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Syllabus and Overview

Basic Concepts

Classical probability, equally likely outcomes. Combinatorial analysis, permutations and
combinations. Stirling's formula (asymptotics for log n! proved).

Axiomatic Approach

Axioms (countable case). Probability spaces. Inclusion-exclusion formula. Continuity and
subadditivity of probability measures. Independence. Binomial, Poisson and geometric
distributions. Relation between Poisson and binomial distributions. Conditional probability, Bayes's
formula. Examples, including Simpson’s paradox.

Discrete Random Variables

Expectation. Functions of a random variable, indicator function, variance, standard deviation.
Covariance, independence of random variables. Generating functions: sums of independent
random variables, random sum formula, moments.

Conditional expectation. Random walks: gambler’s ruin, recurrence relations. Difference equations
and their solution. Mean time to absorption. Branching processes: generating functions and
extinction probability. Combinatorial applications of generating functions.

Continuous Random Variables

Distributions and density functions. Expectations; expectation of a function of a random variable.
Uniform, normal and exponential random variables. Memoryless property of exponential
distribution.

Joint distributions: transformation of random variables (including Jacobians), examples.
Simulation: generating continuous random variables, Box—-Muller transform, rejection sampling.
Geometrical probability: Bertrand's paradox, Buffon's needle. Correlation coefficient, bivariate
normal random variables.

Inequalities and Limits

Markov's inequality, Chebyshev's inequality. Weak law of large numbers. Convexity: Jensen'’s
inequality for general random variables, AM/GM inequality.

Moment generating functions and statement (no proof) of continuity theorem. Statement of
central limit theorem and sketch of proof. Examples, including sampling.



Basic Concepts
We shall begin by general definitions in probability theory.

Probability Spaces

Definition 1.1 (Probability Space)

Suppose Q is a set and F is a collection of subsets of Q. Then we call 7 a o-algebra if
e Qe F
e If Ac F,then At e F

o If (An),en is a countable collection of sets in F, then

UA. er.

Let F be a o-algebra on Q. A function

P:F - [0,1]
is called a probability measure if
. P(Q) =1

« Countable additivity. For any countable disjoint collection of sets (A,) __ in F, we have
IP’(U A,,) => P(A,).
n n

We say P(A) to be the probability of the event A € F.
We call (Q, F,P) a probability space.

Definition 1.2 (Outcomes and Events)

Suppose (Q, F,P) is a probability space.

The elements of Q are called outcomes, and the elements of F are called events.

Remark. We talk about probabilities of events instead of outcomes.

When Q is countable, we take F to be the power set of Q.

Proposition 1.3 (Properties of Probability Measures)

Suppose (Q, F,P) is a probability space. Then for any A,B € F, we have




o P(AY) =1-P(A)

« P@)=0

« P(A)<P(B)ifACB

« P(AUB) =P(A)+P(B) - P(AnB)

Example 1.4

1. Consider rolling a fair die. We have

0={1,234,5,6}

F=P(Q)
Pl{w)) = 3 VweQ.
P(A) = % VAE F.
2. Consider
Q= {wq,...,wy,}
F =P(Q)
|Al
P(A) = — VA e F.
(A) Ql

This models the experiment of picking a uniformly random element from Q. We have

1
P({w}) = @ Yw € Q.

3. Consider picking balls from a bag. Suppose we have n balls labelled {1, 2, ..., n}. We pick k
balls at random without replacement. Then we have

Q={Ac{1,..,n}:|Al =k}

P({w}) = —— Yw e Q.

4. Consider a well-shuffled deck of 52 cards. Then

Q = {all permutations of 52 cards}
4-3-50! 1

P(top 2 card = .
(top 2 cards are aces) =] 521

5. Largest digit problem. Consider a string of n random digits from O,...,9. Then



0=101,..,9}"
F =P(Q).

Then we define
Ay = {no digit exceeds k}.
And so

Another example is the event
By = {largest digit is k}.
Then

(k+1)" — (k)"

P(By) = P(Ac \ Ay_1) = 107

6. Birthday problem. There are n people. What is the probability that at least two people
share a birthday?

We may assume that there are 365 days in a year, and each person’s birthday is equally
likely to be any of the 365 days, independently of other people.

We have
Q=1{1,2,..,365}"
F =P(Q).

Then

1

Let A be the event that at least two people share a birthday. Then we have

p( C)_365 364 365-n+1
T 365 365 365

Thus
PA)=1- IP(AC).

Combinatorial Analysis

1. Let Q be a finite set with |Q| = n.

We want to partition Q into k disjoint subsets Q;, ..., Q, with |Q;| = n; and Zi n; = n. Consider the
number of ways to do this.

Let M be the number of ways to do this. Then



M (n) (n—nl) (n—nl—...—nk_l) n! ( n )
nq ny N Nqy - Ny - oo s N Ny, Ny, .oty N )

2. Letf:{1,...k} = {1,..,n}. We say that f is
e strictly increasing if x <y = f(x) < f(y)
e increasingif x <y = f(x) < f(y)

Each strictly increasing functions can be determined by its range. Hence the number of strictly
increasing functions is (z)

For increasing functions, define a bijection
g:{f:{1,...k} - {1,...,n}increasing} — {f : {1,....k} — {1,...,n+ k — 1} strictly increasing}
by
g(f(i)) = f(i) +i-1.

n+k—1)

Hence the number of increasing functions is ( p

Stirling's Formula

Notation. Let (a,), (b,) be 2 sequences. We write
(a,) ~(b,) as n— oo

ifZ—”—>1asn—>oo.

n

Theorem 1.5 (Stirling's Formula)
As n — o0, we have

n! ~ n"e "y 2nn.

We shall first consider a weaker statement.

Proposition 1.6

log(n!) ~nlog(n) as n — oo.

Proof. Define
l, = log(n') =log 2 + ... + log(n).
For x € R, we shall write |x] as the integer part of x. Then

log|x] < logx < log|x + 1].

Integrating from 1 to n, we have



n-1 n n
logk < f log x dx < Zlogk

k=1 1 k=2
l,.1 <nlogn—-n+1< [
nlogn—-n+1< l, <(n+1)logln+1)—(n+1)+1.

Dividing by nlogn, we have

-1 as n - oo
nlogn

Proof. Forallf: R - R thatis twice
differentiable, for all a < b we have

fab F(x) dx = %ﬂb)(b _a)- % [ab(x — a)(b = )F"(x) dx.

This can be checked using integration by parts twice.
Take f(x) = logx,a =k,b =k + 1,k € N. Then we get
k+1 k k+1 1 k+1 —k\(k +1 -
[ logxdx:log + log(k + )+_f (x — k)(k + X)dx
k k

2 2 X2
Therefore,
n log(n — 1)! + log(n!) =2
L dx = +
jl og x dx > ‘; ay
where
a —lfix(l_x)dx
T2y (x+k)?2
We have
nlogn—n+1 = log( n')——+Zak
L
log(n!) =nlogn—n+1+ ogn Zak
n-1
nt=n"-e".yn- exp(l - ak).
k=1
Now, for g,

So the series 3 ¥ . a, converges. Let



Ms

A= exp(l -

n=A-n".e™ -\/ﬁ-exp(z ak).

k=n

k

Il
-

Therefore,

—lasn—oo
We have shown that

n!

nn . e—n\/ﬁ

— Aasn — oo.

It remains to show that A = /2rt. We already know that
nt~A-n"-em.\/n

Consider

2—2n(2n) — 2—2n@
n nin!
_ 2—2n . (2n)2n . e—2n\/% A
(nn . e—n\/ﬁ . A)2
V2
= A_\/ﬁ

We shall use a different method to show that

2‘2"-(2n)~i as n — oo.

n Jmn

This would imply that A = V2m.
Consider
2 , 1
I, = / (cosO)"d6 with Iy = 5,11 =1
0

Using integration by parts, we have the recurrence relation

n-1
In == ( n )In_z.

So

10



2n—-1
L, = n 2n-2

_ (2n-1)2n-3)-..-1n

(2n)(2n-=2)-...-2 2

_ (2n)! n
~ 22n(n1)2 2

b1 2n
=_—2"2n .
2 ( n )

Thus I, = 2 - 2721(?"),

T2 n
Similarly,
2n-..-4

1

Now, if we have that 112" — 1 asn — oo, then we have
2n+1

-1 = (2‘2”(

In order to show that 1212—"1 — 1 as n —» oo, we note that

In—2

Recall that

2n
n

)~

— lasn — oo.

I, = F (cos 8)" d6.
0

Since I, is decreasing in n,

I2n < IZn—l R 1,
Lnii  Dna
IZn < IZn 1.

AN
Lot ong2

So

I2n

I2n+1

This completes the proof.

— lash — oo.

)

I — 2 I, = ( 2n (
2417 2n+1)-...-3-11 " 2n+1

as n — oo.

11



Axiomatic Approach
Recall our definition of probability spaces in Definition 1.1.
Probability Measure
There are several important properties of the probability measure P.
Proposition 2.1 (Countable Subadditivity)

If (A,) is a collection in F,i.e. (A, € F) Vn, then

[P’(U A,,) <) P(A,).

neN neN

Proof. Define B; = A; and forn > 2,

Bn = An \ (Al U...uU An—l)'
Then (B,) is a disjoint collectionin 7 and J_A, =U, B,.
So

PUAn) =P(UB:) =2 PiBI <) P(A)

because B, C A, for all n.

Proposition 2.2 (Continuity of Probability Measures 1)
Let (A,), . Where A, € F and A, C A, for all n. We call (A,) an increasing sequence in 7.

Then P(A,) is an increasing sequence in R and converges to P(UneN A,,).

Proof. Define B; = A1, and forn > 2,
By =An\Aps1 = A\ (AL U..UA, ).

Then (B,) is a disjoint collection, and

n
U5
k=1

An

Now we also have

12



Hence
lim P(A,) = [P’(U A,,).
n—oo neN

Proposition 2.3 (Continuity of Probability Measures 2)

Let (A,), oy Where A, € F and A, 2 A, for all n. We call (A,) a decreasing sequence in F.

Then P(A,) is a decreasing sequence in R and converges to P(ﬂneN A,,).

Proof. Taking complements, we have that (A%) is an increasing sequence in F. By Continuity of

Probability Measures 1 2.2, the result follows.
Inclusion-Exclusion Formula

Proposition 2.4 (Inclusion-Exclusion Formula)

Let A,Be F.Then
P(AuB)=P(A)+P(B) —P(ANnB).
In general, for n events A4, ..., A, € F, we have

IP(L”J A,) = i (—1)k+1( > P(A,n..n A,.k)).

i=1 k=1 1<iy <...<ig<n

Proof. We shall prove this by induction on n. The base case n = 2 has already been shown.

Assume that the formula holds for n — 1 events. We shall show it holds for n events.

=P 7_1 A,~) +P(A,) - P((D A,~) n A,,)

n-1 n-1
=P A,-)+IP(A,,)—[P> U @inay|.
i=1 i=1 ‘T'

By induction hypothesis,

13



P(H A,-) _5 Y P(A,n.nA,)

k=1 1<ig<..<ig<n—-1

n-1 n—-1
[P’( B,-) =) (=1)k+t Y PlA,n..nA NA,

k=1 1<i1<...<ikSn—1

B,'1 ﬂ...ﬂB,'k

Plugging these into the previous equation gives the result.

Lemma 2.5 (Bonferroni Inequalities)
Let A,B € F. We have

P(AuB) <P(A) + P(B)
Let A,.., A, be eventsin F. Then foranyr <n

0)

LT P(A N A )) ifrisodd
> (1Y, et o P(A NN A)) ifriseven

Proof. We shall prove this by induction. The base case n = 2 is clear.

Suppose the result holds for n — 1 events. We shall show it holds for n events.
Assume that r is odd. Then

N R

n-1 n-1
=IP( A,-)+[F°(A,,)—IF’(U A,.nA,,).
i i=1

B;

?

[y
_3>

~—

By the induction hypothesis, since r is odd,

(U ) Z Pty IP’(A,-ln...r\A,-k))

i=1 k=1 1<i1<...<ik<n—1

n— r— 1
(U ) 1)k+1 Y PlA,n..nANA,

i= = <ip<..<i<n—
i=1 k 1 1<ip<..<ig<n-1 B;ln...nB,-k

Substituting these into the previous equation gives the result. The case where r is even is
similar.

Remark. If Q is a finite set and (Q, F,P) is a probability space with 7 = P(Q), and define

|A|
P(A)= — VAEF.
Q|

14



Take A4, ..., A, € F, then by the inclusion -exclusion formula on I]J’(U,f’=1 A,-), we can get

n n
LJl Al = I; (_1)k+1( Z |A,~1 N..N A,'k| .
i= =

1<iy <..<ig<n
This is the inclusion - exclusion principle in combinatorics.

Example 2.6 (Counting Surjections)

Let

Q={f:{1,..,n} - {1,..,m}}
A={f € Q:fisasurjection}.

We want to find |A]|.
Define

A={feQ:i¢f({l,.,n)} Vvi=1,.,m.
Then

m
Al=10l- [ Al
i=1
Note that we have
Q[ =m"
m
AL UL UAG =Y (191 S | n.nA,
k=1 1<y <..<ig<m

Il
Mz

(_1)k+1(r:)(m _ k)".

=
]
=y

So

m

Al=mn =y (=21 )om = k.

k=1

Example 2.7 (Counting Derangements)

A derangement is a permutation with no fixed points. Let

Q = {permutations of {1, 2,...,n}}
A = {derangement} ={f € Q:f(i)#i Vi=1,..,n}

15



Pick a permutation at random. Consider the probability thatitisin A. Fori =1,...,n, let
A ={feQ:fli)=i}.
Then

C

n

A=A§n...nAE,=( A,-).
i=1

I

So

P(A) =1- [FD( " A,-).
i=1

1

Using Inclusion-Exclusion Formula 2.4, we have

n n
P(U Ai) _ Z (—1)k+1 Z IP’(A,~1 Nn..n A,-k)
i=1 k=1 1<ig <...<iggne —oh '

n

(_1)k+1(n)(n —k)!

= k7 n!
— : (_1)k+11'
L k!
Therefore,
n 1 & 1
— k+1 — k
P(A) =1 - 2 SN k; (-1

Note that as n — oo, P(A) — e™1.

Independence

Definition 2.8 (Independence of Events)

Let (Q, F,P) be a probability space. Let A,B € F. We say that A and B are independent if
P(A N B) =P(A)P(B).

We write A L B.

Let (A,)  Pe a collection of events in F. We say that (A,) are mutually independent if for
any finite subset I C N,

P(ﬂ A,.) = [ PA).

i€l i€l

Remark. Pairwise independence does not imply mutual independence.

16



Example 2.9

Consider tossing a fair coin twice. Let
0),(0,1),(1,0),(1,1)}

Yw € Q.

= (o,
1
P((w) = 7

Define events

{(0,0),(0,1)}
{(0,0),(1,0)}
{(1,0),(0,1)}.

A
B
C
Then we have

P(A) =P(B) =P(C) =

P(ANnB)=P(ANnC)=PBnNC)=
P(ANBNC)=P(g) =

Thus, A, B, C are pairwise independent but not mutually independent.

Proposition 2.10

If A L B, then A L B,

Proof.
P(ANBt) =P(A) - P(ANB)
=P(A) —P(A)P(B) sinceA LB
=P(A)(1 - P(B))
= [FD(A)IP( 0).

Conditional Probability

Definition 2.11 (Conditional Probability)

Let (Q, F,P) be a probability space. Let A,B € F where P(B) > 0. The conditional probability
of A given B is

P(A N B)

P(A|B) = P(B)

In particular, if A L B, then
P(A | B) = P(A).



Proposition 2.12 (Countable Additivity for Conditional Probability)

Let (A,,)ne,\I is a disjoint sequence in F. Then for some B € F where P(B) > 0,

IP’(U A, B) =Y P(A,|B).

Proof.

B) _ P((U, An) N B)

P(B)

P(U, (AN B))
S
Y. P(A,NB)

)

-3 %)
= P(A,|B).

by countable additivity

Proposition 2.13 (Law of Total Probability)

Suppose (B,), , is a disjoint collection in F such that |J_B, = Q and P(B,) > 0 for all n. Then
forany A € F,

P(A) =) P(A|B,)P(B,).

Proof.
P(A) = (A n (U B ))
= IP’(U(A n B,,))

n

= Z P(ANnB,) since B, are disjoint
n

= P(A|B,)P(B,).

Proposition 2.14 (Bayes' Formula)

Consider (B,) to be a collection of disjoint events in F such that |J B, = Q and P(B,) > 0 for all
n. Then for any A € F where P(A) > 0O,

18



_ P(A|B)P(B)
PO = A 1B, )PE,)

Proof. By Conditional Probability 2.11,

P(B, N A)

P(By | A) = P(A)

By Law of Total Probability 2.13, we have

P(A) =) P(A|B,)P(B,).

Also,
P(B, N A) =P(A | B,)P(By).

Plugging these into the first equation gives the result.

This formula is the basis of Bayesian statistics; if we know the probabilities of P(B,) and we have a
model which gives us P(A | By), then we can compute the posterior probability P(B, | A).

Example 2.15 (False Positives for a Rare Condition)

Suppose that a rare condition A affects 0.1% of the population, i.e. P(A) = 0.001. A test for the
condition has a 98% true positive rate and a 1% false positive rate.

An individual takes the test and tests positive. Consider the probability that they actually have
the condition.

Define
A = {individual suffers from A}
P = {test is positive}.
We have
P(A)=0.001, P(P|A)=0.98 P(P|A’)=0.01.
Then

P(P | A)P(A) 0.98 x 0.001

= =~ 0.09.
PP | A)P(A) +P(P | AC)P(AL) 0.98 x 0.001 + 0.01 x 0.999

P(A|P) =

Note that we can rewrite this as

1 1
P(A|P) = PPIADPLAY) 1 5 O0Ix0999 ~ 0.09.
PPIAP(A) 0.98x0.001

Since P(A®) and P(P | A) are both very close to 1, so the relevant ratio is approximately

19



P(P | A%)
P(A)

But P(P | A%) > P(A) and hence the posterior probability is still quite small.

Example 2.16

Consider the probability that a person have 2 boys given that,

1. They have exactly 2 children, one of whom is a boy.
Since no further information is given, we assume that all outcomes are equally likely.
Let

BG = {elder child is a boy, younger child is a girl}
GB = {elder child is a girl, younger child is a boy}
BB = {both children are boys}.
GG = {both children are girls}.

We want to find

P(BB)
P(BB U BG U GB)

P(BB | BB UBG UGB) =

2. They have exactly 2 children, the elder of whom is a boy.

We want to find

P(BB | BBUBG) =

3. They have exactly 2 children, at least one of them is a boy, who was born on a Thursday.

Let T denote the event that a child is a boy born on a Thursday, and N denote the event that
a child is a boy not born on a Thursday. We want to find

20



P(TTUTNUNT)

P(TTUTNUNT [ TTUTNUNTUGTUTG) =

P(TTUTNUNTUGTUTG)

Example 2.17 (Simpson's Paradox)

Admitted Rejected
i State 25 25
All Applicants
Independent 28 22
State 15 22
London Schools
Independent 5 8
. State 10 3
Cambridge Schools
Independent 23 14

disparate populations.
In terms of conditional probability, let
A = {individual is admitted}
B = {individual is from London}

B® = {individual is from Cambridge}
C = {individual is from a state school}

We have
P(A|BNC)>P(A|BnCP),
P(A|B'nC)>P(A|B'nCt),
but
P(A|C) < P(A | CP).
Note that

- .= .= .= +_._
=7 1 1 1.1 1 1
2727 2°7°327
13
- 27

Ct = {individual is from an independent school}.

Suppose the following data is collected for applicants to a Cambridge college:

Admission Rate
50%
56%
41%
38%
77%
62%

Note that within each school type, state school applicants have a higher admission rate than
independent school applicants. However, when considering all applicants, independent
school applicants have a higher admission rate than state school applicants.

This phenomenon is called confounding in statistics. It arises when we aggregate data from

21



P(A|C)=P(AnB|C)+P(AnBE | C)
:P(AanC)+P(AnBCnC)

P(C) P(C)
_PAIBNOPEBNC) P(A | BEn C)P(B" n C)
B P(C) P(C)

=P(A|BNC)P(B|C)+P(A | BEnC)P(BE | C)
>P(A | BnCE)P(B | C)+P(A | B n Ct)P(BL | C)
Now, if we (falsely) assume that P(B | C) =P(B | Ct), then
P(A|C)>P(A|BnC)P(B|C')+P(A | BEnCE)P(B | C°)
=P(A | CO).

Nonetheless, this does not hold in our example.

Discrete Probability Distributions

Definition 2.18 (Discrete Probability Distribution)

Let (Q, F,P) be a probability space, where Q is countable with

Q= {U)l,(A)z,...}
F =P(Q).

If we know P({w;}) for alli, then VA C Q,

P(A) =) Pl{w)).

w;€A
In this case, we say that (P(fw}), a discrete probability distribution.

We write p; = P({w;}) for allii.

Proposition 2.19 (Properties of Discrete Probability Distributions)

Let (p,-),. be a discrete probability distribution on a countable set Q = {w;, w,,...}. Then

1. p; > O foralli.
2. Z’. p; = 1.

Let us see some examples of discrete probability distributions.

Definition 2.20 (Bernoulli Distribution)

A Bernoulli distribution models the outcome of a single binary experiment, such as a biased
coin toss.

22



The Bernoulli distribution Ber(p) with parameter p € [0, 1] is defined by

Q={0,1}
po=1-p
p1 =p.

Definition 2.21 (Binomial Distribution)

A binomial distribution models the number of successes in n independent Bernoulli trials,
each with success probability p € [0, 1].

The binomial distribution Bin(n, p) with parameters n e Nand p € [0, 1] is defined by
Q={0,1,..,n}

Pk = (Z)pk(l —-p)"k vk=0,..,n.

where (p,) is called the binomial distribution. Note that in the case of a coin toss,

px = P(obtaining k heads in n tosses).

Definition 2.22 (Multinomial Distribution)
A multinomial distribution models the number of occurrences of each outcome in n
independent trials, each with k possible outcomes with probabilities py, ..., p.

The multinomial distribution M(n, py, ..., p) With parameters n e N and pq, ...,p, € [0, 1] where
py + ...+ p, = 1 is defined by

k
Q= {(nl,...,nk) S Z';O : Z n, = n]
i=1

n

Py, = ( )p{” D YN, any) € QL
Nq, ..., Nk

For example, suppose that there are k boxes and we throw n balls into these boxes

independently, where each ball lands in box i with probability p;. Then

P(n, balls in box 1, ..., n, balls in box k) = (: )Iof1 _— (n T T M )pnk
1

ng k

s

7 s
Nq, ..., Ng ! ke

Definition 2.23 (Geometric Distribution)

A geometric distribution models the number of Bernoulli trials needed to get the first
success, where each trial has success probability p € [0, 1].
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The geometric distribution Geo(p) with parameter p € [0, 1] is defined by

Q=N
p=(1-p)klp vkeN.

Note that,

1
=Y 1-pflp=p/—— =1
;pk g( PP =0/ o

This models, for example, the number of times we need to toss a biased coin with heads
probability p until we get the first heads.

Definition 2.24 (Poisson Distribution)

A Poisson distribution models the number of events occurring in a fixed interval of time or
space, where these events occur with a known constant mean rate and independently of the
time since the last event.

The Poisson distribution Poi(A) with parameter A > 0 is defined by

Ake=A

Note that

Zpk=ZAkke|_A —eh.et=1,
k k :

Proof. Consider the number of customers arriving at a shop in a time interval [0, 1]. We can
discretise the time interval to [% ﬁ] with i =1,...,,N, where each interval has a small probability
p of a customer arriving. Then

N
P(k customers have arrived) = ( B )pk(l —p)Nk
N! A\K A \N-k A
KIN - k)!(N) ( N) WEPEN
CANNIN = 1) (N =k + 1)(1 B &)N-k
K Nk N
)\ke—)\
i asN = o
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Discrete Random Variables

Definition 3.1 (Random Variable)

Consider a probability space (Q, F,[P). A random variable is a function X : Q — R, satisfying
that Vx € R,

fweQ: Xw)<x}eF.
We write (X< x}={weQ: X(w)<x}andVACR, {Xe Al ={w e Q: X(w) € A}.

Definition 3.2 (Indicator)

Let A € F. The indicator of A is a random variable 1, : Q — [0, 1] defined by

1 fweA

falw) =1{w e A) = [o if w e AC

Definition 3.3 (Probability Distribution Function)
Suppose X is a random variable. Define the probability distribution function of X to be
Fx(x) = P(X < x)

where Fy : R — [0, 1].

Definition 3.4 (Multidimensional Random Variable)
X = (X4q,..., X,) is called a random variable in R" if
(Xg, o X)) 1 Q = RO
is a function such that Vxq, x,, ..., x, € R,
X1 <x0,.00 X, <X,1 = {w e Q: Xj(w) < xq, X5 (w) < X, .., Xp (W) < X} € F.

Equivalently, all X; are real random variables.

Definition 3.5 (Discrete Random Variable)

A random variable X is called discrete if its range is countable.
Suppose it takes values in a countable set S, then for every x € S we write
P = P(X =x) =P({w : X(w) = x}).
We call (py), s the probability mass function of X, or the distribution of X. Note that VA C S,

PX€A) =) p,.

X€A




Recall that two events A and B are independent if P(A n B) = P(A)P(B).

Definition 3.6 (Independence)

Let X4, X5, ..., X,, be discrete random variables with values in S4,...,S,. They are independent if
forany x; € 54,.... %, €S,

P(Xl = Xqs e Xn = Xn) = I]J)(Xl = Xl) Teee [P(Xn = Xn)'

Example 3.7

Consider tossing a p-coin N times independently. let Q = {0, 1}N with w € Q, where
w = (wq, Wy, ..., wy)

and w; is the result of the i-th toss. Then

N

Po =P{w}) = [ | p*(1 - p)t-o.

k=1

Forall k = 1,...,N define random variables X, : Q — {0, 1} with X, (w) = w,. Then
P(Xy=1)=p
P(X,=0)=1-p.

Note that X, is a Bernoulli random variable with parameter p.

Claim. X4, ..., Xy are independent random variables.
Proof.
N
PX1 = X, Xy = ) = [ [ p(L = p)t %
k=1
N
= [TPX=x)
k=1
Expectation

Definition 3.8 (Expectation for Non-Negative Discrete Random Variables)

Let Q be a countable setand X : Q —» R be a discrete random variable.

For X > 0, the expectation of X is defined by
E[X]= ) P{whX(w).

weQ

Alternatively, consider




Qy = {X(w): we Q}
Q= J {w: Xw) =
X€Qy

Then

E[X]

Y X(w) - P({w})

weQ

Y D Xw) - P({w))

x€Qy we{X=x}

> > x-P(w)

XEQy we{X=x}

2 x ) Pw)

xeQy we{X=x}

Z xP(X = x).

XGQX

So the expectation of X is the weighted average of the values taken by X, with weights given
by the probabilities of X taking those values.

Example 3.9

Consder X ~ Bin(N, p). Then Yk € {0, ..., N},
N
POX =k = (| (2 - o1

Then, for the expectation,

I
z =Z
©

Example 3.10

Consider X ~ Poi(A) with A > 0. Then for all k € Z,,
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Hence

k=0
© Ak—l
=e A\
k; (k- 1)!
— Ae—)\e)\

Notation. Let X be a random variable. Define
Xt =max(X,0) and X~ = max(—X,O0).
Then
X=Xt—-X" and [X|=X"+X".

Definition 3.11 (Expectation for General Discrete Random Variables)

Suppose X is discrete. We can define E[X*] and E[X~] as in Definition 3.8.
If at least one of E[X*] and E[X~] is finite, then we can define the expectation of X by
E[X] = E[XT] - E[X"].

Otherwise, E[X] is not defined.

Definition 3.12 (Integrable Random Variable)

A random variable X is integrable if E[|X|] < .

Proposition 3.13

If E[X] is well-defined, then we have

Remark. We shall assume that whenever we write E[X], it is well-defined.

Proposition 3.14 (Properties of Expectation)
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If X > 0, then E[X] > O.

If X>0andE[X] =0, then P(X =0) = 1.

If c € R, then E[cX] = cE[X] and E[c + X] = ¢ + E[X].

If X and Y are random variables, then E[X + Y] = E[X] + E[Y].

a & WD PE

Letc,...,c, € Rand Xq,...,, X, be integrable random variables. Then

n n
E[Z Cka = ZCKIE[XI(]'
k=1 k=1

6. Suppose that Xy, X,,... are non-negative random variables. Then

E iXk = i |E[Xk]
k=1 k=1

Proof. Suppose that Q is countable.

For (6), we have

[E[Z Xo| = Z(Z Xn(w)) - P({w)

weQ\ n

= Z Z X, (w)P({w}) since all terms are non-negative

n weQ

= EX,l.

Example 3.15
Let Ae F, X =1(A), X(w) = 1(w € A). Then
ElX]= ) i(we A)-P({w)

weQ

=Y P({w))

weA

=P(A).

Proposition 3.16

Letg: R - R, X:Q — R and consider g(X) defined by g(X)(w) = g(X(w)). Then g(X) is a random
variable, with

ElgX)] = ) g(x)P(X = x).

XEQX

Proof. Let Y = g(X). Then we have
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{Y =y} ={w: gX(w) =y} ={w: X(w) € g7 {y}} = {X € g7L({y})}

Hence,

E[Y]= ) yP(Y =y)

yEQ,

= > yP(Xegl(iy})

yeQ,

=Zy Z P(X = x)

y€Qy, xeg-l(y)

=) ) 9WPX=x

yE€Qy xeg~1({y})
= > gx)P(X =x).
XEQX
Proposition 3.17

Suppose X > 0 and takes integer values. Then

E[X] = i P(X > k) = i P(X > k).
k=1 k=0

Proof. Note that for any x € N,

x=iﬂ(x>k)=iﬂ(x>k).

k=1 k=0

Since X > 0and X € Z,,, we have

X(w) = i 1(X(w) > k) = i 1(X(w) > k).

k=1 k=0

Taking expectation on both sides, we get

= [E[i 1(X > k)
k=0

EX1= ) E[LX> 1= ELLX > k)]
k=1 k

=0

E[X] = [E[i 1(X > k)

k=1

E[X] = iIP(XZ k) = ilP(X> k).

k=1 k=0

With expectation, we can form another proof of the inclusion-exclusion formula.

‘ Proof. Let A,B € F.Then



1(A%) = 1 — 1(A)
1(ANB) = 1(A) - 1(B)
1(AUB)=1—1(A°nB%) =1 —(1—1(A)) - (1 - 1(B)).

More generally, if we have Ay, ..., A, € F, then

1(AJU..UA)=1- n(AE N AE,)
n
11— 1(1-1(A))
i=1
n

[
=
>

D= Y AA)-1(A) + o (C1) (A - (A,

i=1 1<i<j<n

Taking expectation on both sides, since E[1(A)] = P(A), we get

P(A{U..UA,) = i PA) - Y [P’(A,- N A,.) F ot (1) IP(AL N .. NA,).
i=1

1<i<j<n

Variance and Covariance

Definition 3.18 (Moment)

Let X be a random variable and r € N. We call E[X"] the r-th moment of X, as long as it is
well-defined.

Definition 3.19 (Variance)

The variance of X is defined by

Var(X) = E[(X — E[X])2].

The variance is a measure of concentration of the distribution of X around its expectation. The
smaller the variance, the more concentrated the distribution is around its expectation.

Definition 3.20 (Standard Deviation)

The standard deviation of X is defined by /Var(X).

Proposition 3.21 (Propositions Of Var(X))

1. Var(X) > 0.

2. If Var(X) = 0, then P(X = E[X]) = 1.

3. If c € R, then Var(cX) = ¢2 Var(X) and Var(c + X) = Var(X).
4. Var(X) = E[X2] - (E[X])2.
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5. Var(X) = min.eg E[(X — ¢)?], with the minimum attained at ¢ = E[X].

Proof. For (4), we have
Var(X) = E[X2 — 2XE[X] + (E[X])?]
= E[X?] — 2E[X]E[X] + (E[X])?
= E[X?] - (E[X])2.

For (5), define f(c) = E[(X — ¢)?]. Then
f(c) = E[X?] — 2cE[X] + c2.
Hence, taking derivative with respect to ¢, we get
f'(c) = =2E[X] + 2c.

Therefore, f'(c) = 0 if and only if ¢ = E[X]. Moreover, f"(c) =2 > 0, so f is convex and the
minimum is attained at ¢ = E[X]. Hence

Var(X) = f(E[X]) = E[(X - E[X))2] = min E[(X - ¢)?].

Example 3.22

1. Consider X ~ Bin(n, p). Then E[X] = np and
Var(X) = E[X(X — 1)] + E[X] = (E[X])2.

Note that
— = - _ n—l k(1 _ n\n—k
E[X(X—-1)] = 2 k(k 1)k!(n _k)!p (1-p)
2 - 2)!
=n(n-1)p2)_ —k,(r(,n_ 5 i PP
k=0 " :
1
=n(n - 1)p2.
Hence,

Var(X) = n(n — 1)p? + np — n?p?
=np(1 - p).
2. Consider X ~ Poi(A). Then E[X] = A and
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EX(X-1)]= ) k(k—1)e*—
XOC- )= )kl = et g
— 22 -A
=N et

k=0 ’
1
= A2

Hence,

Var(X) = A2+ A —-AZ2=A.

Definition 3.23 (Covariance)

Let X and Y be random variables. The covariance of X and Y is defined by

Cov(X,Y) = E[(X = E[X])(Y = E[Y])].

It is a measure of the dependency between X and Y.

Proposition 3.24 (Properties of Covariance)

Cov(X,Y) = Cov(Y, X).
. Cov(X, X) = Var(X).
. Cov(X,Y) =E[XY] - E[X]E[Y].

. Var(X +Y) = Var(X) + Var(Y) + 2 Cov(X, Y).

1.
2
3
4. Letc € R. Then Cov(cX,Y) =c Cov(X,Y) and Cov(c + X,Y) = Cov(X,Y).
5
6. Let c € R. Then Cov(c, X) = 0.

7

. Let X,Y,Z be random variables. Then Cov(X + Y, Z) = Cov(X, Z) + Cov(Y, Z).

More generally, for all ¢4, ...,C,, dq, ..., d, € R, we have
n n n n
Cov| Y 6X. > dYi| =D ad; Cov(X.Y,).
i=1 j=1 i=1 j=1

In particular,

Proof. For (3), we have
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Cov(X,Y) = E[(X — E[X])(Y — E[Y])]
= E[XY — XE[Y] - YE[X] + E[X]E[Y]]
= E[XY] - E[X]E[Y] - E[Y]E[X] + E[X]E[Y]
= E[XY] - E[X]E[Y].

For (5), we have
Var(X +Y) =E[((X — E[X]) + (Y — E[Y]))?]
=E[(X — E[X])?] + E[(Y — E[Y])?] + 2E[(X — E[X])(Y — E[Y])]
= Var(X) + Var(Y) + 2 Cov(X,Y).

Recall that if Xy, .., X,, are discrete random variables, then they are independent iff for all xy, ...

I}:D(Xl = X1, ...,Xn = Xn) = I]:D(Xl = Xl) C et I]:D(Xn = Xn).
Proposition 3.25

If X4, X5, X5 are independent, then X; is independent of X;.

Proof. We need to show that

VXy, Xo,  P(Xyp = X1, X5 = Xp) = P(Xg = x1)P(X3 = Xp).

We have
P(Xy = x1, X2 = Xp) = Z P(X; = X1, Xa = X2, X3 = X3)
X3
=) P01 =x)P(%; = x)P(Xs = x;)
X3
=P(Xy =x)P(X; = Xz)z P(X3 = x3).
X3 :
Lemma 3.26

Let X and Y be 2 independent random variables, and f,g : R - R,. Then
E[f(X)g(Y)] = E[f(X)]E[g(Y)].

Proof. Let Z = (X,Y) and define h(Z) = f(X)g(Y). Then

7an
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E[h(Z)] thyIP(Z (x,y))
= Zf giy)P(X =x,Y =y)
= Zf gly)P(X = X)P(Y =)
= (Z f(x)P(X = X))(Z gly)P(Y = y))
X y
= E[f(X)]E[g(Y)].

Lemma 3.27

Let X and Y be 2 independent random variables. Then

Cov(X,Y) = 0.

Important. The converse of the above lemma is not true.

Example 3.28

Let X4, X5, X3 ~ Ber( ) be independent random variables. Let

Y1:2X1—1, Y2:2X2—1
21 == Y1X3, 22 = Y2X3.

Then E[Y;] = E[Y,] = 0. Moreover,
E[Z,] = E[Y1X5] = EI1]E[X5] = O, E[Z;] = E[Y2X5] = E[Y,]E[X5] =O.

So,
Cov(Zy, Z;) = E[Z,Z,] - E[Z4]E[Z5]
= E[V;Y,X¢] - 0
= EY;YJE[X§]
= E[Y; Y, ]E[Xs]
=0.
However,

1
= 5 #P(Z, = 0)P(Z,=0) = 7.

Hence Z; and Z, are not independent, even though Cov(Z4, Z,) = 0.
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Corollary 3.29

Let X4, X5, ..., X,, be independent random variables. Then

Var(z X,-) = Z Var(X;).
i=1 i=1
Example 3.30

Consider n random variables S, ~ Bin(n,p) . Then we have Var(S,) = np(1 — p) as seen before.
We also know that S,, = X; + ... + X, where (X;) are independent and X; ~ Ber(p).

Hence, by the above corollary, we have

Var(S,) = i Var(X;)
i=1

==jiptl—p)
i=1

=np(1-p).

Inequalities

Proposition 3.31 (Markov's Inequality)

Let X be a non-negative random variable and a > 0. Then

P(X > a) < @.

Proof. Observe that
X>za-1(X>=a)

Taking expectation on both sides, we get

E[X] > aE[1(X > a)] = aP(X > a).

Proposition 3.32 (Chebyshev's Inequality)

Let X be a random variable and a > 0. Then

Var(X)

P(X — E[X]| > a) < ——
a

Proof. Note that



P(IX = E[X]| > a) = P(IX — E[X]|? > a?)
E[(X - E[X])?]
a2
Var(X)
=—7

by Markov's

V/A

Proposition 3.33 (Cauchy-Schwarz Inequality)

Let X and Y be random variables. Then

E[XYI] < VE[X2]E[Y?2].

Proof. Assume that E[X?] < o0 and E[Y?] < o, otherwise there is nothing to prove. Then
1

IXY] < 5 (X2 +Y2) = E[IXY]] < co.

Assume that E[X?] > 0 and E[Y?] > 0, otherwise this is the trivial case. Assume WLOG that X and

Y are non-negative.
Let t € R and consider (X —tY)2 > 0. Then
E[(X-tY)?] >0
E[X?] — 2tE[XY] + t2E[Y?2] > O.

f(t)

Then
f'(t) = —2E[XY] + 2tE[Y2].
This function is minimised at f(t,) where t, = E’;g Hence, using the fact that f(t,) > O, we get

E[X2] - 2t,E[XY] + t2E[Y2] > O
(E[XY])?
E[Y2]

= E[IXY]] < VE[X2]E[Y?2].

= E[X?] -

>0

Remark. The equality holds when f(t,) =0, so
E[(X-tY)?]=0=>P(X-tY=0=1=>P(X=tY)=1

Definition 3.34 (Convex Function)

A function f : R - R is called convex if Vx,y € R, vVt € [0, 1], we have

f(tx 4+ (1 —t)y) < tf(x) + (1 = t)f(y).
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Proposition 3.35 (Jensen's Inequality)

Let X be a random variable and f : R - R be a convex function. Then

fE[X]) < E[f(X)].

Proof. We first need an additional claim.

Claim. Let f : R - R be a convex function. Then f is the supremum of all the lines below it, i.e.
forallm € R, 3a,b € R such that

f(x)>ax+b forallx € R,
f(m) =am+b.

Proof. Let m € Rand x < m <y. Then for some t € (0,1), we have
m=tx+(1-tly otim—-x)=(1-t)y —m).
By the convexity of f, we have

f(m) = f(tx + (1 — t)y) < tf(x) + (1 - t)f(y)
= t(f(m) — f(x)) < (1 = t)(f(y) — f(m)).
Hence, using the fact that t(m — x) = (1 — t)(y — m), we get

fm) = £ _ Fly) = f(m)

<X
m—x y—m

f(m)—f(x)

m-x

Let a = sup,p, ThenVx <m<y,

So, this gives that vz,
f(z) > a(z — m) + f(m).

Hence, we can take b = f(m) — am and get the desired result.

Let m = E[X]. By the claim, 3a,b € R such that

f(x)>ax+b forallx € R,
f(m)=am+b.

Then we have f(X) > aX + b. Taking expectations on both sides, we get

E[f(X)] Z aE[X] + b = am + b = f(m) = f(E[X]).

Remark. For the equality case, let f : R — R be convex with the extra property that for m = E[X],
Ja,b € R, such that f(x) > ax + b for all x € R\ {m} and f(m) = am + b.

We wish to find a condition of X such that we have

E[f(X)] = FIE[X]].
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We have f(X) > aX+ b = f(X) — (aX + b) > 0. Taking expectations gives
E[f(X)] > aE[X] + b = am + b = f(m) = f(E[X]).

Hence, the equality forces E[f(X) — (aX + b)] = 0.

Since f(X) — (aX + b) > 0, we must have P(f(X) — (aX + b) = 0) = 1. By the extra property of f, this

is equivalentto P(X = m) = 1.

Proposition 3.36 (Am-GM Inequality)

Let x4, X, ..., X, € R,, then

Proof.

Claim. Let f be a convex function. Then Vx4, ..., x, € R, we have
18 1
=) flx) = f(— Xk)-

Proof. Let X be a random variable with P(X = x;) = % foralli=1,..,n. Then

1< 1 &
E[F(X)] = = ) flx) > FEIX]) = f(— > xk).
= =
Let f(x) = —log x with x > 0. This is a convex function. Hence, by the above claim, we have
1< 1
z Z —logx > — log(— Z xk).
= ni=

Rearranging gives the desired result.

Multiple Discrete Random Variables

Joint Distribution and Conditional Distribution

Recall that if X is a discrete random variable, then the distribution of X is given by (P(X = X)),

Definition 3.37 (Joint Distrbution and Marginal Distribution)

Let X4, X5, ..., X, be discrete random variables. Their joint distribution is defined to be

P(X; = Xq,... X, = X,) forall xq, ..., X,,.

In particular,
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where P(X; = x;) is called the marginal distribution of X;.

Definition 3.38 (Conditional Distribution)

Let X and Y be two discrete random variables. The conditional distribution of X givenY =y is
defined by

P(X=x,Y =y)
P(Y =y)

PX=x|Y=y)=

By the law of total probability, we have

|P(X=x)=ZIP(X=X,Y=y)=ZI]J’(szIY:y)P(Y:y).
y y

Distribution of the Sum of Random Variables

Let X and Y be two independent random variables. We wish to find the distribution of X +Y.

PX+Y=2)=) PX=z-y,Y=y)

y
=) PX=z-y)P(Y =y).
y

convolution of the 2 distributions

Example 3.39 (Independent Poisson Random Variables)

Let X ~ Poi(A) and Y ~ Poi(u) with X L Y Then

P(X+Y=n)=i[P’(X=n—k)lP(Y=k)
k=0

_ n L An—k _““_k
L5 -k K
e—()\'*‘ﬂ) n ( n)

— A"_kuk

n! I;) k
(e A+ )"
n!

SOP(X+Y =n)= e—<A+~>‘A:—‘,"". Hence X + Y ~ Poi(A + p)

Conditional Expectation
Recall that for P(B) > O,

P(ANB
P(A|B)=%.
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Definition 3.40 (Conditional Expectation)

Let X be a discrete random variable and B € F with P(B) > 0. The conditional expectation of
X given and event B is defined by

E[X - 1(B)]

E[X | B] = P(B)

Note that if X = 1(A), we recover

E[1(AnB)] P(ANnB)
P(B) ~ P(B)

E[1(A) | B] = =P(A | B).

Proposition 3.41 (Law of Total Expectation)
Let X be a discrete random variable and (Q,,) a partition of Q with P(Q,) > O for all n. Then

E[X] =) ELX|Q,IP(Q,).

Proof. We have

E[X]= ) X(w)P({w})

weQ

=> Y XwP({w))

n weQ,

=) EX-1(Q,)]

= > EIX|Q,IP(Q,).

In particular, for the conditional probability of X given Y =y, we have

E[X - 1(Y =
EX|Y =y ==

B P(X=x,Y=y)
=2 " By

X

= leP(X=x|Y=y).
Let g(y) = E[X | Y =y] since this is a function of y. Consider what is meant by E[X|Y].

We will define E[X | Y] as a random variable, which is a function of Y.

Definition 3.42 (Conditional Expectation Given a Random Variable)

Let X and Y be discrete random variables. The conditional expectation of X given Y is
defined by
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EIX|Y]=) EIX|Y=yli(Y =y)=g(Y).
y

where g(y) =E[X | Y =vy].

of Y. In particular, if Y(w) =y, then E[X | Y(w) = E[X | Y =Y].

Bear in mind that random variables are functions. We have X,Y : Q — R, and so g(Y) really
means g-Y.

Example 3.43

Consider tossing a p-coin n times independently. Fori =1,...,n, let
X; = 1(i — th toss is H)
Y, =X +...+ X,
We wish to find E[X; | Y, ]. Let
g(y) =E[Xy [ Yy =]
E[Xy - 1(Y, =)
P(Y, =vy)
_ P(X,=1,Y,=vy)
P(Y, =vy)
e
()pr(a—pyrr

=p-

y
:
So, E[Xy | Y] = g(¥,) = 2.

Proposition 3.44

Let X and Y be discrete random variables. Then for some constant ¢ € R,
1. E[cX|Y]=CcE[X]|Y].
2. E[c+ X |Y]=c+E[X]|Y].
In particular, E[c | Y] =c.
3. E[Xn, X | Y] =20, EX 1 Y],

Proposition 3.45 (Tower Property)

Remark. The above notation can be confusing. E[X | Y] is a random variable, which is a function
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Let X and Y be discrete random variables. Then

E[X] = E[E[X | Y]].

Proof. We have

E[X|Y]= Z[E[XIY=V]11(Y=Y)-
y

Taking expectation on both sides gives
E[EIX | Y]]=) E[X|Y=y]P(Y =y)
y

=[E[X] by the law of total expectation.

Proposition 3.46

Let X and Y be independent discrete random variables. Then

E[X | Y] =E[X].

Proof. We have
ELX | Y] = ;E[X|v=y]ﬂ(v=y)
= ;ﬂ(Y=y)2xﬂ3’(X=x|Y=y)
=Y 1Y =y)) xP(X=x) byindependence
; X

=) 1Y =y)E[X]
y

= E[X].

Proposition 3.47

Let Y,Z be independent discrete random variables. Then for any random variable X,

E[E[X |Y]|Z] =E[X].

Proof. Let g(Y) = E[X | Y]and g(y) =E[X | Y =y].
Claim. g(Y) is independent of Z.
Proof. We need to show that

Yw,ze R, P(g(Y)=w,Z=2)=P(g(Y)=w)P(Z = z).

We have
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P(g(Y)=w,Z=2)= ) P(Y=y,Z=2)
yegL(iw})
= Z P(Y =y)P(Z =z) byindependence
yegL(iw})
=P(g(Y) =w)P(Z = 2).

Then, by Proposition 3.46, we have E[g(Y) | Z] = E[g(Y)].
By Proposition 3.45, we have E[g(Y)] = E[X]. Hence, E[E[X | Y] | Z] = E[X].
Proposition 3.48

Let X,Y be two random variablesand h: R — R. Then

E[h(Y)- X |Y]=h(Y)E[X|Y].

Proof. We have

E[h(Y)- X [ Y] =) (Y =y)E[A(Y)- X |Y =]
y

=Y hy)LY =y)EIX|Y =y]
y

=h(Y)E[X | Y].

Corollary 3.49

Let X,Y be two random variables. Then
1. E[E[X|Y]|Y]=E[X]Y].

2. E[X| X] = X.

Example 3.50

Consider tossing a p-coin n times independently. Fori =1,...,n, let

X; = 1(i — th toss is H)
Y,=Xi+...+ X,

We wish to find E[X; | Y, ]. By symmetry, E[X; | Y,] = E[X; | Y,,] for alli. Hence,
Y, =E[Y, | Y, ] =E[Xy + ...+ X, | V]
n
=Y EX|Y,]
i=1
= nE[X; | Y,].
So, E[X; | Y,] = 2.
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Random Walks

Definition 3.51 (Random Process / Stochastic Process)

A random process or stochastic process is a sequence of random variables (Xn) en:

Definition 3.52 (Random Walk)
A random walk is a random process that can be expressed as
Xo=x+Yi+Yo+..4Y,

where x is a deterministic constant and (Y,) _, are independent and identically distributed
(i.i.d.) random variables.

The steps of the random walk are the random variables Y,,.

Simple Random Walk

Definition 3.53 (Simple Random Walk)

A simple random walk is a random walk satisfying P(Y; = 1) =p =1-P(Y; = -1).

Ifp=g=1-p= %, then we call it a simple symmetric random walk.

Example 3.54 (Gambler's Ruin)

Consider (X,,) as a simple random walk, which is the fortune of a gambler who starts with £x at

time O and at every time step, he wins £1 with probability p and loses £1 with probability g =

1 - p.The game ends if he reaches O or if he reaches £a, whichever comes first.
Notation. We will denote P, (A) = P(A | Xo = x),and X = (X,).

Let h(x) = P, ((X,) reaches a before reaching 0). Then h(0) = 0 and h(a) = 1.
Then,

h(x) = P, (X reaches a before reaching 0)
= P, (X reaches a before 0,Y; = 1) + P, (X reaches a before 0,Y; = —-1)
= pP,,1(X reaches a before 0| Y; = 1) + (1 — p)P,_1(X reaches a before 0 | Y; = —-1)
=p-h(x+1)+(1-p)-h(x-1).

So we can solve the following system of equations to find h(x) for all x:

h(x+1) + (1 -p)h(x - 1)

e Forp=q= %, we get a simple symmetric random walk (SSRW), in which case we have
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hix +1) + %h(x —-1)

= ONI-

This leads to

Hence,
h(x)= ) (h(i)—h(i — 1)) = C = CX.
i=1 i=1
Considering boundary conditions, h(a) = 1 gives ¢ = % Hence, for a SSRW, we have
hix) = ~.
a

e For p # g, we need to try a solution of the form A* for some A. Then

)\"=p-)\"+1+q)\"‘1=>)\=10r)\=%.

The general solution is of the form h(x) = A + B(%)X for some constants A, B € R. Using the
boundary conditions, we get

Time to Absorption

Let (X,,) be a simple random walk. We are interested in the time to absorption, which is the duration

of the game. Let the time to absorption be denoted by T. Then
T =min{n > 0: X, € {0,a}}.
We would like to consider the expected time to absorption, i.e. E[T | X, = x].

Notation. We will denote E,[T] = E[T | X = x] = k(x).

By the law of total expectation, we have
k(x) = E[T]
=Ex[T | Yy =1]P(Yy = 1) + E,[T | Y; = -1]P(Y, = -1)
= pEyya[T + 1]+ qE, 4 [T + 1]
=pk(x+1)+1)+qglk(x—1)+1)
=pk(x + 1)+ gk(x — 1)+ 1.
Boundary conditions are k(0) = k(a) = 0.

e Forp=q= %, try a solution of the form k(x) = Ax2. Then
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1 1
Ax? = 5A(x+1)2+§A(x—1)2+1 = A=-1.

The general solution will be of the form k(x) = —x? + Bx + C. Using boundary conditions, we get
k(x) = x(a — x).

e Forp # g, try Cx as a solution. Then C = # Hence

qX

k(x)=A+ x+B(—) .

- p

Solving this gives
(3 -
k)= ——x— 2 W~
q-p q—p(g)_l
p

Probability Generating Functions

Introduction

Definition 3.55 (Probability Mass Function)

Let X be a discrete random variable. The probability mass function of X is defined by

p, =P(X=r).

Definition 3.56 (Probability Generating Function)

Let X be a discrete random variable taking values in N. The probability generating function
(PGF) of X is defined by

p(z) =E[zX]=) p2'
=0

where |z] < 1.

Note that p(z) converges absolutely for |z| < 1 since p, > 0 and Z;"’zo p, = 1. Hence the radius of
convergence of p(z) is at least 1. Therefore, p(z) is well-defined for |z| < 1.

Remark. In this section, we will only consider discrete random variables taking values in N.

Theorem 3.57

The PGF of a random variable X uniquely determines the distribution of X.

‘ Proof. Let (p,) and (q,) be 2 probability distributions with the same PGF, i.e. for all |z| < 1,
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(o) (o)
> b= ar.
r=0 r=0

We need to show that p, = g, for all r. We shall show this by induction. For z — 0,
Po = do-
Assume that p, = g, for allr < n. Then
Z pz" = Z aq.z".
r=n+1 r=n+1
Dividing both sides by z"*! and letting z — 0 gives

Pn+1 = Gn+1-

Example 3.58

Consider X ~ Bin(n,p). Then

n

p@) =E[z]= (")pr@-prz = (L -p+pa).
r=0

Remark. Suppose that X, ..., X,, are independent random variables with PGFs
ai(z) = E[2%].

Consider the PGF of §,, = X; +... + X,;:

n
p(z) = E[2Xa+-+%n] = E[2%12%2..2% | = E[2%1]E[2%2]..E[2% ] = ]_[ Gi(z)-
i=1

Example 3.59

Consider X ~ Bin(n,p) and Y ~ Bin(m, p) with X L Y. Then
E[zXYY] = E[ZX]E[z¥] = (1 —=p +pz)"(1 —p + pz)™ = (1 — p + pz)"*™.

Hence X +Y ~ Bin(n + m, p).

Example 3.60

Consider X ~ Geo(p). Then

r=1

Example 3.61
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Consider X ~ Poi(A). Then

o r o] r
E[zX] = X z'e"‘% =e™? Z _()\rz') = e herz = eAlz-1),
r=0 ' r=0 '

Example 3.62

Consider X ~ Poi(A) and Y ~ Poi(u) with X L Y. Then
E[z*+'] = E[2X]E[2Y] = e!e-Denz-1) = gh+nlz-1),

Hence, X +Y ~ Poi(A + u).

Theorem 3.63

Let p(z) be the PGF of a random variable X. Then
lim p'(z) = p'(17) = E[X].

Proof.
e Assume that E[X] < . Take 0 <z < 1. Then

0

pl2)=) rpz <) rp =EX].
r=1 r

=1
So p'(z) is increasing in z and bounded above by E[X]. Hence, lim,_1- p'(z) < E[X].

Take € > 0. There exists N such that

rp, = E[X] — €.

,
ki [\/]2
-

Then,
z—-1-

N N
lim p’(z) > lin11 Z rp,z"~1 = Z rp, > E[X] —¢.
= r=1 r=1

Hence, lim,_ 1- p'(z) = E[X].
e Assume that E[X] = 0. Then YM > 0, 3N such that

N
Z ro, > M.
r=1

Then,
N N
_ , -1_
lim p'(z) > lim ; rpz’ 1= ; rp, > M.

Hence, lim,_,1- p'(z) = oo.
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Theorem 3.64

Let p(z) be the PGF of a random variable X. Then
e p"(17) = E[X(X — 1)].

e Vk > 0,p%W(17) = E[X(X — 1)...(X — k + 1)].

e Var(X) =p"(17) +p'(17) = (p'(17))2.

o PX=n)=L(p(z)- 1)

n!

z=0

Sum of a Random Number of Random Variables

Let X4, X5, ... be independent and identically distributed random variables and let N be an
independent random variable taking values in N.

Let
Sn =X1 +X2++Xn
n

Splw) = Z Xi(w)
i=1
N(w)

Snlw) = Z Xi(w)-
i=1

Lemma 3.65

Let q(z) = E[zN] be the PGF of N and p(z) = E[z*1] be the PGF of X;.
Then the PGF of Sy is given by

r(z) = E[z°] = q(p(2)).

Proof.
Proof 1 We have
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_ i E[zXt+-+Xn . (N = n)]
=Y E[z% 2% PN =n)
=) (El%)"-PIN=n)

= i (p(2))" - P(N =n)
=q(p(z)) by definition of PGF.
Proof 2 We have
r(z) = E[z5N] = E[E[z°V | N]].
Note that

E[z¥ | N](n) = E[z% | N = n]

=E[z% | N=n]
=[E[z>] by independence
= (p(2))".

Hence, we can write E[z5 | N] = (p(z))N. Taking expectation on both sides gives

r(z) = E[(p(2))N] = q(p(2)).

We have
E[Sn]=r'(17) = q'(p(17))p'(17) = E[N]E[X,]
Var(Sy) = E[N] Var(X;) + Var(N)(E[X,])2.

Branching Processes

Let Xy = 1, and X, be the distribution of the number of offspring of the individual in the first
generation.

I]:D(Xl = k) = Ok vk € ZZO'
Each individual produces an independent number of offspring with the same distribution as X;.

Let (Y,(Y,,)k>1 50 be a family of independent random variables such that Y , has the same
distribution as X; for all k,n. Then we can write

Yk.n = number of offspring the k-th individual in the n-th generation produces,

X - 0 if X, =0
MY Yin i X, > 0.

We are interested in the probability of extinction.
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Generating Functions of Branching Processes

Theorem 3.66

Let (X;) be a branching process with offspring distribution X;. Then,
E[X,] = (E[X1])".

Proof. We will show this by induction. For n = 0, we have E[X,] = 1 = (E[X;])°. Assume that

E[X,] = (E[X;])". Then

[E[Xn+1] = [E[[E[Xn+1 | Xn]]'

Note that
[E[Xn+1 | Xn = m] = [E[Yl,n +..+ Ym,n | Xn = m]
=E[Yyp+ ...+ Ynn] byindependence
Thus,

E[Xnt1 | Xn] = XoE[X1].
Taking expectation on both sides gives

E[Xns1] = EDXAIEIXq] = (E[X )™

Theorem 3.67
Let G(z) = E[z*1] and G,(z) = E[z*"]. Then

Gnr1(2) = G(Giy) = Ga(G(2) = G 2 G o -+ 2 G(2).

Proof. We have
Gny1(2) = IE[ZX"+1]
= E[E[z% | X,]]
— |E[[E[ZY1v"+"'+YXn'" | Xn]]

Note that,
E[2"n++n | X, = m] = E[2%0*+Yna]
= E[zY2n]..E[zYmn] by independence
= (G(z))™.
Hence,

Gpr1(2) = E[(G(2))"] = G,(G(2)).

Extinction Probability
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Let
q = P(X, =0 for somen > 0)
and g, = P(X, =0).

Since {X, = 0} C {X,.1 = 0}, (g,) is an increasing sequence that converges to g, by the continuity of
probability measures.

Proposition 3.68

Let G(z) be the PGF of X;. Then G(z) = E[z*1], and
dn+1 = Gan), g =G(q).

Proof. If we were given that g1 = G(qg,), then since G is continuous as g, — g, we have g = G(q).
So we just need to show that g, = G(q,).

Proof 1 We have

In+1 = I]:D(Xn+1 =0) = Gn+1(o)
= G(G,(0))
= G(Qn)-

Proof 2 Conditioning on X; = m, let X{¥, X2 . X' pe independent and identically distributed
branching processes with the same offspring distribution as X;. Then

m
Xop1 = Z XI(‘I‘)'
i=1

Hence,

Gn1 = P(Xp41 =0)
=) PXu1 =0 Xy =mP(X; = m)
m

=Zp(ix}j>=o

i=1

X1 = m)IF’(Xl = m)

Note that in Theorem 3.66, we have
E[Xn] = (E[X{]D™.

So, in order to evaluate g, consider the following cases:
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o IfE[X;] <1, thenE[X,] » 0asn — o, so we expect that g = 1.

o IfE[X;] > 1, then E[X,] - o as nh — oo, SO We expect that g < 1.

o If E[X;] =1, then E[X,] = 1 for all n, which does not give us an intuition on q.

Note that the relation q = G(q) always has a solution at g = 1, as shown in the following graphs:

yl

1

0 > 0

Note that the gradient of the tangent at x = 1 is G'(1) = E[X;]. Hence, the first two cases can be

justified.

Theorem 3.69

Let (X,,) be a branching process with offspring distribution X;. Assume that P(X; = 1) < 1.

1

Then the extinction probability g is the minimal non -negative solution to the equation G(x) = x.

Moreover, g < 1iff E[X;] > 1.

Proof. We know that g = G(q) in Proposition 3.68.

a1 = G(q,) < G(t) =t

since G is increasing in [0, 1]. Hence, g1 < t.

Now, we will show that g < 1 iff E[X;] > 1.
Assume that gy + g4 = 1, then P(X; < 1) =1, and then

E[X1] = 9.

Then in this case, G(z) = gy + g1z = 1 — E[X;] + E[X4]z. Then,

Because E[X;] =g, <1, we have 1 —E[X;] #0,and so z = 1.

Forn =0, we have gy = P(X, =0) =0 < t. Assume that g, < t. Then

Gz)=z = (1 -E[X,]) -z =1-E[X,].

Let t be the smallest non-negative solution to G(x) = x. We will show that g = t.

Now assume that g; < 1 and gy + g4 < 1, we shall show that g < 1iff E[X;] > 1. Define

We will prove by induction that g, < t for all n, which will imply that g <t as n —» o, but since t is
the smallest non-negative solution to G(x) = x, we have t < q. Hence, g = t.
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H(z)=G(z) -z = i 9.z —z.
=0
Then H(1) = 0. We shall first show that H can have at most one more root in [0, 1). We have
H"(z) = i r(r—1)g,z"~2 > 0in (0,1)
r=0
because gy + g1 < 1 implies that there exists r > 2 such that g, > 0.

Hence H'(z) is strictly increasing in (0O, 1). Therefore, H can have at most one more root other
than 1, due to Rolle's theorem.

We therefore have two cases:
e H has no other root other than 1. Then g = 1. We need to show that E[X;] < 1. We have
H(17)=G'(17)-1=E[X;]-1<0.
This is because H(0) = G(0) = g > 0 and H(1) = 0. So
H(z) >0 vz e[0,1].
Hence

H@z) - H(1) _

H'(17) = lim <0.

z-1- z-1
So H'(17) <0, and hence E[X;] < 1.

» H has another root r < 1. So r has to be the extinction probability g. We need to show that
E[X1] > 1. We have

H(r)=0, H(1)=0.
By Rolle's theorem, there exists z € (r, 1) such that H'(z) = 0. We also have
H'(17) = E[X{] - 1.

Since H' is strictly increasing in (0, 1), we have H'(17) > H'(z) = 0. Hence, E[X;] > 1.
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Continuous Random Variables

Probability Distribution Function

Consider a probability space (Q, F,[P). Recall that a random variable is a function
X:Q->R
where Vx € R, the set X™1((—o0,x]) = {X < x} = {w € Q : X(w) < x} is an eventin F.
Recall Definition of Probability Distribution Function 3.3. Let F(x) be the probability distribution

function of X. We have the following properties of F:

Proposition 4.1 (Properties of Probability Distribution Function)

Let F be the probability distribution function of a random variable X. Then, we have the
following properties:

1. Fisincreasing, i.e. F(x) < F(y) forall x <.
2. Foralla,b € R with a < b, we have
P(a < X < b) = F(b) — F(a).
3. Fisright-continuous and F always has left limits, i.e. for all x € R, we have
F(x~) = lim F(y) < F(x)

Yy Xx~

Fixt) = lim Fy) = Flx).

4. F(x7) =P(X < x).
5. F(—o) =0 and F() = 1.

Proof.
For (2), we have
Pla<X<b)=P(X<b,X>a)
=P(X<b)-P(X<b,X<a) bythelaw of total probability
=F(b)-P(X<a) sincea<b
= F(b) — F(a)

For (3), let (x,) be a decreasing sequence with x, — x. Then, we want to show that F(x,) = F(x).
Define

SO

Note that A,.1 € A,,, and hence P(A,) — [P’(ﬂn A,,) by the continuity of probability measures.
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Now, we have (] A, ={x <X <x}=g,so P(ﬂn A,,) = 0. Therefore, F(x,) —» F(x).

Since F is increasing, left limits always exist, and so F(x~) = lim,_,,- F(y) < F(x).

For (4), consider

F(x~) = lim F(x - %)

n—oo

Define B, = {X <X-— %} Then we have B, C B,,1. Hence

P(B,) — IP(U B,,) =P(X < x) = F(x7).

n

Definition 4.2 (Continuous Random Variable)

A random variable X is said to be continuous if its probability distribution function F is
continuous. Equivalently, for all x € R,

F(x~) = F(x)
o PX<x)=PX<x)
& P(X=x)=0.

For the purpose of this course, we will only consider continuous random variables whose
probability distribution function F is differentiable. These are also known as absolutely
continuous random variables.

Definition 4.3 (Probability Density Function)

Let X be a continuous random variable with probability distribution function F. If F is
differentiable, then the probability density function f of X is defined as

f(x) = F'(x).

Proposition 4.4 (Properties of Probability Density Function)
Let X be a continuous random variable with probability density function f. Then, we have the
following properties:
1. f(x) > Oforall x € R.
2. f_":o f(x)dx = 1.
3. F(x) = f_"oo f(t) dt for all x € R. More generally, for every A C R,
P(X e A)= [ f(x)dx.

A
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Intuitively, f can be thought as being proportional to the probability that X takes values around x.
Mathematically, for Ax small, we have

X+Ax
P(x < X< x+Ax) = [ f(t)dt =~ f(x)Ax.

Uniform Distribution

Definition 4.5 (Uniform Distribution)
A uniform distribution on [a, b] is a continuous random variable X, denoted UJa, b], with
probability density function

L xelab]

0= 5

0 otherwise

Proof of density validity. We have

o0 b 1
f_mf(x)dx=fa b—adx

1 b

Suppose X ~ U[a, b]. Then for every x € [a, b],

X—a
b-a

X
P(X < x) = / f(t)dt =
Otherwise, if x > b, then P(X < x) =1, and if x < a, then P(X < x) = 0.
Note that for U[O, 1], we have P(X < x) = x for all x € [0, 1].

Exponential Distribution

Definition 4.6 (Exponential Distribution)

An exponential distribution with parameter A > 0 is a continuous random variable X, denoted
Exp(A), with probability density function

flx) = Ae=Ax x>0
10 otherwise

‘ Proof of density validity. We have
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Suppose X ~ Exp(A). Then for every x > 0,

=jx f(tydt =1 — e

PX>x)=1-P(X<x)=eM

Remark. Let T ~ Exp(A), and T, = [nT| with n € N. Then, for every k € N,

A

P(T, > k) = P(nT > k) = IF’(T > %) - (e-z)k.

Note that T,, + 1 is a geometric random variable with parameterp =1 — e‘%, since P(T,+1>k) =

P(T, > k—1)=(1-p) foreveryk eN.Asn — oo, p ~ 2.

Hence, %" converges in distribution to T as n - . So, we can think of an exponential distribution
as a continuous analogue of a geometric distribution.

Proposition 4.7 (Memoryless Property of the Exponential Distribution)

Let T ~ Exp(A) with A > 0. Let s,t € R,. Then

P(T>s+tT2>5s)
P(T > s)
_P(T >s+1)
T OP(T >5s)
e—A(s+t)

PT>2s+t|T>s)=

e—)\S

— et
=P(T > t).

It is significant that the exponential distribution is the only continuous distribution with the
memoryless property.

Theorem 4.8

Let T be a positive random variable which is not identically zero or . Then T has the
exponential distribution iff T has the memoryless property, i.e. for all s,t € R,,
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PT>s+t|T=>s)=P(T>t).

Proof.

This is shown in Memoryless Property of the Exponential Distribution 4.7.

Suppose that T has the memoryless property. Lett € R, and

g(t) =P(T > t).
Then g(t + s) = g(t)g(s). For every m € N, g(mt) = (g(t))™.
In particular, when t = 1, we have g(m) = (g(1))™.
Let g(1) = P(T > 1) = e™*. We have
A =—logP(T > 1),

and so g(m) = e™*m,

By our definition, forany m,n e N,

(o(%))" = gtm) = e

SO g(%) = e‘ATm. Therefore, g(r) = e for all r € Q.. We shall extend this to R,.

Lett>0,andr,s € Q, suchthats<t<randr—-s<e¢. Then

e™M =g(r) < g(t) < g(s) = e,

Taking € - 0, we have g(t) = e7t.

Expectation and Variance of a Continuous Random Variable

Definition 4.9 (Expectation of a Continuous Random Variable)

Let X be a continuous random variable with density f with X > 0. The expectation of X is
defined as

E[X] = [ xf(x)dx.
0
Let g be a non-negative function on R. Then, we define

E[g(X)] = [ " g()f(x) dx.

—00

For a general random variable X, define X, = max(X,0) and X_ = max(—X,0). Then, X = X, — X_.
If E[X,] < o0 or E[X_] < oo, then we define

E(X] = E[X,] - E[X_] = [m XF(x) dx.
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Remark. As in the discrete case, we have

E i aX;
i=1

= i aE[X].
i=1

Lemma 4.10

If X is a continuous random variable with X

Proof. We have

€ = [ xf)
0
=[m( ) (x)dx
0
- [ m( [ f(x dx)dt
0
- ["a-Fenat
0
- [ “PX > t)dt
0
Recall that in the discrete case, we have
X = Z 1(X >
n=1

Lemma 4.11

If X is a continuous random variable with X > O, then for any outcome w,

X(w) = 1(X(w) > x) dx,

Definition 4.12 (Variance of a Continuous Random Variable)

Let X be a continuous random variable with E[X?] < . The variance of X is defined as

Var(X) = E[(X — E[X])2] = E[X?] - (E[X])2.
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Example 4.13

1. Consider X ~ U[a, b]. Then the density f of X is given by

f:[ﬁ x € [a,b]

0 otherwise

Hence

a+b

[E[X]=[°°xf(x)dx= .

—00

2. Consider X ~ Exp(A). Then for A > 0, f(x) = Ae™ and x > 0. Hence

[E[X]=[ xAe M dx
0

=[°°I]3’(X>x)dx
0

[o0]
=[ e M dx
0

1
T

Normal Distribution
Introduction

Definition 4.14 (Normal Distribution)

An normal distribution with parameters —co < u < 0o and o € R, is a continuous random
variable X, denoted N(u, 02), with probability density function

Fx) = 1 (x — u)?
(x)—mexp— 207 )

Proof of density validity. We have

I= (x)dx

=f°° ! exp _(x—u)2 dx
—oo\\/21102 202
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Consider I2. We have
2 (=) () u2 V2
zz=_[[ U exp- ) dud
< ), exp( 2)exp( 2) udv
Changing to polar coordintates with u = r cos(6) and v = r sin(6), we have
[ j re” 2drd9
=[ re”z dr
0
r2 o
= [—e_?]
0

=1

Since I > 0, we have I = 1. Hence, f is a valid probability density function.

Proposition 4.15

Let X ~ N(u,02) with —co < u < coand o € R,.. Then
E[X] =u, Var(X)=o2

Proof. We have

pr:fwxﬂmdx

[ 1 (—uF (x — u)?
_j:w(x—u) 27102exp( )dx+[ \/_ ( 07 )dx

1 [ 23 f(x) dx=p

2
exp(—u—) du+p

o 27102

Hence, E[X] = u. Moreover,

Var(X) = E[(X — p)?]

oo u2 X
= o2u?—— exp(—?) du with u =

Hence Var(X) = o2.

withu=x-pu

the integrand is odd
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Linear Transformations of Normal Distributions

Theorem 4.16

Let X have density f, and let g be a function which is strictly monotone and g1 is
differentiable. Then g(X) has density

flg= () - (™) (x)].

Proof.
e Suppose that g is strictly increasing. Then
P(g(X) < x) =P(X < g71(x))
=F(g7(x))

d
(P(g(X) < x)) = f(g*(x)) - (g7*)'(x)

dx
e Suppose that g is strictly decreasing. Then
P(g(X) < x) =P(X > g7(x))
=1-P(X <g7}x))

d

o P9(X) < x)) = —f(g7(x)) - (g7%)'(x)

Hence the result follows in either case.

Proposition 4.17 (Linear Transformations of Normal Distributions)

Let X ~ N(u,02) with —oo < p <o and o € R,. Let a,b € R with a # 0. Then
aX +b ~ N(au + b, (ac)?).

Proof. Define g(x) = ax + b and Y = g(X). We have g~1(x) = % and (g71)'(x) = % Hence,
fr(y) = fx(g72y)) - [(g7) (y)]

1 o[ - lart b))
J2na2o2 2a202
SoY ~ N(au + b, (ac)?).
Remark. If X ~ N(u,02), then
X—u

Z=2"""<N(@O1).
o
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Example 4.18

Let X ~ N(i,02), and consider

X_
IP(—20<X—u<20)=IP(—2< 0”<2).

Let
d(x) = " i exp(—u—z) du=P(Z <x)
—0 V211 2
Note that
, 1 2
e(x) = d'(x) = Ee 2

(P(x) + ©(—x)) = 0.
Since ®(0) = %, we have ®(x) + ®(—-x) = 1. Hence,
P(Z<x)+P(Z<—-x)=1.
We have existing tables of ® values, so we can compute P(X < x) for any x, in particular,

P(-20 < X—u<20)=P(-2<Z<2)=9(2) - D(-2) =2d(2) -1 > 0.95.

Definition 4.19 (Median)

Let X be a continuous random variable. The median of X, denoted by m, is the value such that

1
IP(X;m)=IP(X<m)=§.

Alternatively,

[:f(x)dx=/mf(x)dx=%

where f is the density of X.

Example 4.20

Suppose that X ~ N(u,02). Then

Hence the median of X is p.

Multivariate Density Functions
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Introduction

Definition 4.21 (Multivariate Density Function)

Let X = (X4,.., X,)" be a random vector. We say that X has a multivariate density function if
there exists a non-negative function f : R" - R such that for all x4, ..., x, € R,

X1 Xn
P(Xl < X1, ...,Xn < Xn) = j j f(Y:]_, veny yn) dyndyl

The probability distribution function F of X is defined as

F(X1, .0 Xn) = P(Xq < Xqy 000y Xy < Xp)-

Therefore,

n

= ——F(Xq, .oy Xp)-
0X4...0X, Ot X0)

(X1 er Xp)
More generally, for B € R",

P((Xy,... X,)T € B) = f (Y1, .o V) dyq... dy,,.
B

Definition 4.22 (Independence of Continuous Random Variables)

Let X4,..., X, be continuous random variables. They are independent if for all x, ..., x, € R,

[FD(X]_ < Xl!"'vXn < Xn) = I]:D(Xl < Xl)...[FD(Xn < Xn).

Theorem 4.23

Let X = (X4, ..., X,)" be a random vector with density f.

1. Suppose Xi,..., X, are independent with densities fq, ..., f,, then for all x4, ..., x, € R,
f(Xl,...,Xn) = fl(Xl)...fn(Xn).

2. Conversely, suppose f factorises as f(xy, ..., X,) = f1(xq)...f,(x,) for some non-negative

functions fy, ..., f, on R. Then X4, ..., X, are independent with densities proportional to fi, ..., f,,.

Proof.
1. We have

I]:D(Xl S X1, ...,Xn < Xn)

I]:D(Xl < Xl)...lp(Xn < X
1

)
( f m (y1)dy1)...( f w fn(y,,>dyn)

=[1...[nf1(y1)...f,,(y,,)dy,,...dyl.

SO f(Xq, .oy Xp) = f1(Xq) .o fr (X))
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2. We have

P(Xi < X1,...,Xn < Xn) = [

= ([: fl(yl)dyl)...(f: fn(yn)dyn)-

Xn
f(V1s- Yn) dyp... dyy

" Fo(ya)eofo (V) dY-.. dys

Note that
f f o (V1) o )y dyy = 1.

Hence

fxl f1(y1) dys f fn(Yn) dyn
f fi(y)dy; f fo(yn) dy,

P(X1 < X500 Xy < X5) =

So, X4,..., X, are independent with densities proportional to fq, ..., f,.

Marginal Density Functions

Definition 4.24 (Marginal Density Function)

Let X = (X4,.., X,)" be a random vector with density f. The marginal density function of X, is
defined as
fx, (x) = f f f(X, X, ey Xp,) dX,... dXo.

Proof. Suppose X = (Xq,..., X,)" has density f. Then consider
P(X; <x)=P(X; <x, X, €R, ..., X, €R)

[([ [ f(X1, eeer Xp) dXpp... dXo | dXq.

So the density of X; is

fxl(X) = jm [m f(X, X9, eey Xp) dXp,... dXp.

Sum of Independent Random Variables

Suppose X and Y are independent random variables with densities fyx and f, respectively. We want
to find the density of X +Y.

Recall that in the discrete case, we used the discrete convolution formula

PX+Y=2)=) P(X=x,Y=z-x).

xeR
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For the continuous case, we have the following analogue of the discrete convolution formula.

fx+v(2) = joo fx(x)fy(z — x) dx.

Proof. We have
PX+Y <2)=P((X,Y) € {(x,y) e R?: x +y < z}))

- [ fyy (%, y) dx dy
{x+y<z}

_ f fy (X)Fy (y) dx dy
{x+y<z}

- f: fx(x) fz_x fy (y) dy dx

— —o0

- f_:fx(x) [m foly — x) dy dx

-/ w / : e (X)fy Ly — x) dx dy,

So the density of X + Y is given by the convolution formula

fx+v(2) = [oo fx(x)fy(z — x) dx.

Conditional Density Functions

Definition 4.25 (Conditional Density Function)

Let X and Y be two random variables with joint density fyxy and marginal densities fx and fy
respectively.

The conditional density function of X given Y =y is defined as

X, Y)(x,
fxy(x 1y) = W for fy(y) > O.

Proposition 4.26 (Law of Total Probability for Continuous Random Variables)

Let X and Y be two random variables with joint density fxy and marginal densities fx and fy
respectively. Then, for every x € R,

) = [ " by dy = j " b b6 1 y)fe ) dy.

Similarly, we can define the conditional expectation of X given Y.

Definition 4.27 (Conditional Expectation of a Continuous Random Variable)
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The conditional expectation of X given Y is defined as E[X | Y] = g(Y), where

gly) = [m Xfx|y(X | y)dx.

—00

Transformation of Random Variables

Theorem 4.28
Let X be a random variable with values in D C R" and density f. Let g : D — g(D) be a bijection
with a continuous derivative on D, and

detg’'(x) #0 forall x € D.
Then, the random variable Y = g(X) has density
frly) = fx(g7(y)) - I

n

Yj

where J = det((?) ) is the Jacobian determinant of g~1.

iji=1

Example 4.29

Let X,Y ~ N(O, 1) be independent. Then, consider (R, ®) in polar coordinates with R = /X2 + Y2
and © = arctan(%). We have

X =RcosO
Y =RsinO.

We want to find the density of (R, ®). We have
fre(r,8) = fxy(rcos6,rsin ) - |det J|

where

)= cosO —rsinB
“\sin6 rcosH

and detJ =r. Hence,

fro(r,8) = fx(rcos0) - fy(rsin@) - r

B exp( r2c0526) 1 exp( rzsin26) .
V2n 2 V2n 2
1 _»2

= ﬂe 2 -fr

wherer > 0and 6 € [0, 2n].

2
Hence, © ~ U[0, 2nt] and R has density fz(r) = re” 2z for r > 0, and they are independent, by
Theorem 4.23 (2).
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Order Statistics of a Random Sample

Definition 4.30 (Order Statistics)

Let Xy, ..., X, be i.i.d. random variables with probability distribution function F and density f.
Order them from the smallest to the largest as

Lete Y; = X;;. Then, Yy,...,Y, are called the order statistics of the random sample X, ..., X,,.

We aim to find the density of (Y4, ...,Y,,). For the minimum Y;, we have
P(Yl < X) =1- P(Yl > X)
=1-P(Xy > x,..., X, > x)
=1-(1-F(x))"
d

o< x)=n(l- F ()" f(x).

fy, (x) =

For the maximum Y,,, we have

P(Y, < x) =P(Xy < x)" = (F(x))"

d
fy, (x) = aP(Yn < x) = n(F(x))"f(x).

.....

[FD(Yl < Xl""!Yn < Xn) = nll]:D(Xl < Xl,...,Xn < Xn7X1 < X2 L...< Xn)

T
=n! / ]fxl,...,xn(ulv---’ Up)1(ug < Xq, o0 Uy < Xy, Up S Up < ... < U,) duy,... dug

= ! f“ fxz fx" F(ug)F(Uy)...f(u,) dup.. duy.

an
©9Xy...0X,

_ {n!f(xl)f(xz)...f(xn) for x; < X, <...<X,

Hence,

fyy,..v, (X15 ey Xn) P(Y1 < Xqy.0y Y < X,)

.....

0 otherwise

Order Statistics of Exponential Distributions
Let X ~ Exp(A) and Y ~ Exp(u), where X LY and A,u > 0. Let Z = min(X,Y). Then
PZ<2z2)=1-P(Z>2)=1-P(X > z)P(Y > 2)
=1—-eMeHz=1_e Az forz>0.
Hence, Z ~ Exp(A + u).
If (X;) are independent random variables with X; ~ Exp(};), then min(Xy, ..., X,)T ~ Exp(Z‘f'=1 A,-).

Now, consider Xy, X,..., X, be i.i.d. random variables with X; ~ Exp(A). Let Y; = X; be the order
statistics of X, ..., X,.

70



LetZ,=Y,,Z, =Y, -Yq,....Z, =Y, - Y,_1. Note that we have found the distribution of Z; above.
Consider the joint density of (Z4, ..., Z,). We have

1 0 .. 0O OO

Z4 2 -11 0.. 00O
Z=|:|=A|: whereA=| 0 -1 1 0 .. 0O}

Z, Yo : S T

0O .. 00-11

Hence, with the transformation of z = Ay and y; = Z{zl z;, we have

v, V1, Yo)ldet )] whereJ = A7

.....

= n!f(yq)...F(yn)

=n'Ae M1, e Mn

n
= [T(tn =i+ 1)re-rn-ia),
i=1

Hence, Z; ~ Exp((n — i + 1)) and they are independent, by Theorem 4.23 (2).

Moment Generating Functions

Definition 4.31 (Moment Generating Function)

Let X be a random variable with density f. The moment generating function (MGF) of X is

m(6) = E[e®%] = [w €% (x) dx

—00

whenever the integral is finite. Note that m(0) = 1.

Theorem 4.32

The MGF uniquely determines the distribution of a random variable, provided it is defined for
an open interval of values of 6.

Theorem 4.33

Suppose that the MGF is defined for an interval of values of 6, then

d"m(6)

m(’)(O) = 3o

= E[X"].
6=0

Gamma Distribution

Example 4.34 (Gamma Distribution)

For n e Nand A > 0O, the gamma distribution with parameters n and A is a continuous random
variable X with density
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Proof of density validity. We have

n-1,n-1
I, _[ fx)dx—[ e AT
(n—1)!

o )\n—lxn—l
(h—1)!

o (n—12)!

[ —Ax)\n 2Xn 2d
o (n—2)!

o0 0 AN 1 n—1 X“-2
+[ e—Ax ( ) dx integrating by parts
0

If 6 < A, then m(@) = (ﬁ)

Proposition 4.35

If X4, X5, ..., X, are independent random variables, then

n
m(0) = E[edX1+Xo+-+Xn)] = E[e%].
i=1

-1 " a—er

Suppose X ~T(n,A)and Y ~T(m,A), where m,neN, A >0and X LY. Consider the density of X +Y.

We aim to show this by Theorem 4.32. Consider, for 6 < A,

E[e0+1)] = E[e®X]E[e?]
(7l ()
-(7e)

Hence X+Y ~T(n+m,A)

Suppose Xq,..., X, are i.i.d. with X; ~ Exp(A). Then, X; +... + X,, ~ ['(n, A).
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Remark. One could also define I'(a, A) with a, A > 0 by replacing (n — 1)! in the density by

I'(a)=[ e *x®1dx.
0

e—/\x AQ ,Xa—l

@ for x > 0.

We say X ~ I'(a, A) if f(x) =

Cauchy Distribution (Non-Examinable). The Cauchy distribution is defined as the distribution
with density

f(x) = ——— forx € R.

The MGF is

N 1 fore=0
o) = f_m (1 + x2) dx = {oo otherwise

Hence, X, 2X,3X, ... all have the same MGF. However, it is not the case that X, 2X,3X, ... all have
the same distribution. So the assumption that the MGF must be finite for an open interval of
values of 6 is necessary in Theorem 4.32.

MGF of the Normal Distribution
Recall that if X ~ N(u, 02), then

Hence, the MGF of X is

m(0) = E[e®] = [Oo ebx ! exp(—(X _ “)z)dx

Note that, the exponent is

(x — )2
t=06x-—
exponen X 07
2 2 2
=0x — X + al g
202 202 202
X2 I
=———+2—(u+60%)- —
202 t 2552 M+ 00%) =5 5
2 +602)? +602)? 2
X, (u+602)—(“ ) (u ) u
202 202 202 202 202

Hence,
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%) _ 2\\2
m(6)=] ! exp(—(x (1+60%)) )dx~exp(u9+6202)

V2102 202 2

integral of density of N(u+6802,02)

6202
=exp(u6+ 5 )

Let X ~ N(u,02) and Y ~ N(v,t2), and X L Y. Then

2
02(0? + 12)
5 )

92 2 92 2
m(0) = E[e®X)] = exp(ue + 20 )exp(ve + —T)

= exp((u +v)0 +

Hence X +Y ~ N(u +v,02 + t2).
Multivariate Moment Generating Functions
Definition 4.36 (Multivariate Moment Generating Function)
Let X = (Xq,.., X,)T € R" be a random variable. The MGF of X is defined to be
m(6) = [E[eeT‘X] = [E[eZ?ﬂ eixi],

where 8 = (6,,...,6,)".

Theorem 4.37

For a multivariate random variable, if the MGF is finite for an open set of values of 6, then it
uniquely determines the distribution of the random variable.

In this case,

al’ ar+5
S| =EX] and o
o9 |,_, 36! 96;

- [E[x.fx.S].

U
6=0

Proposition 4.38

Let X = (X4,..., X,)" be a random variable in R". Then

m(6) = [E[eeTX] — ﬁ [E[eGiXi]

i=1

iff X4,..., X, are independent.

Proof.

This is a direct consequence of the definition of MGF.
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If X4,..., X, are independent, then m(0) factorises. If m(0) factorises, then by Theorem 4.32,
Xq,..., X, are independent.

Multidimensional Gaussian Random Variables

Introduction

Definition 4.39 (Gaussian Random Variable)

A random variable X with values in R is called Gaussian (or normal) in R if it can be written as
X~u+aoZ

where Z ~N(0,1), u € R, 0 > 0.

If 0 > 0O, then the density of X is, for x € R,

£(x) = 1 C(x=p?
(x)—mexp 202 |

Definition 4.40 (Gaussian Vector)

Let X = (X4,.., X,)" € R" be a random variable. We say that X is a Gaussian vector (or
Gaussian in R") if for allu € R",

n
uTX = Z u,'X,'
i=1

is a Gaussian random variable in R.

Proposition 4.41

Let X = (Xq,..., X,)T be a Gaussian vector. Let A be an m x n matrix and b € R™. Then AX + b is
also a Gaussian vector.

Proof. Let u = (uy,...,u,)" € R". We need to show that u"(AX + b) is a Gaussian random variable in
R. Note that

u"(AX+b)=u'AX +u'b
Letting v = ATu, we have
u"(AX+b)=v'X+u'b

n
= VTX + Z U,'b,'.
i=1

Since X is a Gaussian vector, vT X is a Gaussian random variable in R. Note that 21, ubjisa
constant. Hence, u"(AX + b) is also a Gaussian random variable in R.
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Definition 4.42

Define
E[X1]
p=E[X]=| :
E[X,]
V = Var(X) = E[(X — pu)(X — u)T].
Note that

(X =X =T, = 06 = ) (% — -

Var(X).. —COV(X x)

(R ]

Hence, Var(X) is a symmetric matrix.

Consider the random variable u"X for some u € R". We have
E[u™X] = [Z uiX;

Var(u Var(z u X; )
= Z u; U Cov(X,-,Xj)

=]
=u'Vu.

Zu[E[X]—uT

Proposition 4.43

V is a non-negative definite matrix, i.e. forany u € R",

u™Vu > 0.

‘ Proof. Note that Var(u"X) = u™Vu. Since Var(u"X) > 0, we have u™Vu > 0.
Consider the MGF of X. We have

m(A) = E[eX'X] VA e R
Note that ATX is N(ATp, ATVA). So

1
m(A) = exp(ATu + EATVA).
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We have seen that the MGF uniquely characterises the distribution if defined for an open set of
values. Hence, to characterise a Gaussian vector, we only need the mean u and the covariance
matrix V.

We have determined the MGF of a Gaussian vector purely from the definition of a Gaussian vector,
and we will consider its density function later.

Construction of a Gaussian Random Vector

Lemma 4.44

Let Z,,2,,...,Z, be i.i.d. with Z; ~ N(0,1). Let Z = (Z, ..., Z,)". Then, Z is a Gaussian vector.

Proof. We need to show that Vu € R", u"Z is normal in R.

The MGF of u'Z is

m(A) = [E[e“‘TZ] = [E[eZP=1 A“izi] = ﬁ E[eriZi] = exp()\—2 i u?) = exp(A—zlulz).
. 2 & 2

i= i=1

So u'Z ~ N(0O, |ul?), and hence Z is a Gaussian vector.

Remark. We have
E[Z]=0 and Var(Z)=1,.

We write that Z ~ N(0,1,,)

Let p € R" and let V be a non-negative definite matrix. We want to construct a Gaussian vector
with mean p and (co)variance matrix V, using the standard Gaussian vector Z ~ N(0O,1,,).

Note that we will need some form of “square root” of V.

Definition 4.45

Let V be a non-negative definite matrix. Consider
V=UDU whereUT =U"?

and D is a diagonal matrix with

A 0 .. 0
D= 0 )\:2 where A4, ..., A, = 0.
0 .. 0 A,

Then, the square root of V is defined as
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JAd 0 .. O
o=UYDU whereyD=]| 9 \/A—Z 0
0 .. 0,

Note that 2 = V.

Lemma 4.46
Let p € R", V be a non-negative definite matrix. Let Z;, Z, ..., Z, be i.i.d. with Z; ~ N(0, 1), and let
Z=(Z,...2,)".

Let o be the square root of V. Then, X = u + ¢Z is a Gaussian vector with mean u and
covariance matrix V.i.e., X ~ N(u, V).

Proof. X is a Gaussian vector as a linear transformation of a Gaussian vector. We have
E[X]=mu
Var(X) = E[(X — u)(X — )]
=E[(0Z)(0Z)"]
=oE[ZZT]oT

=ol,6c' =c?=V.

Density of a Gaussian Vector

Let X ~ N(u,V). We want to find the density of X.

We shall consider two cases
e Vis positive definite, i.e. A4, ..., A, > 0. We can write
X=u+0Z whereZ ~N(O,I,).
Note that x = u + oz gives z = 6~ 1(x — u). Hence,

fx(x) = fz(071(x — p)) - |deto™?|

= fz(24, .., Z,) - deto!

1 2
= exp(—ﬁ) -deto?!

(2n)2 2
1 ( (x—u)T-(o‘i)T-o‘l-(x—u))
=——exp|-
(2m)2 deto 2
_ exp(_ (x—m)" -V (x— u))
(2n)" detV 2 '
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» Vis non-negative definite, and 3i such that A; = 0.

By an orthogonal change of basis, we could assume that

V= (g 8) where U is a positive definite matrix of size m x m for some m < n.
Let
u= (C) where A € R" and v € R™™™,

We can then write

X = (‘C) where Y ~ N(A,U)

fy(y) =

1 eXp(_(y -AT-UTt-(y-A)
(2m)™ det U 2 '

Proposition 4.47

Let X = (Xq,..., X,,) be a Gaussian vector. Let u = E[X] and V = Var(X).

If X4,..., X,, are independent, then V is a diagonal matrix.

Proof. Since V;; = Cov(X,-,Xj) = 0 fori # j, the matrix V is diagonal due to independence.

Proposition 4.48

Let X = (X4, ..., X,) be a Gaussian vector. If V is a diagonal matrix and strictly positive definite,
then X4, ..., X, are independent.

Proof 1. We have

A, 0 .. 0
v=|0 % - O wheren,,.. A, > 0.
0 .. 0 A,
Let u = (uq, ..., 4,).- We have
o) = —exp(—(x —w)T V-1 (x —u))
X (2" detV 2

_ 1 = =)
- (2n)”detVexp( 2 2\, )

i=1

Since fx factorises, by Theorem 4.23 (2), X4, ..., X, are independent, and X; ~ N(y;, A;).

Proof 2. Consider the MGF of X. We have
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1
m(6) = [E[eeTx] = exp(GTu + EGTVG).

since we have
0TX ~ N(GTu,eTVG).

Hence

- & 07 A
m(e)=exp| ) O+ ) ——
i=1 i=1
: 0’ A
= [T exo| o + =~

i=1

Since m(0) factorises into a product of functions of 6;'s, by Theorem 4.32, X4,..., X,, are
independent, and X; ~ N(u;, A;).

Therefore, we can conclude that if (X4, ..., X,,) is a Gaussian vector, then X, ..., X,, are independent
iff Cov(X;, X;) = O for alli # j.

ir /\j

Bivariate Gaussian Distribution

Definition 4.49

Let X = (Xy, X,) be a Gaussian vector in R2. Let y, = E[X,], o = Var(X,) and

Cov(Xq, X
p = Corr(Xq, Xp) = oviXs. Xo) .
VVar(X;) Var(X5)

Then X is called a bivariate Gaussian vector with parameters y,, ,, 02 and o%.

Proposition 4.50

pe[-1,1].

‘ Proof. By Cauchy-Schwarz inequality, the result follows.

Note that we can write the covariance matrix of X as
_ of  po10,
poio, 03
Proposition 4.51

Let 04,0, > 0 and p € [-1,1]. Then the matrix

V= of P00,
poio, 0F



is non-negative definite.

Proof. Consider any u = (uy,u,)" € R2. Then

u™Vu=(1- p)(cfuf + 022u22) + p(0qUq + OyUy)?

=1+ p)(afuf + 022u2) — p(oguy — OyUy)?

o If p € [-1,0], the second line gives u™Vu > 0.

o If p €[0, 1], the first line gives u™Vu > 0.

Now, consider E[X, | X;]. We can write

Xy =Xy —aXy+aX; foranyaeR.

LetY = X, —aX;. Then ()&) is a Gaussian vector since

Note that

Taking a =

COV(X 1 ,X2

Var (X4)

(V)= 2}

COV(X]_, Y) = COV(Xl, X2 - aXl)
= Cov(Xq, X5) — a Var(X;).

) gives Cov(X4,Y) = 0. Hence, X; and Y = X, — aX; are independent. We have

E[X; | X1] =E[Xy —aXy | Xq] +E[aX; | Xq]
= [E[X2 - aXl] + aXl
= W — dy + aXy

o
=Hp + (0—2)()(1 - Hq).
01
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Convergence Results and Limit Theorems

Convergence Results

Definition 5.1 (Convergence in Probability)

A sequence of random variables (X;), _, converges to a random variable X in probability and
we write

if as n — oo,

ve >0, P(|X,—X|>¢)— 0.

Theorem 5.2 (Weak Law of Large Numbers)

Let X4, X5, ... be i.i.d. random variables with mean p = E[X;] < . Let S, = X; + ... + X,,. Then
S, P

—_
n n—>oo

n—oo

S
Ve > 0, I]J’(|7”—u| >s)—>0.

This is called the weak law of large numbers (WLLN).

Proof. Assume that 02 = Var(X;) < c. We need to show that

S
{5
n

>s)—>0 as h — oo,

We have

S
I]J’(|F"—u| > e) =P(|S, — nu| > ne)

E _ 2
_ E[IS, = nu?]
n2g2
_ Var(S,)
T n2e2

by Chebyshev's

By definition, we have Var(S,) = no?. So

Definition 5.3 (Convergence Almost Surely)
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b 5 Convergence Results and Limit Theorems

Let (X,), .y P€ @ sequence of random variables and X be a random variable. We say that X,
converges to X almost surely (a.s.) or with probability 1 if

IP(lim X, = x) ~1.

n—oo

We write X, » X as n — o« almost surely.

Remark. The above statement, more precisely, means that

JA € F withP(A) = 1,Vw € A,Ve > 0,3ng,Vn > ny : | X, (w) — X(w)| < €
where X, : Q - Rand X: Q —» R.
To compare with Definition 5.1, this is equivalently saying that

P(Ve > 0,3ng,Vn = ng : [X, — X| <€) =1.

Note that the quantifiers are now inside P.

[It can be clearer to see the difference between convergence in probability and convergence
almost surely without any shorthands. Let the underlying probability space be (Q, F,P). Let X and
the sequence Xy, X5, ... be random variables, where X, X; : Q — R.
Convergence in probability states that Ve > O,

lim P({w € Q : |X,(w) — X(w)] >€}) =0

n—oo

& Ve>0,V6>0,3nyg € N,Vn = ng, P(fw € Q : |X,(w) — X(w)| > €}) < 6.

Convergence almost surely states that

IP({w €Q: lim X,(w) = X(w)}) —1

n—oo

& P({weQ:ve>0,3ny € N,Vn > ng, | X,(w) — X(w)| < €}) = 1.

i.e. convergence in probability cares about that as n - oo, (at each snapshot of n big enough) the
percentage of the population Q that behaves badly (away from X(w)) shrinks to zero; whereas
convergence almost surely cares about that the percentage of the population that converges to
X(w) as n - oo (without leaving there) is 1. This is a much stronger condition. For a sequence to
converge almost surely, the individuals can't keep jumping away from the target infinitely often,
but they could for convergence in probability.

This is indeed a challenging topic. See Wikipedia, Maths Stack Exchange for further explanation.]

Proposition 5.4

If X, - 0as n - « almost surely, then X, %‘? 0.

Proof. We need to show that Ve > 0,P(|X,| <€) - 1 as n - o. We have
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Note that A, € A,,1. Hence

P(A,) s P(U An) = IP(U ()%l < e}).

So

lim P(|X,| < €) = P(Ve > 0, |X,,,| < € for all m sufficiently large).
n—oo

By assumption, the RHS is exactly 1.

Remark. In general, almost sure convergence implies convergence in probability, but not the
other way around.

Theorem 5.5 (Strong Law of Large Numbers)

Let X4, X5, ... be i.i.d. random variables with mean p = E[X;] < . Let S, = X; + ... + X,,. Then

Sn almost surely

_—>“.

n n—>o0

This is called the strong law of large numbers (SLLN).

Proof.
Assume that E[Xf] <o0.SetY;, = X, —u. Then E[Y;] = 0 and
E[YF] = E[(X: — ] < 22 (E[X}] + u*) < oo
SetS, =¥, ;. We need to show that P(lim,_,., = 0) = 1.
The goal is to show that P(Z;’;l (57”)4 < oo) = 1 since this will imply that with probability 1, 57" -0

asn — oo.
It suffices to show that [E[Z;"zl (S—")4] < co. We have

(5] 2e

E

By definition, we have

n

Y Yi+6 Y VEVZ4R

i=1 1<i<j<n

E[S4] = E[(Yy + ..+ Y,)4] = E

where R is a sum of terms of the form
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Y2Y;, YY), VY VYo
for distinct i, j, k, €. By independence and the fact that E[Y;] = O, we have E[R] = 0. Moreover,
(7] = (EP7])" < EY] < oo
Therefore,

6(n)(n — D[E[Yf]

E[S7] = nE[Y{] + 5

< 3n?E|Y{].

So

Central Limit Theorem

Let X, X, ... be i.i.d. random variables with mean u = E[X;] < c0 and variance o2 = Var(X;) < co. Set
S, =X, +...+ X,. By SLLN 5.5, we expect that

S, = nu for large n.
Note that
Var(S, — nu) = no?, E[S,—nu]=0.
Hence S“‘—":‘ has expectation 0 and variance 1.

Vno2
Also, we have

So, if Xy, Xy, ... are i.i.d. with X; ~ N(u, 02), then

S -
2 ” N, ).
an
The normal distribution is universal as it appears as the limit of the distribution of 5’;‘—[';” no matter

what the distribution of X; is, as long as X; are i.i.d. with mean p and variance o2. This is the
content of the central limit theorem (CLT).

Definition 5.6 (Convergence in Distribution)
A sequence of random variables (X,,)neN converges to X in distribution as n —» o0 and we write

d
Xo s X if P(X, < X) = Fy, () —= Fy(x) = P(X < x)
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for all x where Fy is continuous.

Proposition 5.7

d
If X, — X, then X, — X.

Proof. Let x be a continuity point of Fx. We need to show that Fx_(x) —2 Fx(x). Let € > O.

We have
X<x—¢€} C{X, <xFU{lX, - X|> ¢}
X <X} SIX < x+ebu{lX, - XI > e},
So we have
PX<x—¢)<P(X, <x)+P(X, - X|>¢)
Fyx(x —¢) < liminfP(X, < x)
n—.oo
Also,
P(X, <x)<PX<x+¢e)+P(X, - X]|>¢)
limsup Fx_(x) < Fx(x +¢€).
n—oo
Hence

Fx(x —€) < liminf Fy (x) < limsup Fx (x) < Fx(x +¢€).
n—soo

n—oo
Therefore, letting € - 0, we have

Fx(x) < liminf Fy (x) < limsup Fy (x) < Fx(x).
n—oo

n—oo

So Fy (x) —2 Fx(x) as required.

Theorem 5.8 (Central Limit Theorem)

SetS,=X;+...+X,. Then

S —
n =M @ N©,1) = 7.
U\/ﬁ n—oo

i.e.Vx € R,

S exp(—ﬁ)
—_ n X
um(”—“ < x) s 2! 4t = o(x).

ov/n o V21

Proof. We will need the following continuity property for moment generating functions.

Let Xy, X,,... be i.i.d. random variables with mean u = E[X;] < o and variance o2 = Var(X;) < oo.
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Theorem 5.9 (Continuity Property for MGFs)

Suppose (X,) are random variables with m,(6) = E[e®*"] for 6 € R and X is a random variable
with m(6) = E[e®*] for 6 € R. Assume m(B) < oo for some 6 # 0.

If m,(8) » m(B) as h - oo forall 6 in R, then

The proof is beyond the scope of this course.
ConsiderY; = % Then

E[Y;] =0, Var(Y;)=1.

It is enough to prove the theorem for a sequence X, Xy, ..., i.i.d. with mean 0 and variance 1. Set
S, =Xy +...+ X,. We need to show that

Sn @ 5

\/ﬁ n—oo

Assume that 36 > O such that E[e®X1] + E[e7%%1] < co.

Set m(6) = E[e®*1]. By the continuity property for MGFs, it suffices to show that
o3n 62
[E[e | — E[e%] = exp(?).

Note that

We want to show that

We have
m(i)z[g[e%]_mi e|y O
Jn 20155 (vn) k)

Claim.
E k;(ef!l)k =o0(l6]?) as6 - O.

Proof. Let |6] < 2.
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X

| k>3

16X |k
=E|16X,?
_' d k;(k+3)!

< E[16Xy[3el®%]

[ s
<E |6X1|3e2|X1|].
However,

|§X S

(5)

16X4[° = |6]° < C-|oPes

3
where C = 3! - 2—3 So
E[lox,Pei™ | < C - JoPE[es™]
< C- 0P (E[e*1] + E[e~3%1]) < c0.

So

Z (9X1

k>3

<C'- 1P =0(6]2) as6 — O

where C' = C(E[e%%1] + E[e~5%1]).

Then we can conclude, because

and hence

Corollary 5.10

Let Xy, X5, ... be i.i.d. random variables with mean u = E[X;] < co and variance o2 = Var(X;) < co.

SetS,=X;+...+X,. Then

S, ~ N(nu,na?) for large n.

Example 5.11

e Suppose S, ~ Bin(n,p). Then S,, = X; +... + X, where X; are i.i.d. with X; ~ Ber(p). So
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S,—np (@
N(O, 1).
vnp(l—p) "7

Therefore, for large n,
Sn = N(np,np(1 - p)).
« Suppose S, ~ Bin(n, %) with A > 0. Then
P(S, = x) — P(Poi(A) = x) Vx € Z,.
» We can approximate Poisson distribution with normal distribution. Suppose S, ~ Poi(n) with
n>0.ThenS, = X; +...+ X, where X; are i.i.d. with X; ~ Poi(1). So

S _
n =" 9 N0, 1),

\/ﬁ n—co

Therefore, for large n,

S, = N(n, n).

Sampling Error via the CLT

Suppose we hold a referendum and a proportion p of individuals is inclined to write “Yes".
We wish to estimate p.

Sample N individuals at random (for a large N) and record their votes. Let X; be 1 if the i-th
individual voted “Yes" and O otherwise.

Let Sy = X; +... + Xy be the number of “Yes" votes. Then by SLLN 5.5,

SN almost surely
= —_——

Pn = N Nooo p
We have Sy ~ Bin(N, p).

We need to estimate p with an accuracy of +4% with probability > 0.99. We now wish to consider
how large should N be.

By Central Limit Theorem 5.8,

Sy~ Np ++/Np(1-p)Z

where Z ~ N(0, 1) for large N. Then we want to find N such that
P(|py — pl < 0.04) > 0.99.

. SN p(1-p)
=Ny +,/—z.
Pn=N P N

Note that for large N,

Hence
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R /p(l -p)
—pl| ~ Z|.
|bon — bl N |Z|

Since we have P(|Z| > z) = 2(1 — ®(z)) and that P(|Z]| > 2.58) = 0.01 by standard tables, we requrie
JN

p(1-p)

Since \/p(1 - p) < %, taking N = 1041 is sufficient.

-0.04 > 2.58

Simulation of Random Variables

Computers can generate random numbers between 0 to 1. We would like to extend this to general
probability distributions beyond uniform distributions.

Example 5.12

Suppose X is a random variable with probability distribution function F(x) = P(X < x). Suppose
that we know how to simulate U ~ U[0O, 1].

e Assumethat Fis1-1.
Let X = F~1(U). Then
P(X < x) =P(F~1(U) < x) =P(U < F(x)) = F(x).

o If Fisnot 1-1, then define its generalised inverse G(u) = inf{x € R: u < F(x)}. Then let X =
G(U). We can show that P(X < x) = F(x) as well.

Claim. G(u) < x iff u < F(x).
Proof. This follows by definition.

3(x,) = G(u) such that x,, decreases to G(u) and u < F(x,). By the right continuity of F,

lim F(x,) = F(G(u)).

So u < F(G(u)). Therefore, if G(u) < x, then u < F(G(u)) < F(x) becuase F is increasing.

Let X = G(U). Then
P(X < x) =P(G(U) < x) =P(U < F(x)) = F(x).

Box-Muller Transform

We want to simulate X,Y independent with X,Y ~ N(0, 1) using two independent U[0, 1]. Since

2

T gt
—o0 \/ 21 ,
there is no closed form solution. However, recall Example 4.29.

LetU,V ~U[0, 1] be independent. Then let

F(x) =
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© = 2nU ~ UI[0, 21]
R=.-2logV

We get
r2 r2
P(R>r)= IP’(\/—Z logV > r) = P(V < e‘?) —e 2

and hence R has the correct density. Using the transformation in Example 4.29, we get X,Y:

X =Rcos® =,/-2logV cos(2nU)
Y =Rsin® =/-2logV sin(2rV).

Rejection Sampling
Suppose we have a random variable X with density

1(x € A)
f(x) = T
where |A| is the volume of A C [0, 1]9.

Let (Uen)yy g ey 0€ 10 With Uy, ~ U[O, 1],
Set U, = (Uy py . Ug ) ~ U([0, 1]¢). Let

N=min{n:U, € A}, X =U,.
We want to show that VB C [0, 1]9,

BN A|
|Al

ff(x) dx =P(X € B) =
B
Note that

IP’(XeB)=[P’(UNeB)=iP(U,,eB,Nzn)

P(U, €B,U, € AU, 4 £ A,...,U; & A)

Il
M 1

S
I
=

I
Ms

P(U, € BN A)P(U, ¢ A)-1

S
Il
N

BN A|

BN A|(1 - At =
Al

I
Ms

S
I
=
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