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Syllabus and Overview

Examples of Groups

Axioms for groups. Examples from geometry: symmetry groups of regular polygons, cube,
tetrahedron. Permutations on a set; the symmetric group. Subgroups and homomorphisms.
Symmetry groups as subgroups of general permutation groups. The Mobius group; cross-ratios,
preservation of circles, the point at infinity. Conjugation. Fixed points of Mobius maps and
iteration.

Lagrange’s Theorem

Cosets. Lagrange’s theorem. Groups of small order (up to order 8). Quaternions. Fermat-Euler
theorem from the group-theoretic point of view.

Group Actions

Group actions; orbits and stabilizers. Orbit-stabilizer theorem. Cayley’s theorem (every group is
isomorphic to a subgroup of a permutation group). Conjugacy classes. Cauchy’s theorem.

Quotient Groups
Normal subgroups, quotient groups and the isomorphism theorem.
Matrix Groups

The general and special linear groups; relation with the Moébius group. The orthogonal and special
orthogonal groups. Proof (in R?) that every element of the orthogonal group is the product of
reflections and every rotation in R® has an axis. Basis change as an example of conjugation.

Permutations

Permutations, cycles and transpositions. The sign of a permutation. Conjugacy in S, and in 4,,.
Simple groups; simplicity of As.



Introduction on Groups

One can think about groups in two ways:
- on the one hand, they are related to algebra,

 on the other hand, they are related to symmetry.
Motivation

An equilateral triangle has rotational symmetry, reflective symmetry, and the identity symmetry.

Let us list these symmetries:
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So an equilateral triangle has exactly 6 symmetries.

Exercise. How many symmetries does a square have? What about a regular pentagon? A regular
n-gon?

Things get more interesting when we start to compose (or multiply) symmetries. Note that, after
composition of symmetries, our result must also be a symmetry. To find out exactly which one is
the end result, we can label the vertices on the triangle.



/N

Here are some important features of symmetries:
« symmtries can be composed,

« there is an identity,

« every symmetry has an inverse,

« comoposition of symmetries is associative,

Important. The symmetries may not necessarily commute.
We can extend this method to algebra to handle more complex cases, e.g. for a 17-gon.

Introduction on Groups

Definition 1.1 (Binary Operation)

A binary operation on a set X is a function-: X x X — X.

Definition 1.2 (Group)

A group is a triple (G, -, €) where
- Gisaset

- -is abinary operation on G,
ceelG

that satisfies the following four axioms:

1. Closure.Foralla,be G,a-b €G.

2. Associativity. Foralla,b,c e G,(a-b)-c=a-(b-c).

3. Identity. Forallae G,a-e =a.

4. (Right) Inverse. For all a € G, there exists b € G such thata -b =e.

Example 1.3

We noticed earlier that the symmetries of an equilateral triangle form a group.

We can also think about the definitions as encompassing algebra with one operation, as shown in
the following example.

Exercise. Show that (Z, +, 0) forms a group.



The definition has some important consequences.

Proposition 1.4

Let (G,-,e)beagroup,anda,b,b’, e’ €G.

1. Ifa-b=e,thenb-a=ce.
2.eca=a

3. Ifa-b=e=a-b',thenb=1"0".
4. Ifa-e'=a=a-e,thene =e.

Proof.
1. Using Definition 1.2, we have
b=b-e by identity
=b-(a-bh) byassumption
=(b-a)-b by associativity
By the inverse axiom, there is a ¢ € G such that b - ¢ = e. Multiplying both sides on the right by
c, we get
b-c=(b-a)-b)-c
=(-a)-(b-c) Dbyassociativity
=(M-a)-e by construction

=b-a. by identity

2. Using Definition 1.2, and the previous part, there exists h € G suchthata-b=e=5b-a.

Now
e-a=(a-b)-a
=a-(b-a) byassociativity
=a-e by construction
=a. by identity
3. We have
b'=e-b by part (2)
=M-a)-b by part (1)
=b-(a-b") byassociativity
=h-e by assumption
=b. by identity

4. Using the inverse axiom from Definition 1.2, and part (1), thereisa b € G such thath-a =e.

Multiplying by b on both sides of a - ¢' = a gives




b-a=b-(a-e")
=(b-a)-e' by associativity
=e-¢ by construction
=e. by part (2)

Sinceb-a =e,wehavee=¢'.

Notation. By Proposition 1.4, inverses are unique. Therefore, if a - b = e, we may write

h=a"t.
Part (1) of Proposition 1.4 tells us that
a-at=e=a"'-aq,
which tells us the following.
Corollary 1.5
For a in a group (G, -, €), we have
(cfl)_1 =a.

Notation. It makes sense to extend this notation. For any a € G,
0

e
"=g"l.qaforanynez*
_ _ n

"=(a"') foranynez*

Q QR

Exercise. Show that, if G is a group, then fora € G and m, n € Z,

a™-a"=a™" and (a")" =a"".

Recall that it is not necessarily true that a - h = b - a in a group G. Hence, it is also not necessarily
true that (- b) "t =a~t-b~L.

Proposition 1.6

Let (G,-,e) beagroup and a,b € G. Then

(@-b)y'=b1.at

Proof. We have




@-by-(b"-a)=(a-(b-b7"))-a?

=(a-e)-a
—a-at
=e.

Since inverses are unique, the result follows.
Definition 1.7 (Abelian Group)

If (G,-,e)isagroupanda-b =b-aforalla,b € G, then the group is called abelian.

Definition 1.8 (Trivial Group)

If G ={e}and e- e = ¢, then (G, -, e) is called the trivial group.

Familar Examples from Arithmetic

Example 1.9

1. (Z,+,0),(Q,+,0), (R, +,0),(C,+,0) are all abelian groups. The inverse of x is —x in each case.
2. (N, +,0) is not a group due to a lack of inverses.
3. (Q*, X, 1) is an abelian group. Note that (Q, %, 1) is not a group since 0 has no inverse.

Similarly, (R*, x,1) and (C*, x, 1) are abelian groups.

Finite Groups
Most of the groups above are infinite.
Definition 1.10 (Order of a Group)

The order of a group (G, -, e) is the number of elements of G, denoted by |G|.

If |G| < oo, then (G, -, e) is finite.

Example 1.11

1. Foraspecificn € N, let
C,={zeC:z"=1}
then (C,, %, 1) is an abelian group.

2. LetZ,={0,1,...,n—1}.Fora,b € Z,leta +, b = (a + b) mod n. Then (Z,, +,, 0) is an abelian
group.




Symmetric Groups
We need to introduce some definitions before we introduce the notion of a symmetric group.
Definition 1.12 (Bijection)

Let X, Y be sets. A bijection isamap f : X — Y that has an inverse g : Y — X such that
g0f=idX and f0g=1dy
ie.gof(x)y=xforallxe X,and fog(y)=yforallyeY.

Definition 1.13 (Permuation)

A bijection X — X is called a permutation.

Definition 1.14 (Symmetric Group)

Sym(X) is defined to be the set of permutations of a set X.

We will prove that this is a group in Proposition 1.16.

Recall that g o f(x) = g(f(x)).
Lemma 1.15 (Composition Is Associative)

Consider the following maps of sets:

Then (hog) o f=ho(go f).

Proof. Forany w € W,

(o g)o )W) = (heg)(f(w)
= h(g(f (w)))
=h(go f(w))
= (ho(ge fHW).

This makes it easy to see that Sym(X) is a group.

Proposition 1.16

For any set X, (Sym(X), o,idy) is a group.

Proof.

+ Closure is automatic, since the composition of two permutations is still a permutaion.
« Associativity follows from Lemma 1.15.




« The identity map is the identity element.
- Inverses exist by definition of a bijection.

Therefore the result follows.
Definition 1.17

If X ={1,...,n}, then we write S, = Sym(X)

Example 1.18

1. S5 is the group of ways to rearrange three flower pots on a windowsill.

2. S5, is the group of ways to shuffle a deck of cards.

Proposition 1.19

The order of S, is n!.

Notation. Writing (G, -, €) is cumbersome. Henceforth, we will just write G.

also write - for the operation on G.

Subgroups
Sometimes, we want to restrict our attention to smaller groups. For instance, Z inside R, the

rotations of a triangle instead of all symmetries.

Definition 1.20 (Subgroup)

Let G be a group and H C G. If we have

1. ee H,
2. a-beHforalla, b e H,
3. aleHforallaeH.

Then we say that H is a subgroup of G. We write H < G.

Remark. 1f G is a group, and H < G, then H is also a group.

Example 1.21 (Example of Subgroups)

1. Every group G is a subgroup of itself.

2. For any group G, 1; = {e} is the trivial subgroup of G.
3.Z<Q<R<C.

4. Forn=0,1,2,3,..,letnZ¥{nk: ke Z}={.,-2n,-n,0,n,2n,..}

If we want to emphasize that e is the identity element of G, we will write e for e. Likewise, we can

11



Now we have

- 0Oenz
s Letx=nk,y=nlenZ Thenx+y=nk+1) € nz
» Letx =nk € nZ. Then —x = —nk = n(—k) € nz

Therefore, nZ < Z. In fact, these are all of the subgroups Z.

Definition 1.22 (Proper Subgroup)

Let G be a group. Then H is a proper subgroup of Gif H < G,H # Gand H # 1.

Proposition 1.23

If H < Z,then H = nZ for some n € Zs,.

Proof. For the trivial case H = {0}, we can construct it by H = 0Z.

Otherwise, if H # {0}, we may choose n € H \ {0} to be the smallest positive n € H.

By induction, we see that nk € H for all 2 € Z*. By the closure of inverses, we conclude that nk
Hforallk € Z. Hence nZ < H.

It remains to prove that nZ = H. We shall prove this by contradiction. Suppose that nZ # H, so
there exists some x € H such that x ¢ nZ. Dividing by n and taking remainders, we get

x=nq+r
forsomege Zand0<r<n.

But now r = x — ng, sor € H. However, we have O < r < n which contradicts with our
construction of n. %

Proposition 1.24

If H,K < G, then
HnK<G.
Similarly, for any family of subgroups H; < G, we have

(\Hi={a€G:Vi,ae H}<G.
i

Definition 1.25 (Generated Subgroup and Generated Set)

Let G be a group, and X be a subset of G. Then

12



)= (| H

XCHLG

which is the intersection of all the subgroups of G that contain X, and is called the subgroup
generated by X.

If G = (X), we say X generates G, or X is a generating set for G.

Intuitively, (X) is the smallest subgroup containing X. If X generates G, it means that every g € G
can be written as

g=xttutalt at?
for some n > 0, whereall x; € X.
Geometric Examples of Subgroups

Let C be the plane, equipped with the usual notion of distance.

Im 2 [C]

A

z =2z +1izg

= \/(Zl —w;)? + (25 — wy)”

w = wy + iwy

Y

O Re z

Definition 1.26 (Isometry)

For any X C C an isometry of X is a bijection
f:X->X
that preserves distance:

lf)=fOl=1x=yl

Proposition 1.27 (Isometry Groups In C)

Let X C C. The set of isometries of X, Isom(X), is a subgroup of Sym(X). In particular, Isom(X)
is a group.

13



Proof. Let us check Definition 1.20. Let f, g € Isom(X) and x, y € X.
+ Clearly, idy € Isom(X).

« Since f and g are isometries,

|f (&) — fFEWNI = 18(x) — &)
=lx -yl

So f o g € Isom(X).
. Letx' = f1(x),y' = f(y). Then
' =y =1 () = S ()]
because f is an isometry. So
/7@ - o) = (@) - £ )] = lx -yl

and f~! € Isom(X) as required.

Definition 1.28 (Dihedral Groups)

2mik

Let X, C C be the n-gon with vertices {eT tkh=0,..,n— 1} forn > 3.

Im 2

n==~6

Re z

Define the nth dihedral group to be
D5, = Isom(X,).

Example 1.29

D¢ is the symmetry group of an equilateral triangle, as seen in Section 1.1.

We can fast-forward to take a look at Theorem 1.32:
For a dihedral group, we have |D,,| = 2n for n > 3.

The proof will also give us a good desciption of all the elements. But first, we need some geometric
lemmas.

14



Lemma 1.30 (Kite Lemma)

Let X1,X2,V1,V2 € C.If
V1 =% =y2 —x1| and |y; —X3| = [y2 — X2,
then (x5, — x;) is perpendicular to (y, — y1).

Y1

1
1
1
1
1
1
1
1
+
1
1
1
1
1
I
1
I

Proof. By symmetry,

éxlzyl = éxlzyZ.

But y, y, is a straight line, so y; y2 1 x1x5.

Lemma 1.31 (3 Point Lemma)

Let X € Cand f € Isom(X). If there are non-collinear points x4, x,, X3 € X such that f(x;) = x;
fori =1,2,3,then f =idy.

Proof. The proof is by contradiction. Suppose that f(y) # y for some y € X. Then

| f) =%l =1f () =[xl by hypothesis
= |y — x| since f € Isom(X)

fori=1,2,3.
Now apply Lemma 1.30, with y; = y, y» = f(¥), then we get
X=X Lyp—y1=f()-y.
Similarly,
x3—x1 L f)-y.

Hence, x4, x5, x5 are collinear, contradicting the hypothesis.

Remark. There is equally an n + 1-point lemma valid in R”.

Now, to prove the theorem we stated above, we define two elements of D, ,:

15



2mi
r(zy=e» z (arotation)

s)=z (a reflection)
Theorem 1.32

For a dihedral group, we have |D,,| = 2n for n > 3, and we have

n—1
Dy, = {e, Yo T

5,78, ., 7" s)

In particular, {r, s} generates D,,,.

Proof. This will be a long proof.

Outline.
1. We show thatr,s € D,,,.
2. We show that D, ={e,r,...,r""!,s,rs,...,r" ' s} by showing
- that{e,r,..., """, 5,7s,..,7""'s} € Dy, and
. that D,, C {e, r, s s r”_ls}.
3. We show that there are no duplicate elements in {e, r ot

STEP1:r,s € Doy,

Let the polygon be X,,. First, we show that r,s € D,,,.

« Forr:

Indeed, For any x, y € C, then

2mi 2mi
@) =) = [ x - ey

2mi

e n

lx =yl

=lx -yl

so ris indeed an isometry. Also,

5,78, ., 7" )

16



2mik 2mi(k+1)
re n =e =n

so r sends vertices of X, to vertices, and hence preserves X,.
» Fors:

Similarly for any x, y € C, we have

@) — s =[x =¥

=[x =7
=lx=yl
so s is indeed an isometry. Also,
2mik _2mik

se n =¢e =

so s sends vertices of X, to vertices, and hence preserves X,,.
STEP 2: Dy, ={e,r,...r" ',5,rs,..,r" s}

We have shown that {r, s} C D,,. Therefore, by induction,

n—1

le,r,.,r" 1 5,15, .., 7" s} C Dy,

To see that this is all the elements, let f € D,,. We aim to prove that f €
{e, ryo, Tt

2mi 2mi
Considerx=1,y=e» andz=¢e" = .
» For x:

Since f € D,,, f(x) is a vertex of X,,. So

2nik
fx)y=er
for some k €{0,1,...,n — 1}. We will try to undo f using r and s.

Therefore,
rk of(x)=1=x.
« For y and z:

Now, r %o f €Dy, s0

r* o ) —x|=|r e f -1 o fx)]
=y —xl|
and hence r o f(y) = y or z.

For the same reasons, 7% o f(z) = y or z. Therefore, there are two cases:

1. r'*e f(y)=yandr %o f(2) = 2,
2. 1 %o f(p)=zand r %o f(z) = y.

k

» Casel.r "o f fixes x, y,z.

S, TS, ..., r”"ls}. We shall apply Lemma 1.31 to complete this proof.

17



Since x, y, z are not collinear,
r*o f=1dy
by Lemma 1.31. Hence, f = r*.
» Case 2. We have
o f() = x = 5(x),
ro f(y) =2 =507,
rto f@) =y =50
Therefore,
sThor™o fl)=s"tos(x) = x,
sTtor ™o f(y)=s"es(n) =,
stor®o f@)=stos(2) =2
Simiarly to Case 1, by the Lemma 1.31, we get
sTtor™®o f=idy.
Hence, f = r*s as required.

This proves that

STEP 3: DUPLICATE CHECK

Now, we need to check that this list does not contain duplicate elements, so that |D,,| = 2n.

First, if 0 < k, [ < n such that

then

2mik 2mil

e :rk(l):rl(l)ze n',

sok=1.
Now, if r* = s then
ezm'% — Pk s(1) =1,
sok=0ands=r°=idy.
But then z = s(y) = idx(,,) = y, which is a contradiction. Therefore, s # r* for any k.

k—1

Now, if r* = r’s, then s = r*~!, contradicting the previous case.

Finally, if there exists O < k, [ < n such that r*s = r's, then multiplying by inverses to the right by
-1 .
s~ gives

18



as above.

To understand the group operations on D ,, we need to understand the different ways to multiply r

and s.

Lemma 1.33 (Dihedral Relation)

Forr,s € D,, where r represents the rotation and s represents the reflection, we have

sr=r"1s.

Proof. By Lemma 1.31, it suffices to check that the two expressions do the same thing to x, y, z.

2mi

Indeed, withx =1, y = ez%i andz=¢e¢ n,

sr)=1 =1 =r @) =rts@),

4mi

ami _4ami -1 -1
sr(y)=emn =e n =r " (2) =1 "s(p),

2mi

sr) = e = e = r i (x) = r s,

19



Homomorphism and Isomorphism

Introduction on Homomorphisms and Isomorphisms

Some groups are not set-theoretically equal, but nonetheless have the same structure. e.g.
Sym({A deck of cards}) and Sym({52 undergraduate mathematicians}). We wish to encompass this
underlying strucutre.

Definition 2.1 (Homomorphism)
A map between groups
p:G—->H
is called a homomorphism if
0(&-8) =0 0(g)
forall g, ¢' € G.

Example 2.2
1. For any two groups G and H, the map
¢:G—>H with g ey
for all ¢ € G is a homomorphism, called the trivial homomorphism.
2. If H < G, then the map
i:H—->G with h—h
is the inclusion homomorphism.
3. RecallthatC, ={ze C: 2" =1}
Exercise. Show that if n | m, then
p:C,— C, with Z 2
is a homomorphism.
4. Since det(AB) = det(A) det(B), the determinant function
det:GL,(R) —» (R*,x) with A - det(4)

is a homomorphism.

Lemma 2.3

If p : G > His ahomomorphism, then

20



1. p(eq) = ey.
2. p(g7) = () forallg e G.

Proof.
1. We have
p(eq) - pleg) = pleg - €c)
= p(eg)-

Note that ¢(e;), being multiplied by a group element and yielding itself, must be the identity
element ey. This is by Proposition 1.4 (4).

2. We have
0@ -0(g ) =0(g-57")

= ¢(ec)
= €y.

Thus, by Proposition 1.4 (3), we have p(¢™") = (g) .

To discuss the notion of two groups being “structurally the same”, we can do this using
isomorphisms.

Definition 2.4 (Isomorphism)
If a homomorphism
p:G->H
is a bijection, then ¢ is an isomorphism. In this case, we write
G=H.

From the perspective of group theory, isomorphic groups are considered the same.

Example 2.5

1. Recall that ¢, ={z € C: 2" = 1} with operation x, and Z, = {0, 1, ..., n — 1} with operation +,,.
Let

2mik

¢:%Z,—> C, with k»—>eTi.
Clearly, ¢ is bijective. Further more, for any k,! € Z,
k+l=np+®k+,1)

for some p € Z, so

21



20 (k+ 1)

plk+,)=en by the definition of ¢

2mi

=@en (np)ez%i(k-'-”l)

multiply by 1 in a fancy way

2mi

=enn

— o (kD)
= BB

= (k) - p(). by the definition of ¢

(np+k+,l)

Therefore, ¢ is indeed an homomorphism, and hence an isomorphism. That is,
Ly, =Cy
for all n.
2. The exponential map
exp: (R,+,0) - (R*,x,1) with x - e*
is a homomorphism, because

exp(x +y) =e**’
=e*e’
= exp(x) x exp(y).

Since exp~! = log, exp is also a bijection. Hence exp is an isomorphism.

The following lemma justifies the claim that we may think of isomorphic groups as “the same”.
Lemma 2.6

1. If p : G > H is an isomorphism, so is ¢~ *.
2. 1G5 H 4 K, are homomorphisms, so is @ o ¢.
3. =is an equivalence relation.

Exercise. Prove this lemma.

We have seen that every subgroup leads to an inclusion homomorphism. This is conversely true,
that a homomorphism leads to subgroups.

Definition 2.7 (Image and Kernel)

Let ¢ : G - H be a homomorphism.

1. Theimageof pisimp={he H:3g€ G,h = ¢}

2. Thekernelof piskerp ={ge G : p(Q) = ey}



Proposition 2.8

If p : G > His ahomomorphism, then

1. ime < H,and
2. kerp <G.

Proof.
1. » In Lemma 2.3, we showed that ey = ¢(eg) € im ¢.

+ For ¢(g4), p(g5) € im ¢, we have

P(g1) - (g2) = 9(g1 - &2) €img.
- For g e G,
0@ =9(g") eimp.
Thereforeim ¢ < H.
2. « p(eg) = ey = e € kerg.
« For g4, g, € ker g,
9(g1 - 82) = 9(&1) - 9(&2)

:eH.gH
=€H.

So g1 - 5 € ker ¢.

« For g € ker ¢, we have

o(g ) =@ =€y =ey.
So g™t ekero.
Therefore ker ¢ < G.

Proposition 2.9

Let ¢ : G —» H be a homomorphism.

23



1. @ issurjective ifand only ifim ¢ = H.

2. @ isinjective if and only if ker ¢ = 1;.

Proof.
1. This is immediate from the definition of surjectivity and image.
2. Indeed, if ¢ is injective, then
ker g = ¢~ (ep).
This has at most one element, and since e; € ker ¢, we have ker ¢ = {ez} = 1.
Conversely, suppose ker ¢ = 1. If p(g,) = ¢(g,), then
0(¢1627) = 0(g1)0(g2) " = en.
This calculation shows that g; ggl € ker ¢, so g4 g;l = e; by assumption, and hence g; = g,.

Thus g is injective.

Proposition 2.10

By Proposition 2.9, a homomorphism ¢ : G — H is an isomorphism if and only ifim ¢ = H and
kergp = 1;.

Cyclic Groups
The groups C, = Z, that we have seen are examples of cyclic groups.
Definition 2.11 (Cyclic Group)

A group G is cyclic if there exists an element g € G such that
G=(9)={g" :neZ}.

Such an element g is called a generator of G.

Example 2.12

2mi
1. ¢, ={z e C: 2" =1}is cyclic, with generatore .
2. (Z,+) is cyclic, with generator 1.

3. Z, is cyclic, since Z, = C,.

Theorem 2.13

If G is cyclic, then either

24



C, for somen € Z*, or

Proof. Let G be a cyclic group with generator g. Let
sS={kez*:g"=el
and let

"= minS ifS#J
" oo ifS=9

Case 1. If n = oo, Define
9:Z—G with ke g

We need to show that ¢ is an isomorphism. Since

pl+1)=g"" =g = oo (),
@ is certainly a homomorphism.
By the definition of cyclic groups, ¢ is surjective.

To prove that ¢ is injective, for the purpose of contradiction, suppose that 0 # k € ker ¢. Since
ker ¢ < Z, we may replace k by —k if necessary, and assume k > 0. Thenk € S = S # &, which is
a contradiction because n = co. %

Therefore, ker ¢ = {0} so ¢ is injective. Hence, ¢ is an isomorphism and G = Z.

Case 2. If n < oo, define
¢:%Z,— G with k|—>gk.
Since k +1 = gn + (k +, 1) for some g € Z, we have
p(R)p() = g’
_ ghtl
= g+ (keal)
_ ghl
=@k +,1).
Thus, ¢ is a homomorphism.

To prove that ¢ is surjective, since G is cyclic, every element can be written as g* for some k € Z.
By the division algorithm, we can write k = gn + r for some q € Z and r € Z,. Therefore,

gk — gnq+r — (gn)qgr — gr — (0(7').

This proves that ¢ is surjective.
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To prove injectivity, suppose that ¢(k) = e for some k € Z,,
Then k € S or k =0. Since n = min S and O < k < n, we cannot have k € S, so it follows that k =
Therefore, ker ¢ = {0} and ¢ is injective.

Therefore,

G=7Z,=C,.
Because of this theorem, we will write C,, for any cyclic group of order n, and C,, = Z.

Definition 2.14 (Order of an Element of a Group)

For any group G, and element g € G, let
(@9 ={g":nez}<q.

Note that (g) is cyclic, so (g) = C, for some n € Z* U {co}. This number # is called the order of g,
denoted by o(g).

Dihedral Groups, Revisited

Remark. Whenever x, y € G satisfy the dihedral relation

xy = yx

Then, for any [ > 0, we have

by induction on /.
If y* = e, we also have
yxt=y(&'y)y = y(ya )y =x"'y.
In summary, we have shown that
yx'=x"y
foralll € Z.

Lemma 2.15

Let G be a group, that for some a, b € G, the following relations hold:

1. a" =eforsomen >3

2. h*=e

3. ab=bhat

Then ¢(r*) = a* and ¢(r"s) = a*b defines a homomorphism ¢ : D,, — G that sends the
generators r, s of D, to a, b respectively.

Proof. There are 4 cases to check:

O
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o(r®)e rl) — akal — ak+l — ak+”l — (p(rk+l
L@ rkg(pErlS'; _ akalb k+lb k+nlb (P( k+l )

- o(r*s)o(r!
. o(r's (ors):akhab_ a’'p? =aF 'l = ( ) (p(r

Proposition 2.16

Suppose G has generating set

{a, b}
satisfying:
1. a" =eforsomen >3
2. > =¢
3. ab="ha?!
4. |G) =2n
Then G = D,,,.

Proof. By Lemma 2.15, there is a homomorphism

¢:D3 > G

= a*ba —aa p=akp= (p(kl) qo(rkr

') ss) = g(r*sr's)

sending r — a and s — b. Since a and b generate G, ¢ is surjective. Also, since |D,,| = |G| = 2n, ¢

is bijective. Therefore, ¢ is an isomorphism, and G = D,,,.

27



Evﬁiug

Lagrange’s Theorem
This very important theorem helps us to think about the orders of groups and subgroups.

Theorem 3.1 (Lagrange's Theorem, Weak Version)

If H < Gand |G| < oo, then |H| | |G].

The idea of this theorem is to somehow partition the group G into cosets of H.

Cosets

Definition 3.2 (Left Cosets)
Let H < G and g € G. The corresponding left coset is
gH®{gh:heHYCG
The set of all left cosets of H in G is denoted by
G/H ={gH : g € G}.

Remark. We may similarly define right cosets
Hg¥%lhg:he H CG.
The set of right cosets of H in G is denoted by
H\G={Hg:geG}

Lemma 3.3

If H < G, the left cosets partition G. That is,

1. G= UgHeG,/HgH
2. If g4Hn g,H # D, then g.H = g,H forany g, H, g, H € G/H.

Proof.

The reverse inclusion is obvious. Hence the equality holds.

2. Suppose g1 H n g, H # &, so there is a k in the intersection. Then,
k=gihi=gh;

for some hq, hy € H. Thus,

&1 =g2h2h11.

1. Forany g € G, we have ¢ € gH since e € H. Thus, § € U,/ §H- Hence, G € U,y 8H-
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Since H is a group, hth1 € H. Thus
g1 € 82H.
Furthermore, for any & € H,
g1h = g(hahit)h € g2 H.

Hence g1 H C g, H. By symmetry, we have the reverse inclusion. Thus, the equality holds.

A schematic picture of the lemma above is shown below.

g H 9. H

CGH

g9sH 9. H g9sH

However, we can say more about the sizes of the cosets.

Lemma 3.4

Let H < G, then there is a bijection
H - gH

forany g € G. In particular, |gH| = |H]|.

Proof. The map H — gH defined by & — gh has inverse gH — H defined by gh — g~ 1(gh) = h.
Hence it is a bijection.

So the schematic picture above can be redrawn, where each coset has the same size as H.

G

eqcH

Definition 3.5 (Index of a Subgroup)

Let H < G. The index of H in G is defined as
[G: H ¥ |G/H|.
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Theorem 3.6 (Lagrange's Theorem)

If H < G and |G| < oo, then
|G| =[G : H]- |H|.

Proof. Since left cosets partition G,

IGl= ), IgHI= ), I|HI=[G:H]-|H]|

gHeG/H gHeG/H
Consequences of Lagrange’s Theorem

Corollary 3.7

If |G| < 0 and g € G, then
0(9) | 1GI.

Proof. Recall that o(g) = |(g)| and |(g)| | |G| by Lagrange’s Theorem.

Corollary 3.8

If|G| < co and g € G, then g'% = eg;.

Proof. Corollary 3.7 says that |G| = ko(g) for some k € Z, so

G ko 0 k k
gl \=g (g)=(g(g)) =es = eg.

Corollary 3.9

If |G| is prime, then G is cyclic, and any element g # e generates it.

Proof. Choose any g # e. Then
0(g) I'1GI.

So, since |G| is prime, either 0o(g) = 1 or 0(g) = |G|. Since g # e, we must have o(g) = |G|. Therefore,

G =(9-

So g generates G, and hence G is cyclic.

Applications of Lagrange’s Theorem

Lagrange’s theorem 3.6 implies an important result in number theory.

Definition 3.10 (Euler Totient Function)
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The Euler totient function

pn)={x €z, :ged(x,n) =1}.

Let x,, denote multiplication modulo n on Z,,, which is associative with identity 1.

Recall that by Bézout’s lemma, x € Z, has a multiplicative inverse modulo 7, iff there are y,m € Z

such that

xy+mn =1
& ged(x, n) = 1.

Hence,
Zy =1{x € Z, : gcd(x,n) = 1}
is a group with operation x,,.
Theorem 3.11 (Fermat-Euler Theorem)
Letx,n € Z. If gcd(x, n) = 1, then

x?™ =1 modn.

Proof. By Corollary 3.8, we have

x1% =1 modn.

And by definition

Zy | = ().
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Group Actions

Group actions turn groups into groups of symmetries.

Introduction

Definition 4.1 (Group Action)

An action of a group G on a set X is a function
GxX->X
with
(& x) — g,
such that

1. egx =xforallx € X,
2. (g182)x=g1(grx)forall g,,¢, e Gand x € X.

Notation. We write G ~ X to indicate that G acts on X.

Example 4.2

1. For any group G, there is a trivial action of G on any set X defined by gx = xforallge G
and x € X.

2. Sym(X) N X by fx = f(x).
3. If G X and H < Gthen H ~ X by restriction.
In particular, Isom(C) ~ C since Isom(C) < Sym(C).

4. Similarly, dihedral groups D,, acts on X, (the regular n-gon). It also acts on the set of
vertices of the regular n-gons.

5. Every group G acts on itself by left multiplication: gy = g-yforall g,y € G.

This is called the left regular action of G.

Theorem 4.3

An action of a group G on a set X is the same as a homomorphism ¢ : G - Sym(X).

Proof. We will show the two directions separately.

Suppose G ~» X. Consider ¢, : X — X defined by x — gx for all ¢ € G. Then
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tg_1(tg(x)) = tg-1(8X%)
= g7 (g(x))
=" 9w

=X.

S0 t4-1 0ty =idy. Similarly, £, o ;-1 = idy. Thus #, is invertible, so ¢, € Sym(X). Therefore, we
can define a homomorphism ¢ : G — Sym(X) by g + ¢,.

We shall now prove that ¢ is a homomorphism. For any g,% € G and x € X, we have
Ly 0 tp(X) = t4,(hx) = g(hx) = (g - h)x = tgp(X).

Thus, tg ot} = tg.5, 80 9(g - h) = (g) o p(h). Hence, ¢ is a homomorphism.

Conversely, given a homomorphism
¢ : G - Sym(X),
we may define an action G » X by
8x = p(8)(x).
Let us check the two properties of an action.

1. Forany x € X,
eqX = @(eq)(x) = idyx(x) = x.
2. Forany g,,¢, € Gandx € X,
(8182)% = 9(8182)(%) = (9(g1) © P(£2))(X) = P(£1)(9(£2)(X)) = &1(£2%).

Thus, the two properties hold, so we have an action of G on X.

Theorem 4.4 (Cayley's Theorem)

Every group G is isomorphic to a subgroup of some Sym(X).

Furthermore, if |G| < 0, we may choose X with | X| < oo.

Proof. Let X = G. Consider the left regular action of G on itself. By the previous theorem, this
corresponds to a homomorphism

@G- Sym(X).
Let H = im ¢ < Sym(X). We may think of ¢ as a surjective homomorphism from G to H.
Claim. ker ¢ = {e}.

Proof. Indeed, if g € kerp = ¢(g) =idy © gy = yforall y € G. In particular,

ge=e>g=e.

Hence, ¢ : G — H is bijective, and thus an isomorphism. So G = H < Sym(X) so required.
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Automatically, if |G| < oo, then | X| = |G| < co.
Alot of important results in group theory come from studying group actions.
Definition 4.5 (Orbits and Stabilisers)

LetG ~ X,andletx € X.
1. The orbit of x is the set

Gx={yeX:3g€G,y=gx}.
2. The stabiliser of x is the set

Stabg(x) ={ge G: gx =x}.

Notation. Some sources write G, for Stab;(x), which we will avoid to prevent confusion with
subscript notation.

Definition 4.6 (Action Transitivity and Faithfulness)

If Gx = X, we say that the action is transitive.

If every element g € G (except g = €) has x € X such that gx # x, then G ~ X is faithful.

Remark. An action G ~ X is faithful if and only if the corresponding homomorphism ¢ : G —
Sym(X) is injective.

Orbit-Stabiliser Theorem

Proposition 4.7

Suppose G N X. Then

1. Forany x € X, Stabs(x) <G.
2. The orbits {Gy : y € X} form a partition of X.

Remark. (2) means that Gx = X iff there is only one orbit. Therefore, transitivity is independent
of the choice of x.

Proof.
1. We need to check Stab(x) satisfies the definition of a subgroup.
- If g, h € Stabg,,, then
(g-Mx=ghx)=gx=x,
S0 g - h € Stabg(x).
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+ e; € Stabg(x) since egx = x.
- If g € Stabg,, then
glr=g@gn) = (g gr=ecx=r
so g1 e Stabg(x).
So all subgroup criteria are satisfied.
2. Similarly to the proof of Lemma 3.3,
« X = ex € Gx so orbits cover X.
« IfGx1 N Gxy # D, then Iy = g1, = g2x,, for some g, € G, g, € G. Hence,
Xy = g1 (g1%1)
= 81" (g2%2)
= (g1 g2)x2
e Gxy
Moreover, any gx; can now be written as
gx1 = g(g7"82)x2 € Gx,.

Hence Gx, C Gx,. By symmetry, we have the reverse inclusion. Thus, the equality holds.

Example 4.8

Consider D,, ~ X, where X, is the set of the regular n-gon.

Im z eg. n==6

For any j,

2mij

rjs(x) = rj(x) =en

21

Therefore, D,,x = {eTj :0<j< n} = {nth roots of unity}.

The above calculation also shows that gx = x = ¢ € {e, s}. Hence, Stabp, (x) ={e, s}.
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Theorem 4.9 (Orbit-Stabiliser Theorem)
Suppose G acts on a set X. Then for any x € X, the formula
g Stabg(x) & gx

defines a well-defined bijection

G/ Stabg(x) — Gx.

Corollary 4.10

IfG~ Xand x € X, then
|G| = (IGx|)(|Stabg(x)])

Proof. Theorem 4.9 gives

G|

Gx| = |G/ Stab =
|Gx| = |G/ Stabg(x)] Staby ()]

by Lagrange's theorem

Example 4.11

Consider again D,,, ~ X, as in the previous example. We saw that, if x € X,, is a vertex, then
|Dynx| =n and|Stabp, (x)| = 2.
This gives us an easy (but circular for now) proof that

|D2n| = 2n.

Proof.

For notational convenience, let S = Stab;(x), and define
D(gS) = gx.

We have to check several things about ®.

+ ® well-defined. That is, for any g4, g, € G such that g,S = g,S5, we have ®(g,5) = ®(g,5), i.e.
81X = §2X.
Now, g,S = g,.5 means that there is s € S such that g; = g5s. Then,
81X = (g29)x
= &2(sX)
= gyX since sx = x.
Thus, ® is well-defined.

+ ®is surjective. For any gx € Gx, we have

D(g5) = gx.
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Thus, @ is surjective.
+ ®is injective. Suppose ®(g,S) = ®(g,S) for some g4, g, € G. By definition, this means that
81X = &2X.
We need to show that g,S = g,S. Lets = g;lgl. Now,
sx=(g5"81)x
= &3 (£1%)
= &' (§2)
= (27 &2)x

=egx =X.
Thus, s € S, so
-1 -1
§1=8282 &1 = gz(gz gl) = £25 € £25.

Since cosets paritition, it follows that g,.S = g,5. Hence, ® is injective.

Example 4.12 (Symmetries of a Cube)

Let G be the group of isometries of a cube, and let x be the centre of a face. Then,
|Gx| =6
since it is just the number of faces of the cube.

Now, the face is essentially a square, so Stab;(x) = Dg since the stabiliser must permute the
four edges of the face. Thus,

|Stab;(x)| = 8.
Therefore, by the orbit-stabiliser theorem,

|G| = |Gx| x |Stabg(x)| = 6 x 8 = 48.

The next theorem is a different kind of application of the orbit-stabiliser theorem.

Theorem 4.13 (Cauchy's Theorem)

If |G| < o0 and p is a prime that divides |G|, then there is g € G such that o(g) = p.

Proof. Consider the set X of p-tuples (distinct entries not required)
{(g1,.-.8p) : gieGforalliand g, - g5 -...- &, = €}.

Define an action of C,, on X as follows.

IfC, ={1,6,%, ... "7} let t*(¢1, . &) = (8k+1s s &p» &1, - &), Which is just a cyclic rotation of
the p-tuple. We need check that this is a well-defined action.
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It is easy to see that l'ktl(gl, e 8p) = tk”(gl, s &p)-
We also need to check that
(8k+1, - 8pr 81, - &) € X.

Suppose, therefore, that

(81, 8p) € X.

For convenience, leta =g, -...- grand b = gp41 - ... - £p. Then, we know thata - b = e. So, b = a1

and therefore b - a = e. Hence,
ghv1* " 8p- 81 Lr=b-a=e.

Thus, the action is well-defined.

Now compute |X|. For any choices of ¢4, ..., g,_1, there is a unique choice of ¢, such that
81°82°...-8p=¢€
as inverses are unique. Thus, there are |G|?~* choices for (81, 8p), SO
X1 =167
The C, action on X partitions X into orbits. So let
X =Cox1 UCpxy U ..U Cpiy.
By orbit-stabiliser, for each j,
Coxi | TGyl = p,

so either |C,x;| =1 or |C,x;| = p. Let  be the number of orbits with size 1. After renumbering, we
may assume that

|Cpxi| =1 ifQ<j<)
|Cpx;|=p f(@+1<j<Rk).

Since the orbits partition X, we have

IGIP™ = |X|
k
= Z |Cpxj
j=1
! k
= Z 1+ Z p
j=1 j=l+1
=l+pl-1I)

Since, by our assumption, p divides |G|?™!, it follows that p divides I.

Now, note that x = (g1, ..., £,) has an orbit of size 1 if and only if g; = g, = ... = g,. In particular,
(e, e, ...,e) € X has an orbit of size 1. Thus, [ > 1. Since p divides [ and [ > 1, we must have

I>p>1,

38



.......

so there is at least one more orbit (g, g, ..., &) € X with g # e.

The definition of X implies that g” = e, so 0(g) | p, whence o(g) = p as required.
Conjugation

Definition 4.14 (Conjugation)
Let Gbeagroupand g € G.Forany h € G, the element 1 - g- h™' € G is called the conjugate of
ghby h.

Intuition. One way to think about conjugation is that zgh™" has the same shape as g.

Another way is to think about it is that hgh ™" corresponds to changing the coordinates of g.

Example 4.15

If G is an abelian group, then hgh™' = g forall g, h € G. So the only conjugate of any element is
itself.

Definition 4.16 (Conjugacy Class)

The conjugacy class of an element g € G is the set

ccl(g) ={hgh™ : h € G}.

Exercise. G acts on itself by conjugation:

gxy=gyg’

defines G ~ G. This is very different from the left regular action. Then ccl(g) is just the orbit of g
under this action.

Example 4.17

In Example Sheet 2 Q6, it is proven that D,, has 1 conjugacy class of reflections if n is odd, and
2 conjugacy classes if n is even.
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Note that the red reflections cannot be obtained by conjugating the blue reflections, and vice
versa.

Definition 4.18 (Centraliser)
The centraliser of g is defined to be
Co@)={heG:hgh' =g,

which is just the stabiliser of g under the conjugation action.

Remark. Note that
hgh™ =g hg=gh

so the centraliser C(2) is the set of elements that commutes with g.

Definition 4.19 (Centre)
The centre of G is defined to be

Z(G)={geG:hgh™ =gVheG}l= ) Cs9).

geaq

This is exactly the set of elements that commutes with every element of G.
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The Mo6bius Group

This chapter is about an interesting group. It is almost a group of bijections of C, but we need to
add a formal point at co.

Riemann Sphere and Mdébius Transformations

Definition 5.1 (Riemann Sphere)

The Riemann sphere is the set

C,, = C U {oo}.

This set is called a sphere because we can visualize it as follows.

We can define a map 7 : C — S2 called the stereographic projection. It identifies C with all the
points on the sphere except the north pole at oco.

Definition 5.2 (Mobius Transformation)

Leta, b, c,d be complex numbers with ad — bc # 0. If ¢ # 0, then the corresponding Moébius
transformation is the map 4 : C,, —» C,, defined by

aztb itz e C \{-%}

cz+d
Z j00 ifZ=—%
% ifz=o00

If ¢ = 0, then u is defined by
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az+b -
N %fz eC

00 ifz=o00
az+b

We usually just write y(2) = ———

and interpreting the cases of 0 and co appropriately.

Then
M={f:C, — C,: fisaMobius transformation}

together with composition of functions forms a group, called the Mobius group.

Proposition 5.3

If
(Z) _ alz+b1 (Z) _ a22+b2
h czvd, 2 CoZ+ dy
then
(a1a5 +b1¢3)2 + (a1hy + b1d>)
P o ta(2) =

(c1a2 + d1C3)2 + (C1hy + dydy)

Remark. Compare this with matrix multiplication:

aq bl as bz _ (llaz+b102 a1b2+b1d2
Cq d]_ Co d2 h 01(12+d102 Clb2+d1d2 ’

The Mobius Group
Theorem 5.4 (M6bius Group)

(M, 0,id) is a group.

Proof.

« Composition of functions is associative.

« The identity map id(z) = (1;:(1) = zis a Mobius transformation witha =d =1 and b = ¢ = 0.
azth Hoty . gy 4220

. -
Foru:z cz+d

Then v is also a Mobius transformation and 4 o v = id and v o 4 = id. Hence v is the inverse of u.

—cz+a’

One important way to study Mobius transformations is via their fixed points.

Definition 5.5 (Fixed Point)

Suppose f : X — X is a permutation. Any x € X such that f(x) = x is called a fixed point of f.
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Lemma 5.6 (Three-Point Lemma For /)

If u € M fixes three distinct points wq, w,, w3 of C,, then u = id.

Proof. Let u(z) = 22 A fixed point w; satisfies

cz+d’
aw; +b
B cw; + d’

Wi

Case 1. If there is a fixed point co, WLOG let w; = oo, then ¢ = 0. So w5 and w5 satisfy

aw; + b
w; = d

(a—d)yw; + b =0.

This is a linear equation with at least 2 roots, so we cannot have two distinct fixed points w, and
ws unless a = d and b = 0. Then x4 = id.

Case 2. If none of the fixed points is oo, then we have three distinct complex numbers wy, w,, ws
satisfying

(@a—cwy))w; +b—dw; =0
cwi2 +(d—-a)yw; —b=0.
This is a quadratic equation with at least 3 roots, so we cannot have three distinct fixed points
w1, Wy, w3z unlessa =d, b =0,and ¢ = 0. Then y = id.

Exercise. Show that every u € M has at least one fixed point in C,,.

Example 5.7

1. Consider u(z) = z + 1. Then Fix(u) = {oo}.
2. Consider u(z) = 2z. Then Fix(u) = {0, co}.

Lemma 5.8 (Triple Transitivity)

For any triples of distinct points z, 25, 23 € C,, and wy, w,, w3 € C,, there exists a y € M such
that u(z;) = w; fori =1, 2, 3.

Proof. Instead of constructing u directly, we construct two auxiliary Mobius transformations «a
and B such that a(z;) = 0,1, o0 and f(w;) = 0,1, 0. Thenwe canlet y = 7% o a.

Let a(z) be defined by

a(z) = (

Z9 —Z3\2—2q
Zy—21)2—25

Then a(z,) =0, a(z,) =1, and a(z3) = oo.
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Similarly, let f(z) be defined by

B = (

Wy — W3\ 2 — Wy
Z—W3.

Wy — W1

Then B(w,) =0, B(w,) =1, and B(w3) = oo.

Note that « and  are both in /. Then let
pu=pB"oa

Then u(z;) =w; fori =1,2,3.

Remark. The three-point lemma implies that 4 in Lemma 5.8 is unique. We say that / ~ C, is
sharply triply transitive.

Definition 5.9 (Cross Ratio)

Let z4, 29, 23,24 € C,, be distinct points. Because M ~ C,, sharply triply transitively, there
exists a unique a € M such that

a(z1) =0, a(zy)=1, a(zz)=oo.
The cross-ratio is defined as
(21,22, 23,24] == at(24).
Note that we saw that [z4, 24, 23, 24] can be computed by

(24 —21)(22 — 23)
(24 — 23)(22 — 21)

[Zl,Zz,Zg,Z4] =

by the proof of Lemma 5.8.

Just like for dihedral groups, we can use the 3-point lemma to find a generating set for /.

Proposition 5.10

M is generated by the set of elements of the following 3 forms:
1. a,:z— az,wherea #0

2. .2 z+b,wherebeC

3.V:zm %

Proof. Let u € M be arbitrary, and let z; = u(0), z5 = u(1), z3 = pu(o).
Step 1. Construct x4, such that p;(z3) = .

Either z3 = co and y; = id or
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B 1
= Z+b
where b = —z5. Then y; =y o B,
Let 2} = p1(21) and 25 = 411 (22).
Step 2. Let b' = —z7, and let uy = By, i.e.
Us(2)=2z+Dh'".

Note that yi,(c0) = oo and p,(z}) = 0. By construction,
Uo o fi1(23) =00, WUy o p1(21) =0.
Let

25 = fiy o i1(23) # 0 OT oo,

Step 3. Leta = Zi and

H3(2) = a,(2).

By construction,

Mz oty o pti(21) =0,
Us ol o li1(Z2) =1,
P30 Uy o fq(23) = oo.

By the three-point lemma, gz o iy o iy = 41, S0

p=pi ous" ous".

Circles

Definition 5.11 (Circle In C,)

A circle in C, is either
« a Euclidean circle in C, or

» [ U{oo}where [ is a Euclidean straight line in C.
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Im(z)

ARV
N

Euclidean circles are described by the equation
|z—al=r

forsomeae Candr >0,

while lines are described by

|z—a|=|z—-b|fora,b eC.

)

Theorem 5.12 (Circles and Mobius Transformations)

Mobius transformations map circles to circles. Formally, if C € C,, is a circle and y € M, then
u(C) is also a circle.

Proof. Recall that M is generated by
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a,(z) =az
Br(2)=2z+b

1

y(2) = z

So it suffices to show that each of these generators maps circles to circles.

It is clear that a, and f;, map circles to circles. So we just need to show that y maps circles to
circles.

If C is a Euclidean circle in C, then y(C) has equation

‘1 1 5
——Cl=r&o|-—-cl =r
Z
(-o)G-9)-~
ol=-—-¢c)\=z—c|=r1
Z z
.
©——z——+lc?-r*=0
21>z %

If |c|* = r?, then we have

—— z z 1
cz+cez=lo-+-=—
c ¢ el
s 5, oz z 1 12
elzl" =" -z--+—=2-~
¢ ¢ e ¢
S lzl=|z—-—].
c

This is the equation of a line. Otherwise, |¢|> # 7%, and the equation becomes

5 c c _ 1
|z|* — 5 z— 5 Z2+— =0
c|” =12 el =r2)  lel”—r?

2 2
14

c

(lel® - r2)2 c]* = r? (lel* - rz)z

le|* — 12

which is the equation of a circle.

We are left with the case where C is a line, which follows a very similar calculation to the above
and is left as an exercise.

Corollary 5.13

Four points z4, 25, 23,24 € C,, lie on a circle if and only if their cross-ratio [z4, 29, 23, 24] € Re.

Proof. Let a € M such that a(zq) =0, a(z,) =1, a(z3) = o0, and so a(z,4) = [21, 22, 23, Z4]



If z1,...,24 € Clie on a circle C, then by the previous theorem, a(C) is also a circle containing
0,1, 0. The only such circle is the real line R, S0 [21, 23, 23, 24] € R,.

If a(z4) € Ry, then 0,1, o, (21, 24, 23, 24] lie on the circle R,,. So by the previous theorem, their
preimages 21, 2», 23, 24 also lie on a circle.
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Finite Groups

We have already seen some nice theorems about finite groups, including Lagrange’s, orbit-
stabilizer, Cayley’s, and Cauchy’s theorems.

We will now develop some small examples of finite groups. We shall proceed naively, trying to list
examples by order.

IGl=1 = G=1
|G|=2 = G =C(,since 2 is prime
|G| =3 = G = (5 since 31is prime

Now, if |G| = 4, we know that C, is always an option. But is there another?

Definition 6.1 (Direct Product)

If G, H are groups, the direct product is
GxH={(gh):g€G,heH}
with operation
(81,h1) - (82, ) = (&1 - &2, 11 - B).
Note that (eg, ey) is a identity, and (g, = (g_l, h_l).

Example 6.2 (Klein 4-Group)

The Klein 4-group is K, := C, x C,. It can also be thought of as D,. Note that, for every (a, b) €
K,, we have (a, b)* = (e, €). So every element has order at most 2. In particular, K, # Cj.

Theorem 6.3 (Direct Product Theorem)

If H,H, < G and

1. Hy nH, ={e},

2. Yhi € H{,hy € Hy,h1hy = hoh,

3. G=H,H,,ie forevery g € G, there exist hy € H1,h, € H, such that g = h{h,,
then G = Hy x H,.

Proof. Define ® : H; x Hy, — G with (h4, hy) — hqhy. We need to show that ® is an isomorphism.
® IS AHOMOMORPHISM

For any h,, h} € Hy, hy, by, € H,, by definition,
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O(hq, h2)®(h'1, hlz) = (hth)(hylh,Z)
= hihihyhy Dby (2)
= O(hy Ry, haly)
= ®((hy, hy)(h}, hY)) asrequired.

® IS SURJECTIVE
This is immediate from (3).
® IS INJECTIVE

Recall that we need to show that ker(®) = {(e, e)}. Suppose that ®(h4, h,) = e. Then h1h, = e, SO
hy = h{l € H,.But hy € H, also, so by (1), we must have h, = e and h, = e. Thus (h4, hy) = (e, €),
as required.

Remark. If H; n H, = {e}, then |H{H,| = |H,||H,|. In particular, if |H,||H,| = |G|, we can conclude
that (1) implies (3).

Lemma 6.4 (Groups of Order 4)

If|G|=4,thenG=C,or G = K,.

Proof. By Lagrange’s theorem, every non-trivial element of G has order 2 or 4. If thereisa g e G
such that o(g) = 4, then G = C,.

Otherwise, every non-trivial element has order 2. Let a, b € G be distinct elements such that
o(a) = o(b) = 2. Let H; = (a) and H, = (b). It is immediate that H; N H, = {e}
, Which gives us (1). Following the remark, (3) holds.

Finally, since o(ab) = 2, we have abab = e, so ab = ba, giving us (2)
. Thus by the direct product theorem, G = H, X Hy = Cy X Cy = K4, as

required.

Another application of the direct product theorem 6.3 is to find out when a product of two cyclic
groups is cyclic.

Theorem 6.5 (Chinese Remainder Theorem)

If ged(m,n) =1, then C,, x C,, = Cp,,.

Proof. Let C,,,, = (g). Set

Hy=(g"), Hy=(g").
We will check against DPT 6.3.
1. Note that
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g*eH ok=np+mng forsomep,geZ
S n|k.

Similarly,
gk € Hy, & m | k.

Therefore, gk € H, N H, iff mn divides k. Since o(g) = mn, this happens iff gk =e. Thus, H; N
H, ={e} as required.

2. Since C,,, is abelian, this is immediate.

3. This follows from (1) and the remark after DPT.

We shall now move on to groups of order 5 and above.

|G|=5 = G = (5 since b5 isprime

Lemma 6.6 (Groups of Order 6)

If |G| =6,then G = Cq0or G = Dg.

Progof. By Cauchy’s theorem 4.13, there exist r, s € G such that o(r) = 3 and o(s) = 2. Since [(r)| =
3,[G : {r)] =2, and s & (r). Therefore,

s(ry=G\(r) =(r)s
since the other coset must be (r). So sr = r's for some i € {0, 1, 2}.
. Ifi =0, then sr = r’s =5, 50 7 = e, a contradiction.
« If i =1, then sr = rs. Then (s) and (r) satisfy the conditions of DPT 6.3, so
G=(ryx(s)=C3 xCy =Cq.

. If i = 2, then sr = r*s. In this case, G = (r, s) with relations r° = s* = ¢, sr = r~*s, which is
satisfies the dihedral relation 1.33. Thus, G = D,.

Remark. S5 is a non-abelian group of order 6, so by the above lemma, S; = Dy.

Continuing on,

|G|=7 = G = C(C;since7isprime

Consider |G| = 8.
We have Cg and C, x C, and Cy x Cy x Cy as abelian groups of order 8.

We also have Dg as a non-abelian group of order 8.

‘ Exercise. None of the groups Dg, Cg, C5 x C4, and C, x Cy x Cy are isomorphic to each other.

‘ Definition 6.7 (Quaternion Group)
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Let

o={(5 ) (6 £} (2 ) B}

It is easy to check that these form a group. We usually use Hamilton’s notation:
=0 (2
P= <(1) 91)’ = (61 ?)
i=(50) ~=(%)

(0 -(33)

So the elements of Qg are {+1, +i, +j, +k}, with relations
c 2= =k?=21,

e (-1)i =—1i,etc.

s ij=k,jk=1,ki=],

+ —1 commutes with everything.

We call this group the quaternion group.

Since ji = —k # k =ij, Qg is non-abelian and so Qg % Cy x Cy X Cy, C4 X Co, Cg.

By considering the orders of elements, we can also see that Qg # Dg. Dg has 5 elements of order 2
(one 180° rotation and the 4 reflections), whereas Qg has only one (the element —1).

It can be shown that these are all the groups of order 8.

Lemma 6.8 (Groups of Order 8)

If |G| = 8, then G is isomorphic to one of Cg, C4 X Cy, Cy X Cy X Cy, Dg, OT Qg.

Proof. By Lagrange’s theorem, the possible orders of elements in G are 1, 2, 4, or 8. We have the
following cases:

« If there is an element of order 8, then G = Cg.

« If every non-trivial element has order 2, then G = C, x Cy x C, by a similar argument as in
Lemma 6.4. We will start by choosing non-trivial elements a, b,c € G with a # b and ¢ # a, b, ab.
We can see that

G ={a)yx(byx{(c)= Cy x Cy X Cy
by using Theorem 6.3 twice.

« If there is an element of order 4, but no element of order 8, let a € G with o(a) = 4.Letbh € G\
(a). By Lagrange’s theorem,

[G:(@)] =2
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SO
b{(a) = G \{a) ={a)b.
In particular, ha = a'b for some i € {0,1, 2, 3}.

» Ifi =0, then ba = a’h =h,soa = e. x

» Ifi = 1, then ba = ab, so ha’ = a’b for all Jj, then G is abelian. [Case A.]

» If i = 2, then ba = a®h, so bab™" = a®. But o(bab™") = o(a) = 4 by Example Sheet 2, Q1.
However, 0(@2) =2.%

» Ifi = 3, then ba = a®b = a~* b, which looks similar to the dihedral relation. [Case B.]

Next, note that if h? = bai, then b = a’ andso b € (a). %
Thus b? € (a). We have several more cases:

» b? = e, which we will handle later. [Case 1.]

» If b*> = a, then o(h) = 8, 50 G = Cy. x

» b? = a?, which we will handle later. [Case IL.]
» Ifh?> =a® = a1, then o(h) = 8,50 G = Cy. %

There are now four subcases to consider:
» [Case A, 1.] If G is abelian and (b) = C,, then (a) N (b) = {e}, so by Theorem 6.3,
G ={a)yx(by = C4y x C,.
» [Case A, IL] If G is abelian, b? = a2, so
(@b™Y)" =e= o(ab™) = 2.
Again, G = C4 x Cy by Theorem 6.3.

» [Case B, 1.] We have o(a) = 4 and o(b) = 2 with relation ha = a~*b. These are exactly the
relations for Dg (using Proposition 2.16), so G = Dg.

» [Case B, I1.] We have »* = a? and o(a) = 4 with ba = a™b.
Leti=a,j=h,k=abh,—1=a”*=Dh

Then, the elements of G are {e, a,a*, a°, b, ab, a®b, a®b} which are {#1, +i, + j, +k} in
Hamilton’s notation.

It is easy to check that the relations in G match those in Qg. This defines an isomorphism
between G and Qs.

Therefore G = Qg, as required.

In summary, the groups of order up to 8 are as follows:

Moo s @ e
£
D
X
)
N



8. Cg, C4 X Cz, Cz X 02 X CZ; DS: QS
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Quotient Groups

Normal Subgroups

Let ¢ : G —» H be a group homomorphism.
kerp <G

is always a special kind of subgroup.

Definition 7.1 (Normal Subgroup)

H < G is called a normal subgroup if for all 4 € H, g € G, we have ghg™* € H. If so, we write
H<«G.

Example 7.2

1. 1< G, G <G for any group G.
2. If Gis abelian and H < G, then H « G.
3. (r) <4 D5, since
sths™t =7t e (r)
by the dihedral relation . But (s) is not normal since

rsrel=sr2 #35.

4. Suppose ¢ : G — G' is ahomomorphism. If 7 € ker ¢ and g € G then
0(ghe™) = 0@DeMp@) " = (D9 " =¢,
so ghg™! e ker ¢. Thus ker ¢ < G.

Lemma 7.3

Suppose H < G. Then H « G iff
§H=HZ

forallg € G.

Proof.
Leth € H and g € G. Since H < G, we have ghg™' € H. Therefore

gh=(ghg")ge Hg.

Therefore gH C Hg. Similarly, for any ' € H, we have g™'h'g € H so

h'g=g(g'h'g)egH.
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Thus Hg C gH,and so gH = Hg.
Suppose gH = Hgforall ge G.Let h € H. Then
ghegH=Hg
so there exists #' € H such that gh = h'g.
ghgt=n eH.
Thus H < G.

Quotient Groups

Theorem 7.4 (Quotient Group Is a Group)

If H < G, the set of (left) cosets G/H is a group with operation
(g1H)(g2H) = (g1£2)H.

Proof. We need to check that the operation is well-defined and satisfies the group axioms.

WELL-DEFINEDNESS
Suppose g1H = g1H and g, H = g4 H & Hg, = Hg, since H < G.
That is, there are k4, h, € H such that

g1=81h1, &2 =hyg>.
Therefore,

8182 = (81h1)(hagy) = 81 (h1hy)gs = 818203

€Hg,
by Lemma 7.3, for some h3 € H. Thus,
(8182)H = (8182)H
since cosets partition.

GROUP AXIOMS

« Associativity. Immediate from associativity in G.
« Identity. The identity is eH = H.

- Inverses. The inverse of gH is g~' H since
(gH)(g 'H) = (g¢™")H = eH.

+ Closure. Immediate from the definition of the operation.

Therefore G/H is a group.
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Definition 7.5 (Quotient Group)

If H <« G, the group G/H provided by Theorem 7.4 is called the quotient of G by H.

Example 7.6

1. GI1 =G, G/G=1.
2. Since Z is abelian, nZ < Z for any n. Thus, for any n € Z*, we have the quotient group
Z|nZ = C,
with generator 1 + nZ of order n.
3. Let G be a group, H < G, and suppose [G : H] = 2. Then, forany ¢ ¢ H,
SH=G\H=Hg.
and eH = He. So by Lemma 7.3, H < G. Furthermore, G/H = C, since its order is 2.
4. An example of (3) is
C,=(rY< Dy,
and hence D,,/C, = C,.
Important. It is a common error that one might think we can multiply groups using direct
products and get back to the original group.
5. Note that
C4/Cy =Cy, and K4/Cy = Cs.

But C4 # K, since C, is cyclic but K, is not. This shows that quotient groups do not undo
direct products. In particular, for groups 4, B, C,

AIB=C#H» A=BxC.

The Isomorphism Theorem

Theorem 7.7 (Isomorphism Theorem)

If p : G > His ahomomorphism, then

G/ ker ¢ =im ¢.

Proof. Since ker ¢ < G, the quotient G/ ker ¢ is a group. Let us define
@ :G/kerp — img
gkerp - ¢(g).

We first check that ¢ is a well-defined isomorphism.
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WELL-DEFINEDNESS
Suppose g, ker ¢ = g, ker ¢. We need to show that ¢(g1) = @(g>).
We have
g1 =82k
for some k € ker ¢ since g, ker ¢ = g, ker ¢. Then,

@(g1ker 9) = p(g1) = 9(g2k) = p(g2)p(k) = p(g2)e = P(g2) = P(g2 ker ).
HOMOMORPHISM

For g1,80 € G,
(81 ker p)(g2 ker 9)) = 9((g182) ker ) = 9(g182) = 9(81)9(82) = 9(g1 ker p)p(g ker @).

INJECTIVITY

Recall that a homomorphism is injective iff its kernel is trivial.
If p(gker ) = e, then

9(8) = p(gkerp) =e,
so g € ker ¢, and hence gker ¢ = ker ¢.

That is, ker ¢ = {ker ¢}, so ¢ is injective.
SURJECTIVITY

A typical element of im ¢ is ¢(g) for some g € G. But

o(gker p) = 9(9),

SO ¢ is surjective.

Example 7.8

1. Because ¢ : Z — Cy defined by ¢(k) = ey is a homomorphism with image C, and kernel
nz, by isomorphism theorem 7.7, we have

Z/nZ =im @ = C,.

2mit

2. Similarly, ¢ : R — C} defined by ¢(t) = e is a homomorphism with
imp={zeC:|z|=1}=UQ)
kerp =7

so by isomorphism theorem 7.7, we have

R/Z = U(L).
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Definition 7.9 (Simple Group)

A group G is simple if the only normal subgroups are 1 and G itself. Thus every
homomorphism ¢ : G — H is either trivial or injective.

Example 7.10

C, is simple whenever p is a prime.

An important question in group theory is to find and understand examples of non-abelian simple
groups.

59



Permutations

Permutations and Cycle Notation

Recall from Definition 1.13 that a permutation of a set X is a bijection X — X, and from
Definition 1.14 that Sym(X) is the set of all permutations of X.

Example 8.1

If X ={1, 2,3}, then Sym(X) = S5. So examples of permutations include
(123 (123
0'(3 1 2) r'(2 1 3)

We can compute by representing permutations as lists.

Example 8.2

125353
2+251+52
32251

T0

This is nonetheless a bit cumbersome. A more compact notation is to write permutations in cycle
notation.

Definition 8.3 (Cycle)
Any list of distinct elements
a,as,..,a, €{1,2,...,n}
defines a k-cycle:
o=(a; ay .. ay)

which sends

a1 > 09,09 m A3,...,0p,_1 P Ap, A — Aq,

and leaves all other elements fixed.

Example 8.4

For Example 8.1, we have

c=(132)=213=321),
T=012)=(@2 1.

The important rule about cycle multiplication is that the rightmost cycle acts first.
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Example 8.5

For Example 8.1, we have
to=(1 21 32)=@aA 3).
Another example is

1432)243)=(@04223).

Remark. (a1 ... ar) = (a2 ... ap a1).

Definition 8.6 (Disjoint Cycles)

Cycles (a1 .. ax)and (b1 .. bn) are disjoint if the sets {a, ..., a;} and {b4, ..., b,,} are disjoint. Note
that disjoint cycles commute.

Theorem 8.7 (Disjoint Cycles)

Every o € S, can be written as a product of disjoint cycles. This expression is unique up to
1. shifting the elements within each cycle, and

2. reordering the cycles.

Proof. The action of (o) on X ={1, 2, ..., n} partitions X into orbits. Let
X =(0)i1 U{(0)iy U... U{(0)i.
Let n; = [(0)i;|. We see that
0="(i1 0(i1) ... 0™ 1(1))-.(ip 0() ... T "1(iy))
which proves existence of the decomposition.

The choices we have made are on the representatives of each orbit, and the order of the orbits,
which proves uniqueness up to the stated conditions.

Example 8.8

Consider

12B4H56)(123456)=>0)2 46)3)5)=2 4 6).

Definition 8.9 (Cycle Type)

If
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then o is called a (k4, ..., k;)-cycle.

The (multi)set of numbers {k4, ..., k;} is called the cycle type of 6. We often omit singletons
from the cycle type.

Remark. If 0 is a k-cycle, then o(o) = k. More generally, if ¢ is a (k4, ..., k;)-cycle, then o(0) =
lem(kq, ..., k;).

Transpositions and the Sign Homomorphism

Definition 8.10 (Transposition)

A transposition is a 2-cycle.

Theorem 8.11 (Transpositions Generate)

The set of transpositions generates S, for any finite n.

Proof. We shall prove by induction on n.
Base case. Consider n = 2. Then S, ={id, (1 2)}is generated by the transposition (1 2).
Inductive step. Assume that S,,_; is generated by transpositions. Consider S,,. Let 0 € S,,.
« Ifo(n)=n,theno € S,_1 <S,, so by the inductive hypothesis ¢ is generated by transpositions.
« Otherwise, let T = (n, 6(n)). Then
to(n) =t(o(n)) = n.
Soro € S,_1 <S,, so by the inductive hypothesis 7o is generated by transpositions. Since
o =1(70),

we see that o is also generated by transpositions.

Definition 8.12 (Adjacent Transpositions)

A transposition of the form (i i+1) is called adjacent.

Lemma 8.13

Any transposition (i j) can be written as a product of an odd number of adjacent
transpositions.

Proof. Assume j > i. Then the proofis by induction on j —i.

Base case. If j —i =1, then (i j) = (i i+1)is already an adjacent transposition.
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Inductive step. Assume that we can write (i j-1) as a product of an odd number of adjacent
transpositions. Then

(i )=(-1 Q) j-)(-1))

and since (i, j — 1) can be written as a product of an odd number of adjacent transpositions by
the inductive hypothesis, so can (i, j).

In particular, S, is generated by adjacent transpositions.

This discussion leads to a notion of parity for permutations.

Lemma 8.14

If 74, ..., 7, are all transpositions and

0=T1..Tp =6,

then % is even.

Proof. By Lemma 8.13, we may assume that all 7; are adjacent transpositions.
We say that a pair{i, j} € {1, 2, ..., n}is called an inversion of a permutation ¢ if i < j but ¢(i) >

o(j)-

Claim. For any ¢ = 1,...T%;, the number of inversions of ¢ has the same parity as k.

Proof. We prove this by induction on k.
Base case. If £ = 0, then ¢ = e has 0 inversions, which is even.
Inductive step. Let

0=TqTy.T, =70.

T o'

Since 1; are all adjacent transpositions, we have r = (¢ 1+1) for some /. Consider which pairs
{i, j} would be inversions of ¢’ but not ¢, or vice versa.

The only such pair is {i, j} such that ¢'() = l and ¢'(j) = I + 1. This is because 7 only swaps /
and [ + 1, so any other pair would remain an inversion or non-inversion in both ¢' and .

For this pair, we have

oc@)y=1<l+1=0'())
but

o(i)=1+1>1=0().

Therefore, if i < j, then {i, j}is an inversion for ¢ but not for ¢', while if j < i, then {i, j}is an
inversion for ¢' but not for o.

In either case,

# inversions of ¢ = # inversions of ¢' + 1




as required.
By the claim, since ¢ = e has 0 inversions, we see that £ must be even.

This enables us to define the sign homomorphism.

Theorem 8.15 (Sign Homomorphism)
The map
sign: S, —» Cy ={+1}
T1..Tp (—1)k

is a well-defined homomorphism.

Proof. To see that this is well-defined, suppose z;, z'Jr are all transpositions such that
T1.0.Tp = T1...T
Then
T1..Tk(7;...T1) = €,
so by the previous lemma, %k + [ is even. Therefore, k = I mod 2, so (—1)k = (—1)1.

To see that this is a homomorphism, note that

sign(7y...T,Tq...T;) = D = (—D*(=1)! = sign(z;...77) sign(7}...77).

Definition 8.16 (Parity of a Permutation)

If sign(o) = 1, then ¢ is called an even permutation. Otherwise, it is called an odd
permutation.

Definition 8.17 (Alternating Group)
The subgroup
A, = ker(sign) < S,

is called the alternating group on n elements. i.e. it is the set of all even permutations in S,,.

Example 8.18
In S5, the permutations are
S3=1{e,(1 2),(1 3),2 3),(1 2 3),1 3 2)}.
We have (1 2 3) = (1 2)(2 3)and (1 3 2) = (2 3)(1 2), sothe even permutations are

As=1{e,(1 2 3),(1 3 2)}=Cs.
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Remark. The cycle type makes it easy to determine the sign of a permutation.

Indeed,

(ay ... ap)= (a1 ap)(a; agr_1)-.(a; as)(a1 as)
SO (a1 .. az)iseveniff kis odd.

More generally, a (k4, ..., k;)-cycle is even iff |{even k;}| is even.

Example 8.19

* (1 2)(3 4)iseven
« (1 2)(3 4)(5 6)isodd

Conjugacyin S, and 4,

We shall apply what we have obtained so far to study conjugacy in S, and A,. Recall that since A, is
a normal subgroup of S,, the conjugacy class of any element a« € A, in S, is contained in A4,,.

Theorem 8.20 (Conjugacy In S,,)

Two permutations o4, 05 € S,, are conjugate iff they have the same cycle type.

Proof.
Suppose

(.1 1 3 k
01 —(611 cee all)---<a1 cen alk>

is a product of disjoint cycles. We have
01(“}) = a;'+1 mod ;*
Since the cycle types are the same, 0, can be written as
0y = (by ... b},)-(B} .. b)-

Now

defines a permutation of {1, 2, ...,n} = {al:

J} = {bj} We can compute

—1(3\ _ i\ _ (i _ i _ i
TO.T (bj) = ral(aj> = T(“j+1modl,~) =bj1modr, = az(bj).

Therefore, 0, = 70,77 ".

Suppose 0, = 70,7 *. The above argument shows that, if
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1 1 k k
01 :<a1 cee all)...<a1 e alk>,

then we can define b} = r(aj) so that

P =<b% bll1)"'<b}i bfk)

foralll1 <i<kand1 <j<I. Therefore, 0, and o, have the same cycle type.

This makes it easy to count conjugacy classes in S,,.

Example 8.21
Consider
Sy =(e, (1 2),Q 2 3.
Then we have
ecls,@ 2] = ;) =3,

lccls,(1 2 3)|=2x1=2.

Example 8.22

Consider S, without knowing its exact elements. Then we have

a1
lccls, (1 23 4)] = (2) x5 =3.

Recall that Conjugation Classes 4.16 are essentially orbits under the conjugation action of S, on
itself, and the Centraliser 4.18 of an element is its stabiliser under this action.

Then, Orbit-Stabiliser Theorem 4.9 implies that
157 ]

C —_ =nl
| S,,(V)| |cc15n(y)|

Therefore, it is also easy to count the sizes of centralisers.

Example 8.23

In S,, we have
1S4l 24
lccls, (1 2)(3 4)| 3

|Cs,(@ 2)3 4)| =

Indeed, we can make a list:

Cs, (1 2)(3 4))={e,(1 2)(3 4),(1 2),(3 4,1 3)2 4,1 42 3),1 4 2 3,1 3 2 4)}
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Example 8.24 (Conjugacy At .S,)

We can list all the conjugacy classes in S,.

We can write out a table:

Typical element y |ccls, (1)) |Cs, )|
e 1 24
(2 (;)=6 4
(1 2)(3 4) =(3)=3 8
(12 3) (g)xzzg 3
(123 4) 3l=6 4

We should verify that the sizes of the conjugacy classes add up to 24.
Indeed, 1+ 6 + 3+ 8 + 6 = 24 as expected.

Now, counting conjugacy classes in A, is slightly more subtle. Recall that C;(2) is the set of
elements of G that commute with g.

Lemma 8.25 (Conjugacy Classes In 4,,)
Letye 4, <S,.
1. If some odd element of S, commutes with y, then

ccly, (y) = ccls, ().
2. Otherwise, if every element of S, that commutes with y is even, then cclg, (y) splits into two:

ccly, () U cclAn(rVr_l) = cclg, ()

where 7 is any transposition (or any odd permutation).

Proof. Orbit-Stabiliser Theorem 4.9 gives

|Sal = |ecls, )] - |Cs, )]
|Anl = [ccla, )] - |Ca, )]

Since |S,| = 2|A,]|, this gives

1Ca, W) ,
ccls, )| = 2——— - [ccly, (V)] *)
| = 21cg g et

C,,(y) is the even permutations that commute with y, and Cs, (y) is all permutations that
commute with y. Therefore, we can write Cy (y) as the kernel

of the sign homomorphism restricted to Cg, (y):

Ca, (V) = ker(signlcsn(y) :Cs, (V) = Cz).
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The image of signlcsn(y) has size 1 or 2 , S0 by the Isomorphism
Theorem 7.7, we have

[Cs, (1) : Ca, ()] =1o0r2.

1. If there is an odd element of S, that commutes with y
, SO

[Cs,) 1 Ca, V] = 2.

Using Lagrange’s theorem 3.6, Equation * then becomes

2
ecls, ) =j§—mw el ()] = lecla, ().

Since ccly, (y) € cclg, (), ccly (p) = cclg, (¥) as required.
2. The hypothesis means that
Cs,(¥) = C4, ()
so Equation * becomes
|ccls, ()| = 2|ccly, (1)]-
So ccly, (p) is half as big as cclg, (¥).
Now consider a transposition r € S,,. Note that 7y ™" € cclg ().

For the sake of contradiction, suppose 7y7 ™! € ccl 4,(1). Then there exists a € A, such that
! = apat.
But then, by rearranging, we have
TayEa) =7,

which means that & commutes with y. So ra € Cg, (y). But ra is odd
X

Therefore, Tyr™* ¢ ccly, (p), as required.

This makes it possible to determine the conjugacy classes in A4,,.

Example 8.26 (Conjugacy In A,)

Consider A, < S4. The even elements of S, are e, (2, 2)-cycles and 3-cycles. Note that e
commutes with every element, so its conjugacy class in A, is the same asin S,.

Since there is an odd number of (2, 2)-cycles in S,, the conjugacy class of (1 2)(3 4) remains
intactin A,

Finally, consider a 3-cycle, say o0 = (1 2 3). We have
|C54(1 2 3)| =3

and since we know that the cyclic group generated by ¢ definitely commutes with ¢, we have
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Cs,(1 2 3)=((1 2 3)< A,

and the conjugacy class of ¢ splits into two in A,. In summary,

Typical element y lccls, ()]
e 1
(1 2)(3 4) 3
(12 3) 4
(3 2 1) 4

Finally, let us look at conjugacy in S5 and As.

Example 8.27 (Conjugacy In S5)

We can write out the conjugacy classes in S5 as follows:

Even Typical element y |cels, ()] |Cs. (V)]
v e 1 120

x a 2) (3)=10 12

v (1 2 3) (g)x2:20 6

v 1 2)(3 4) %(2 (2):15 8

X (1 2 3)(4 5) (g)x2=20 6

X (12 3 4) (i)xB'—BO 4

v (123 45) 41 =24 5

The sizes of the conjugacy classes add up to 120 as expected.

Example 8.28 (Conjugacy In As)

Consider A5 < S5. The even elements of Si are e, (3)-cycles, (2, 2)-cycles and (5)-cycles.
Note that

« e commutes with every element, so its conjugacy class in A5 is the same asin Ss.

« (4 5) € Cs,(1 2 3),sothe conjugacy class of (1 2 3) remains intact in As.

« Since 15 is odd, the conjugacy class of (1 2)(3 4) remains intactin As.

Cs.(1 234 5)=550Cs(12345)=(1 23 4 5))<A;s. Therefore, the conjugacy class of
(1 2 3 4 5)splitsinto two in As.

Typical element y lcela, ()]
e 1
(1 2 3) 20
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(1 2)3 4) 15
(123 4 5) 12
(5 4 321) 12

The sizes of the conjugacy classes add up to 60 as expected.

Theorem 8.29

Ajs is simple.

Proof. Suppose N < As. By Example Sheet 3 Q5, N is a union of conjugacy classes in As. At this

point, we can list the possible union sizes of conjugacy classes in A5 and see if they divide 60 (by

Lagrange’s Theorem 3.6).
The possible union sizes are

1=1

1+20=21
1+20+15=236
1+20+12 =233
1+20+4+15+12 =48
1+420+4+154+12+12 =60
1+20+12+12 =45
1+15=16
1+15+12=28
1+15+12+12=40
1+12=13
1+12+12=25

v
X
X
X
X
v
X
X
X
X
X
X

Therefore, the only possible sizes for N are 1 and 60, so N = {e} or N = As. Hence, A5 is simple.
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Matrix Groups

Let M,(R) be the set of all n x n matrices with real entries.

From IA Vectors and Matrices, we know that matrix multiplication is associative and has an
identity element, the identity matrix I,, though not all matrices have inverses under
multiplication.

Lemma 9.1

A € M,(R) has an inverse iff det A # O.

Definition 9.2 (General Linear Group)

Let GL,(R) ={A € M,(R) : det A # 0}. This is a group under matrix multiplication.

Here is another result from IA Vectors and Matrices.

Lemma 9.3

For A,B € M,(R), det(AB) = det A - det B.

This implies that det is a homomorphism

det: GL,(R) - R* with A~ detA.

Definition 9.4 (Special Linear Group)

Let SL,(R) = kerdet = {A € M,(R) : det A = 1}. This is a subgroup of GL,(R) called the special
linear group.

By the Isomorphism Theorem 7.7,

SL,(R) < GL,(R)
GL,(R)/SL,(R) = im det.

Forany x € R,

x0..0
det?%j;'? =X.
00..1

Hence imdet = R* and so

GL,(R)/SL,(R) = R*.

Remark. We can replace R with C in the above and get similar results. Therefore we have

GL,(C)/SL,(C) = C*.
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Change of Basis

This is a familiar concept from IA Vectors and Matrices. There is a natural action by conjugation:
GL,(R) » M,(R)
P(A) := PAP L.

Proposition 9.5 (Change of Basis)

Let V be an n-dimensional vector space over R, and a : V — V alinear map. If A € M, (R) that
represents a in some basis, then the orbit

GL,(R)A ={PAP™' : P € GL,(R)}

consists of all matrices that represent «a in any basis.

Proof. A basis {v4, ..., v,} for V defines an isomorphism of vector spaces

M n
9:R" >V with |.. |~ D A
Ay i=1
The claim that A represents « in this basis means that
@
R" ; V
A l 0} l a
Rn ;) V

andso a = pAp~*.

Likewise, another basis {#, ..., u,} for V corresponds to another isomorphism
p:R" >V,

and a matrix B represents « in these coordinates if

a=yBy L.
Therefore,
B=y ap =y pAp~'p
=¥ 'o)A@p )
=PAP .
where P € GL,(R) represents

the isomorphism ¢ *¢ : R” — R" in the standard basis. Thus, the set of all matrices
representing « in any basis is contained in the orbit GL, (R)A.

72



Conversely, if
B = PAP!
for some P € GL,(R), then setting
p=¢pP 1 :R"SV
we get a basis
{ug = y(ey)}

for V. In this basis, B represents a.

Mobius Transformations, Revisited

Recall that multiplication in M/ looked similar to multiplication of 2 x 2 matrices.

Proposition 9.6 (Mobius Transformations From Matrices)

Identify
Cx = {(g g) €GL,(C): d e CX}
then
C* < GLy(C)
and

GL,(C)/C* = M.

Proof. We can prove both statements by constructing a surjective homomorphism from GL,(C)
onto M with kernel C*, by the Isomorphism Theorem 7.7. Consider the map

) . ab az+b
®:GL,(C) > M with (C d)H(Zch+d>'

By our previous computation of multiplication in M, we see that ® is a homomorphism. Also, ®
is surjective since for any Mobius transformation f(z) = ’jj:z with ad — bc # 0, the matrix (? 3) is
in GL,(C).

A matrix (‘c’ Z) € ker @ iff its image fixes 0, 1 and oo by the Three Point Lemma for M/ 5.6. Hence
b=0,c=0,a=d.

Thus, ker® = {(; ) : A € C*} which we have identified with C*.

Therefore, by the Isomorphism Theorem 7.7

GL,(C)/C* = M.

Orthogonal Groups

Let us write ||-|| for the normal notion of length on R”, i.e.
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n

2

||u||=\/2 u;.
i=1

Definition 9.7 (Orthogonal Group)

O(n) = {A € GL,(R) : Vv € R", |AV| = |v|}.

In fact, the dot product

is often more convenient to work with.

Lemma 9.8 (Polarisation Identity)

Forany u,v € R",

2 2 2
2u-v=ul” +|v]" = u-v|".

Proof.
lu—v|*=@-v)-@-v)
=u-u—-2u-v+v-v

2 2
= lull” = 2u-v+|v|".

It follows that we can characterise O(n) using the dot product.
Lemma 9.9 (O(n) And the Dot Product)

O(n) ={A € GL,(R) : Vx,y € R", (Ax) - (Ay) =x- y}.

Proof. If (Ax) - (Ay) =x - y for all x, y € R", then for any v € R",
|AV|* = (AV) - (AV)
=v-v
= |Ivll*.

[AV] = [lv].
Therefore A € O(n).

Conversely, if A € O(n) , then V&, y € R”,

The n-dimensional orthogonal group is the subgroup of GL,(R) that preserves distance in R":
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2(Ax) - (Ay) = |[Ax|* + |Ay|* - |Ax — Ay|?
= |Ax|? + |Ay|* — |A@x - y)|?
= x| + 1ylI* = lle - yII?
=2x-y.

Hence (Ax) - (Ay) = x - y for all x, y € R" as required.

This quickly leads to a nice characterisations of matrices in O(n).

Lemma 9.10 (Matrices In O(n))

Let A € M,(R). The following are equivalent:

1. A€ 0.

2. The columns of A form an orthonormal basis of R".

3.ATA=1,.

Proof. Let A = (a;;).
Let{eq, ..., €,} be the standard basis for R”. The ith column of A is Ae;. since

(Ae;) - (ABJ) =€;-¢;

= 53,
The columns of A form an orthonormal basis.
As explained above, (2) means that

Ae; - Aej = §;;.

Since u - v = u'v, this means that
(Ae,-)T(Aej) = 6ij
e,—TATAej = Sij-

But e,-TMej is the (i, j)th entry of the matrix M, so this shows that the (i, j)th entry of ATA is i
for all i, j. Therefore ATA = I,,.

Suppose u, v € R". then

(Au) - (Av) = (Au)" (Av)
—u'A"Av
=u'l,v
=Uu-v.

Hence A € O(n) as required.

Recall that det A" = det A. Therefore,
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1 = det(I,) = det(ATA) = det(A") - det(A) = (det A).

Sodet A = +1 for any A € O(n).

Definition 9.11 (Special Orthogonal Group)

The special orthogonal group is the subgroup

SO(n) := O(n) N SL,(R) = {A € O(n) : detA = 11.

Note that
SO(n) = ker(det : O(n) — {+1}).
Thus,
[0(n) : SO(n)] = 2.

Examples of elements of O(n) \ SO(n) are provided by reflections.
Definition 9.12 (Reflection)

Any v € R"\ {0} defines an orthogonal plane v: = B, = {x e R" : x - v = 0}.
The reflection in £, is defined to be
2(x - V)

Sy(X) =x— 5
vl

V.

Remark.

1. We will sometimes write Sp for the reflection in the plane P.

2. We may replace v by H—Z” and assume that |v|| = 1. then
Syx)=x-2(x-v)v.

Lemma 9.13 (Properties of a Reflection)
1. S2=id
2. S, € 0n)

Proof. We may assume that |v|| = 1. From the definition, S, is linear in x. So we can think of S, as
a matrix S, € M, (R). Now,

(Sy(X)-v)=(x-v)-2(x-v)(V-V)
=@-v)—2(x-Vv)

=—(x-Vv).

So,
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Sy () = Sy (%) — 2(S,(x) - V)V
=x-2(x-vV)v-2(—(x- V)V
=X.

So indeed SZ = id. In particular, S, is invertible with inverse S,, So
S, € GL,(R).
Finally, for any x € R",
1S @I = (Sy() - (Sy(x))
=@-2x-v)v)-(x—-2(x-v)v)
=x- x4 V- V) +4x-v)i@-v)
= |lx)1*.

Hence S, € O(n) as required.

Remark. Let ||v|| = 1, and pick an orthonormal basis {v4, ..., v,,_1} for .. In the basis {vq, ..., v,_1, V}
for R", S, has matrix

10..0 0
01..00
Sy=|:: - i
00..10
00..0-1

sodetS, = —1 and hence S, € O(n) \ SO(n).

Theorem 9.14 (Reflections Generate O(n))

Every A € O(n) is a product of at most n reflections.

Proof. We will prove this by induction on n.

Base case. Whenn =1, 0O(1) = {£1} = (S;) = C,. The matrix (-1) is the reflection in the origin, so
the result holds.

Inductive step. Let {e4, ..., €,} be the standard basis for R"”. Letv = e¢,, — Ae,,.

Then S, (Ae,) = e,,
so S,A preserves B, = R"™" x {0}.
By induction, there are vy, ..., v,_; € R"™! such that
S\A=S,,..S, , onR"™

Since both sides also fix e,,, they also agree on R”. Therefore,

A=S,S,,..S

Vp-1°
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Orthogonal transformations are especially easy to analyse in low dimensions.

Lemma 9.15 (Elements Of O(2))

Let A € 0(2).

1. If A ¢ SO(2) then A is a reflection.
2. If A € SO(2) then A is a rotation about O.

Proof. Recall that det S, = -1, so det(S,,Sy,...Sy,) = (=1)*. By Theorem 9.14, we may take k& < 2.
1. If A ¢ SO(2), then k is odd and hence k = 1. So A = S, is a reflection.

2. If A € SO(2), then % is even, so unless A = I, we can write A = S,,S, for some u, v € R? that are
not parallel.

We claim that A = S, S, only fixes the origin.
Indeed, for x # 0, suppose

S.S,(x)=x© S,x=S,x.

Ifx —S,x # 0, then vis parallel to x — S,x and u is parallel to x — S, x, so this implies that u
is parallel to v.
x

Hence A only fixes the origin, and is therefore a rotation about O.

Remark. Let A € SO(2). We have seen that the columns form an orthonormal basis of R?, so we

may write
_(a b
a=(5 0
with a? + b? = 1. Thus, there exists 6 € R such that ¢ = cos § and b = sin 6, so

A= cosf siné
~ \—sinf cosf)

Lemma 9.16 (Elements Of SO(3))

If A € SO(3), the A is a rotation.

Proof. By Theorem 9.14, A is a product of at most 3 reflections. Since det A = 1, either A =1or
A =S,S, for some u, v € R® that are not parallel. Since n = 3,

EnE =1

where [ is a line through the origin. Since £, fixes [ pointwise and £, also fixes [ pointwise, their
composition A also fixes [ pointwise.

Also S,S,x =x = S,x = S,x, similar to Lemma 9.15, either
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1. x € [, in which case x is fixed by A, or
2. uis parallel to v. %

Thus, A only fixes the line / pointwise, and is therefore a rotation.
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Platonic Solids

While there are infinitely many regular 2-dimensional polygons, in three dimensions there are
only five regular solids, known as the Platonic solids.

Definition 10.1

A convex polyhedron X C R? is a Platonic solid if
« every face of X is a regular n-gon for some n,

+ G =Isom(X) acts transitively on the faces.

« if x € X is the midpoint of a face, then

Stabg(x) = D,,.

Proposition 10.2

There are, up to similarity, exactly five Platonic solids:

« the tetrahedron, with 4 triangular faces and 4 vertices,

 the cube, with 6 square faces and 8 vertices,

the octahedron, with 8 triangular faces and 6 vertices,

the dodecahedron, with 12 pentagonal faces and 20 vertices,
the icosahedron, with 20 triangular faces and 12 vertices.

Two solids X, Y are dual if ¥ can be constructed from X by putting vertices in the centers of each

face, and then joining vertices in adjacent faces by edges.

Example 10.3

The cube and the octahedron are dual.

Example 10.4

The tetrahedron is dual to itself.

Example 10.5
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The dodecahedron and the icosahedron are dual.

In particular, if X and Y are dual, then Isom(X) = Isom(Y), so we only have three distinct isometry
groups of Platonic solids to consider.

Example 10.6 (Tetrahedron)

Let G = Isom(tetrahedron). By definition, G acts transitively on the four faces, and the
Stabg;(x) = D¢ so by the orbit-stabilizer theorem,

|Gl =4-6=24,
where x is the center of a face.
Furthermore, the action of G on the four vertices defines a homomorphism
0:G—S,.

We shall prove that 8 is injective. Suppose 8(g) = e. Then g fixes each vertex of the tetrahedron,
which are not coplanar. So g = id by the 4-point lemma. Therefore 4 is injective, and we may
identify G with a subgroup of S,.

But |S,| = 24 and |G| = 24,so0infact G = S,.

Let us also identify the group of rotational symmetries

Go =GN SO(3)

where the tetrahedron is centered at the origin.

Lemma 10.7 (Uniqueness Of A,,)

IfH<S,and[S,: H]=2,thenH = A,,.

Proof. Because [S,, : H|=2,H < S,,and S,/H = C,. We therefore have surjective
homomorphism 6 : S, —» Cy = {+1}with ker(d) = H.

Since transpositions generate S,, there is a transposition ry € S, with (zy) = —1. Because all
transpositions are conjugate ,SOT = 0Ty0 * for any other
transposition 7 and some ¢ € S,,. Thus

0(r) = 6’(0)9(7:0)6(0)_1 =-1. (since C, is abelian)

Therefore 6 = sign, so

H =ker 8 = kersign = A,,.
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Therefore, since [S, : Go] = 2, we have G = A,4.

Example 10.8 (Cube and Octahedron)

Let G = Isom(cube). By definition, G acts transitively on the six faces, and the Stab;(x) = Dg so
by the orbit-stabiliser theorem,
|G| =6-8 =48,
where x is the center of a face.
In particular, the index-two rotational subgroup G has order 24.

In Example Sheet 2 Q7, we saw that G acts on the set of the four long diagonals of the cube,
giving a homomorphism

8:G0—>S4.

Since both G, and S, have order 24, to show that f is injective it suffices to show that it is
surjective.

Claim. @ is surjective.

Proof. Since Transpositions Generate 8.11, it suffices to show that all transpositions are
contained in im 6. Indeed,

A, D,
c, b

P CiZAn
D, A,

rotation about the axis through the midpoints of an edge maps to a transposition under 6.

We get 172 = 6 different transpositions this way, which is all of them
. Thereforeim 6 = S,.

Hence comparing orders, we have Gy = S,.
Now, since —I ¢ G, commutes with everything in G, by Direct Product Theorem 6.3 we have

GEG0XCZES4XCZ.

Remark. We have G < 0(3) and Gg = G n SO(3) = ker(det|; : G — C5), so
[G: Go] = |im(detlg)| <2
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Since cubes have reflectional symmetries, we have [G : Gy] = 2 in that case. The same applies to
the other Platonic solids as well.

Now, for the final two Platonic solids.

Example 10.9 (Dodecahedron and Icosahedron )

Let G = Isom(dodecahedron) and G, the rotational subgroup of index two.

By definition, G acts transitively on the twelve faces, and the Stab;(x) = D, so by the orbit-
stabiliser theorem,

|G| =12-10 =120,
where x is the center of a face. And so |G| = 60.

By drawing diagonals on faces, we may inscribe 5 cubes into the dodecahedron.

Since the 5 cubes are built symmetrically from the geometry of the dodecahedron, G, acts on
the set of these 5 cubes, giving a homomorphism

8:G0—>S5.

Rotation around the axes through an opposite pair of vertices leads to a 3-cycle. There are 10
diagonals between opposite pairs of vertices, so we get 10 inverse pairs of 3-cycles. So, we get
all 20 3-cyclesin Ss.

Claim. Let X C Ag be the set of 3-cycles. Then
(X) = As.

Proof. By Example Sheet 4 Q2,
(X) < As.

Since A5 is simple, either (X) = {e} or (X) = As. Since X # {e}, we must have (X) = A5.

In summary, if X is the set of 3-cycles, we have seen that
XCcimf and (X)=A;<im6.

Therefore we have
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60 = |Gy| = |im 6| > |A5| = 60,
so 6 is surjective and hence an isomorphism. Therefore G, = As.

Finally, since —I ¢ G, commutes with everything in G, by Direct Product Theorem 6.3 we
have

GEG0XCZEA5XCZ.
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