or with probability 1 if

P(lim X, = X) =1.

n— oo

We write X, — X as n — oo almost surely.

Remark. The above statement, more precisely, means that
JA e FwithP(A) =1,Vw € A,Ve > 0,3ng,Vn > ny : | X,(0) — X(w)| < ¢
where X, : Q > Rand X : Q —» R.
To compare with Definition 5.1, this is equivalently saying that
P(Ve > 0,3ng,Vn>ng: |1 X, —X|<¢)=1.

Note that the quantifiers are now inside P.

[It can be clearer to see the difference between convergence in probability and convergence
almost surely without any shorthands. Let the underlying probability space be (Q, 7, P). Let X and
the sequence X, X, ... be random variables, where X, X; : Q - R.

Convergence in probability states that Ve > 0,
%im Pw e Q: | X,(w) — X(w)| >¢€}) =0
& Ve>0,V6>0,Ing e N,Vn >ng, Pw € Q: | X,(0) — X(w)| > €}) < 6.
Convergence almost surely states that
P({a) eQ:lim X, (w) = X(w)}) =1
n— oo
& PlweQ:Ve>0,angeN,Vn > ng, | X, (0) — X(w)| <e}) =1.

i.e. convergence in probability cares about that as n — oo, (at each snapshot of n big enough) the
percentage of the population Q that behaves badly (away from X (w)) shrinks to zero; whereas
convergence almost surely cares about that the percentage of the population that converges to
X (w) as n — oo (without leaving there) is 1. This is a much stronger condition. For a sequence to
converge almost surely, the individuals can’t keep jumping away from the target infinitely often,
but they could for convergence in probability.

This is indeed a challenging topic. See Wikipedia, Maths Stack Exchange for further explanation.]

Proposition 5.4

If X, » 0as n — oo almost surely, then X, n%g 0.

Proof. We need to show that Ve > 0, P(|1X,| <€) —» 1 asn — co. We have
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P(X, <& >P| ()1 Xnl <¢l

3
18

Ay
Note that A,, C A,,1. Hence

P(A,) T P(U An) = P(U N {1Xnl < e}).

n m=n

So

rllim P( X, <& >P(Ve>0,|X,| <e¢forall m sufficiently large).

By assumption, the RHS is exactly 1.

Remark. In general, almost sure convergence implies convergence in probability, but not the
other way around.

Theorem 5.5 (Strong Law of Large Numbers)

Let X7, X5, ... beii.d. random variables with mean y = E[X;] < co. Let S, = X; +... + X,,. Then

Sn almost surely
—_ .
n n— oo H

This is called the strong law of large numbers (SLLN).

Proof.
Assume that E[Xf] < 00.Set ¥, = X; — u. Then E[¥;] = 0 and

E[%'] = E[(x, - ] < 24(IE:[X{‘] + /,14) < 0.

Set S, =Y., Y. We need to show that ]P’(lim,Hoo % = 0) =1.

4
The goal is to show that ]P’(Z:’:l (%) < oo) = 1 since this will imply that with probability 1, Sn

n
Oasn — oo.

4
It suffices to show that ]E[Z,‘f:l (%) ] < oo. We have
y (%)
n

1
E =5 FIE'.;[S,‘,‘].
n

By definition, we have

v'+6 Y PYP+R

i=1 1<i<j<n

M=

E[Sy] = IE:[(Y1 Fot Y,,)“] = IE:[

where R is a sum of terms of the form

-
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3 2
BY, B2 Y, YN,

1

for distinct i, j, k, £. By independence and the fact that E[Y,] = 0, we have E[R] = 0. Moreover,

[x7y*] = (B 1)) < B[x"] < o

Therefore,

6(n(n—-1)

E[Sa] = nE[}'|+ =

E[ 1]
< 3n”E[%;’.

So

Central Limit Theorem

Let X1, X5, ... be i.i.d. random variables with mean y = E[X;] < oo and variance ¢* = Var(X;) < .
SetS, =X; +...+ X,,. By SLLN 5.5, we expect that

S, ~nu forlarge n.
Note that
Var(S, — ny) = ne*, E[S, —nu]=0.
Hence ‘9”_—”2” has expectation 0 and variance 1.

Vno?

Also, we have

So,if X1, X,, ... are L.i.d. with X; ~ N(g, 02), then
S, —nu

o\/n
Sp—nu

The normal distribution is universal as it appears as the limit of the distribution of o7
what the distribution of X; is, as long as X; are i.i.d. with mean y and variance ¢2. This is the
content of the central limit theorem (CLT).

~ N(O, 1).

no matter

Definition 5.6 (Convergence in Distribution)

A sequence of random variables (X,), . converges to X in distribution as n — co and we write

d
X, % X it P(X, <) = Fy,(¥) — Fx(®) = P(X <)

n—

for all x where Fy is continuous.
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Proposition 5.7

P (d)

Proof. Let x be a continuity point of Fy. We need to show that Fy (x) —2 Fy(x).Lete > 0.

We have
{X <x-etc{X, <xtu{lX,—X|>¢}
X, <x}C{X <x+eu{lX,—X|> ¢}
So we have
PX<x-¢)<PX,<x)+P(X,—-X|>¢)
Fy(x—¢) < linm infP(X, <x)
Also,
PX,<x)<PX<x+&+P(X,—-X|>¢)
limsup Fy, (x) < Fx(x +¢€).
n—oo
Hence

Fy(x—¢) < linm inf Fy (x) < limsup Fy (x) < Fx(x +¢€).

n—oo
Therefore, letting ¢ — 0, we have

Fy(x) < 1inm EoanXn(x) < limsup Fy, (x) < Fx(x).

n— oo

So Fy, (x) —2 Fx(x) as required.

Theorem 5.8 (Central Limit Theorem)

Let X1, Xo, ... be i.i.d. random variables with mean y = E[X;] < oo and variance ¢* = Var(X;) <
0. Set S, = X; +... + X;,. Then

S,—n d
n T 9 N0 = 2,
o\n "

ie Vx e R,

_

Proof. We will need the following continuity property for moment generating functions.

Theorem 5.9 (Continuity Property for MGFs)



Suppose (X,) are random variables with m,(f) = IEZ[eHX”] for # € R and X is a random variable
with m(6) = E[eax] for 8 € R. Assume m(f) < oo for some 6 # 0.

If m,(0) - m(f) asn — oo for all in R, then

The proof is beyond the scope of this course.
Consider ¥; = % Then
E[¥]=0, Var(¥)=1

It is enough to prove the theorem for a sequence X, X>, ..., i.i.d. with mean 0 and variance 1. Set
S, =X; + ...+ X,. We need to show that

S d

n Q, 7

_\/ﬁ n— 00
Assume that 3§ > 0 such that ]E[e‘sxl] + IEZ[e_&Xl] < 0.

Set m(6) = IE‘;[egXl]. By the continuity property for MGFs, it suffices to show that

02
[ — Eleb?]| = exp(i).

Note that

We want to show that

We have
( 6 ) ox; 2 6X7)
m| — =E[eﬁ]=1+— E p
Vn 2n £>3 (\/ﬁ) (k')
Claim.

‘ [Z ® .1) ] :0(|9|2) as @ - 0.

k>3

Proof. Let |6] < g
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| k>3

|0X1|k
= E||6X,)3
. k§0 (k + 3)!

L |

< E[|6X;°/™]]
< E[|9X1|3e§'xl'].

However,

|
2ol apedm
5 3

2

0x,° =16/

el
3

where € = 3!- 2. So
]E;[|0X | e"Xll] <C- |0|3E[e5'xl']
<C- |9|3(E[e5X1] + E[e‘”l]) < oo.
So

(9X 1)

Ef ),

3 2
z .16 _o(|9|) asf — 0

where C' = C(]E[e‘sxl] + E[e“sxl]).

Then we can conclude, because

m i 1+ il +0 i asn
— | = — — — 00
N 2n n ’

and hence

Corollary 5.10

Let X1, Xo, ... be i.i.d. random variables with mean y = E[X;] < oo and variance ¢* = Var(X;) <
. Set S, = Xy +...+ X,,. Then

Sp ~ N(nu,no®) forlarge n.

Example 5.11



« Suppose S, ~ Bin(n, p). Then S, = X; + ... + X, where X; are i.i.d. with X; ~ Ber(p). So

Sp—np (@)
vnp(l—p) "%

N(O,1).

Therefore, for large n,
Sp = N(np,np(l - p)).
« Suppose S, ~ Bin(n, %) with A > 0. Then
P(S, = x) — PPoi()) =x) VYx € Zso.
« We can approximate Poisson distribution with normal distribution. Suppose S, ~ Poi(n) with
n>0.Then S, = X; +... + X,, where X; are i.i.d. with X; ~ Poi(1). So

S, —n @
" @D N, 1),

n—oo

Therefore, for large n,

S, = N(n,n).

Sampling Error via the CLT

Suppose we hold a referendum and a proportion p of individuals is inclined to write “Yes”.
We wish to estimate p.

Sample N individuals at random (for a large N) and record their votes. Let X; be 1 if the i-th
individual voted “Yes” and O otherwise.

Let Sy = X7 +... + Xy be the number of “Yes” votes. Then by SLLN 5.5,

A SN almost surely
pN - W N—oo
We have Sy ~ Bin(N, p).

We need to estimate p with an accuracy of +4% with probability > 0.99. We now wish to consider
how large should N be.

By Central Limit Theorem 5.8,
Sy=Np+\Np(l-pZ
where Z ~ N(0, 1) for large N. Then we want to find N such that
P(|pn — p| < 0.04) > 0.99.

5N /p(l—p)Z

Note that for large N,

Hence
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) p(1-p)
By — p| = \/ ~—1ZI-

Since we have P(|Z] > 2) = 2(1 — ®(2)) and that P(]Z| > 2.58) = 0.01 by standard tables, we requrie
VN
Vp(1 - p)

Since \/p(1 — p) < % taking N = 1041 is sufficient.

-0.04 > 2.58

Simulation of Random Variables

Computers can generate random numbers between O to 1. We would like to extend this to general
probability distributions beyond uniform distributions.

Example 5.12

Suppose X is a random variable with probability distribution function F(x) = P(X < x).
Suppose that we know how to simulate U ~ U[0, 1].

« Assume that Fis 1-1.
Let X = F~1(U). Then
P(X <x)=P(F '(U) < x)=PU < F(x)) = F(x).

- If Fisnot 1-1, then define its generalised inverse G(u) = infilx € R: u < F(x)}. Thenlet X =
G(U). We can show that P(X < x) = F(x) as well.

Claim. G(u) < x iff u < F(x).
Proof. This follows by definition.

d(x,) > G(u) such that x, decreases to G(u) and u < F(x,). By the right continuity of F,
rllirg F(x,) = F(G(u)).

So u < F(G(u)). Therefore, if G(u) < x, then u < F(G(u)) < F(x) becuase F is increasing.

Let X = G(U). Then
PX <x)=P(GU) <x) =P < F(x)) = F(x).

Box-Muller Transform

We want to simulate X, Y independent with X, Y ~ N(0, 1) using two independent U[0, 1]. Since

2

F(x):[ ° " 4
—w V2T

there is no closed form solution. However, recall Example 4.29.

Let U,V ~ U[0,1] be independent. Then let
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® = 2nU ~ U[0, 21]
R=+/-2logV

We get

2

7‘2 T
P(R>r)=P(\/-2logV > r) = ]P’(V < e‘T) —e 7
and hence R has the correct density. Using the transformation in Example 4.29, we get X, Y

X = Rcos® =y/—2log V cos(2mU)
Y =Rsin® =+/-21log Vsin(2ntU).

Rejection Sampling

Suppose we have a random variable X with density

1x € A)
fx) = T4

where |A| is the volume of A C [0, 1]d.
Let (Uk’")k=1,...,d,neN be i.i.d. with Uy, ~ U[O, 1].
Set Uy = (U py o Ug p) ~ U([o, 1]d). Let
N =min{n: U, € A}, X = Uy.
We want to show that VB ¢ [0, 1]%,

|BNA|
|A]

J fx)dx =P(X €B) =
B

Note that

P(X € B)=P(Uy<B)= ) P, €B,N =n)
n=1
Y PWU, €B U, €A Uy 1 ¢A4A,.. Uy &A)

n=

[y

oo

N P(U, € BN AP, ¢ A"

n=1

& BnA
= SBnaia-jay = 204,

n=1 |A|
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