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Syllabus and Overview

Limits and Convergence

Sequences and series in R and C. Sums, products and quotients. Absolute convergence; absolute
convergence implies convergence. The Bolzano-Weierstrass theorem and applications (the
General Principle of Convergence). Comparison and ratio tests, alternating series test.

Continuity

Continuity of real- and complex-valued functions defined on subsets of R and C. The
intermediate value theorem. A continuous function on a closed bounded interval is bounded and
attains its bounds.

Differentiability

Differentiability of functions from R to R. Derivative of sums and products. The chain rule.
Derivative of the inverse function. Rolle's theorem; the mean value theorem. One-dimensional
version of the inverse function theorem. Taylor's theorem from R to R; Lagrange's form of the
remainder. Complex differentiation.

Power Series

Complex power series and radius of convergence. Exponential, trigonometric and hyperbolic
functions, and relations between them.

Integration

Definition and basic properties of the Riemann integral. A non-integrable function. Integrability of
monotonic functions. Integrability of piecewise -continuous functions. The fundamental theorem
of calculus. Differentiation of indefinite integrals. Integration by parts. The integral form of the
remainder in Taylor's theorem. Improper integrals.



Numerical Sequences and Series

Basics

Definition 1.1 (Sequence)

A sequence (x,) _, On a set X is an enumerated list where each element is in the set X.

In this section, X C R or X C C. A concrete important caseis X =R

We shall now consider the issues of

« convergence, where (x,) converges to x € X, and

divergence of sequences.

On convergence:

we need |x, — x| to be smaller than any given threshold & > 0 that we choose;

for the comparison, only the tail of the sequence matters, i.e. large n behaviour. We can always
ignore the first N terms of the sequence, for some N depending on «.

On divergence to infinity:

we need |x,| to clear any threshold L > O that we choose;

again, only the tail of the sequence matters. We can always ignore the first N terms of the
sequence, for some N depending on L.

Definition 1.2 (Convergence)

We say that (x,) converges to some finite x if
ve>0,aNeN,Vn > N: |x, — x| <e.
We write x, —» x or lim,_, ., X, = X.

n—o0 *n

Definition 1.3 (Divergence to Infinity)

We say that a real sequence (x,) diverges to (positive) infinity if

VL>0,aNeN,vn> N:x, > L.

We write x, — oo.

Remark. We can replace < by <, and replace ¢ by 2¢, etc. in the definitions above without
changing their meanings.

Remark. For complex sequences, we can use analogus definitions of diverging to infinity.



Example 1.4

Consider x,, = % Then x, — 0 because Ve > 0O,

|x,,—0|=1<e Vn>1+[1].
n 3

Consider x,, = 2in Then x, — 0 because Ve > 0,

|x, — 0| = % <g VYn> max{l, 1+ [Iogz(%)“.

Consider x, =i n. Then (x,) diverges to infinity since VL > 0,

Xn
T=n>L vn>1+][L].

Consider x, = (—1)". Then (x,) does not diverge to oo, but it does not converge either.

Lemma 1.5

If a sequence (x,) converges, then the limit is unique.

Proof. Suppose x, —» a and x, - b. Take € > 0O, then we have

>N;:|x, —a| <¢,
AN, = N,(e),¥n > N, : |x, — b| < e.

In particular, for n > max{Ny, N,}, both inequalities hold. Then
la—bl=|a—x,+x,—b| <|a—x,|+|x,-b| <e+e=2e.

Since ¢ is arbitrary, we can conclude that |a — b| = 0. Hence a = b.

Proposition 1.6 (Sandwich Theorems)

Let (x,), (vn), (z,) be real sequences. Then
e If x, <y forallnand x, - x, then x <.

o If x, » x,2, = x,and x, <y, < z,, theny, — x.

Important. The best conclusion in the case that x, <y forallnand x, — x, is stillx <y.

Lemma 1.7

Let (x,) be a complex sequence. Then x, — x if and only if Re(x,) — Re(x) and Im(x,) — Im(x).

Proof. Recall that for z € C, |z| = \/Re(z)? + Im(z)2.

We have that |[Re z| < |z| and |Im z| < |z|. By the defintiion of convergence, the result follows.



Note the inequality |z| < |Re z| + |Im z|. Fix € > 0. By definiition of convergence,
ElNl = N1(£), Vn
3N, = Ny(e),Vn

>N, : |Rex, —Rex| <¢,
>N, : [Imx, —Imx| <e.

Hence |x, — x| < 2¢ for all n > max{Ny,N,}.

Lemma 1.8

Letx, = x,y, = y. Then x, +vy, = x+y and x,y,, — xy. If x, # O for every n, then Xl -1

X

Proof. The first and third part is left as an exercise.
We shall prove that x,y,, — xy. We have
|Xnyn - XY| = |Xnyn = XY T XYy — X)/|

< IXIyn =y [+ yal X = x|

We have
3 3 vn>Nyp:|x, —x| <e
Ve > 0,3N; = Ny(€),IN, = N,(¢), vn >Ny |y, —y] <e.
Hence
|Xnyn - Xy| < 8(|X| + |yn|) Vn 2 maX{Nl’NZ}'
Lemma 1.9

If x, — x, then (x,) must be bounded. i.e.

M, vn: |x,| <M

Proof. Take ¢ = 1. Then there exists N such that vn > N, |x, — x| < 1. Hence for n > N, we have
|xn| < |%n = x| +Ix] < 1+ x|
Let

M = max{|x¢|, | X2|, - [Xnze |5 1+ X1}

Then vn, |x,| <M.

Hence we can replace |y, | with M and the result follows.

Definition 1.10 (Bounded Sequence)

We say (x,) is bounded if 3M > 0 such that |x,| < M for all n. Equivalently, sup,so|x,| < M.



Definition 1.11 (Monotonic Sequence)

We say a real sequence (x,) is monotone if either
e itisincreasing, x, < x,,4 for every n,

e itis decreasing, x, > x,,, for every n.

Proposition 1.12 (Monotone Convergence Theorem)

Every bounded monotone real sequence converges.

Proof. WLOG suppose (x,) is strictly increasing and bounded above. We will use the supremum
axiom, that every non-empty set of R bounded above has a supremum in R.

Refer to IA Numbers and Sets for a full proof of this proposition.

If we drop the monotonicity condition, we may not have convergence. For example, x,, = (—1)" is
bounded but does not converge. However, we can still extract convergent subsequences from
bounded sequences, e.g. by taking all even terms in x, = (-1)".

Bolzano-Weierstrass Theorem

Theorem 1.13 (Bolzano-Weierstrass Theorem)

If (x,) is a real and bounded sequence, then there exists a convergent subsequence.

Definition 1.14 (Subsequence)

A subsequence of a sequence (x,) is a sequence of the form (X”k) where (n,) is a strictly
increasing sequence of natural numbers.

Lemma 1.15

If x, — x, then any subsequence (x,,k) must converge to the same limit.

Proof. Since n, < n,.q = n,1 = n + 1, by induction, we can show that n, > k for all k.

Take € > 0, then 3N = N(¢) such that Vn > N, |x, — x| < &. So if k > N then n, > k > N and hence
X —x| <eE.

Ny

Hence lim_,, x, = x.

Proposition 1.16 (Nested Interval Property)

Take a sequence of nested closed intervals in R: Vn, I, 2 I,,,, Where I, = [a,, b,].



If b, —a, = |I,| » 0asn - oo, then N _ I, contains exactly one point.

neN

Proof. This is an application of Monotone Convergence Theorem 1.12.
Sincel, 21,4 and I; 2 I, we have

® Oy S 0pyg

o by 2 bpys

e 0y <a,<b,<b

Hence,

e (a,) is increasing and bounded above by b;,

« (b,) is decreasing and bounded below by a;.

So (a,) and (b,) converge. Let a = lim,_,,, a, € Rand b = lim,_,, b, € R. Since limits preserve
inequalities, we have a < b. Now we shall prove this proposition by considering two aspects.

Existence. For all k > n, a;, € [a, b, ] C [a,,b,]- SO a, < a, < b,. Now, as k — o0, we have a, < a <
b,. Since this is true for all n, we have a € [, L.

Uniqueness. b, — a, — b — a by construction. Since b, — a, — 0, we must have b — a = 0 because
limits are unique. Hence a = b.

Thusxen, I, exel,Vnea,<x<b,Vn=>a<x<b=a=>x=a=b.

Proof. We are given (x,) and M > 0 such that |x,| <M
for all n. We will construt a sequence of nested intervals from which we can sample our
subsequence, since that will ensure that our subsequence will converge to the unique
intersection point of nested intervals.

Leta, = -M,b; =M. Then I, = [-M,M] 2 {x, : n € N}.

Now take ¢ = % Then at least one of the intervals [a,,c] and [c, b, ] must contain infinitely
many terms of the sequence (x,).

Take I, to be a half interval that contains infinitely many terms. Continuing

inductively gives a sequence of nested intervals I, = [a,,b,] with b, — g, = -~ — 0as n — oo,

 on-1
and each I, contains infinitely many terms of the sequence.

By Nested Interval Property 1.16, 3!x € (), I,. We can now choose (x,,k) as follows: pick n; such
that x,, € I, then I, has infinitely many elements of (x,) with indices greater than n,, so pick n, >
n, such that x,, € I,. Continuing in this manner gives a subsequence (x,,k) with x, € I, for all k.

By construction, x,, € I, for every k, so x, € (1, In, SO X, — xask — oo.

Remark. The Bolzano-Weierstrass Theorem also works for complex sequences.



Cauchy Sequences

Definition 1.17 (Cauchy Sequence)

A sequence (x,) € C is Cauchy if

ve > 0,aN e N,Vm,n > N : |x, — X, | < €.

Example 1.18

* X, = . Assume WLOG m > n, Then Ve > 0

|Xn_Xm|= 1.1 =m_n<1<8 Vm,n;N(g)=1+[1]'
n m mn n €

e x, = (—1)"is not a Cauchy sequence, because if n = 2k, m = 2k + 1 for any k € N, then

|Xn_xm|

=[1-(-1)|=2
The definition fails for € = 1.
* (x,) on @ defined by truncation of decimal expansion of V2:
X1 =1,x=14,x3=1.41,x, = 1414, ...
This is Cauchy, since for WLOG m > n, we have
|Xm = X,] <1071 - 0 asn — oo.

This sequence does not converge over @, but it does converge over R.

Exercise. If (x,) satisfies
Ve > 0,3N = N(€),Vn = N : |Xp,1 — X, | <&,

must (x,) be a Cauchy sequence?

Lemma 1.19

If (x,) is Cauchy, then it is bounded.

Proof. Take € = 1. Then 3N such that vn > N,
|x, = xn| < 1.
Hence |x,| < 1+ |xy| for alln > N. Note that xy is a finite number independent of n. So

supl | < max{ x| 5z o 1] 4 i

Lemma 1.20



A complex sequence (x,) is Cauchy if and only if (Re(x,)) and (Im(x,)) are Cauchy in R.

Lemma 1.21

If x, - x, then (x,) is Cauchy.

Proof. Ve > 0,3N = N(¢g),Vm,n > N, we have
|Xn _Xm| = |Xn_X+X_Xm|

= |Xn—X|+|X—Xm|

<&g+¢€g=2s¢.

Consider the converse of Lemma 1.21. Note that Example 1.18 (3) shows that there are Cauchy
sequences in Q that do not converge in Q. However, we have the following important theorem.

Theorem 1.22 (Completeness Of R and C)

Every Cauchy sequence in R or C converges.

Remark. So one can prove convergence of R or C sequences without having to know the actual
limit, by showing that they are Cauchy.

Proof. Recall that a sequence on C is Cauchy/convergent if and only if its real and imaginary
parts are Cauchy/convergent. So it suffices to prove the result for real sequences.

We have seen that (x,) being Cauchy implies that it is bounded by Lemma 1.19. Then by
Bolzano-Weierstrass Theorem 1.13, 3 convergent subsequence (Xnk) with limit x € R. We have

|Xn_X|< +

Xn — Xnk

Xp, — x|.
More precisely, take € > 0O,

« since (x,) is Cauchy, IN; = N;(€) such that Vm,n > Ny, |x, — x| <€,

* since x, — x, AN, = N,(¢) such that vk > N,,

Xn, — x| <eE.
We can choose k > N, such that n, > N,, then

|x, — x| <e+e=2e Vnx=N,.
Series and Convergence Tests

Definition 1.23 (Series and Series Convergence)

Let (a,) _ be a sequence over R or C. We say that }  , a, is a series.

neN

We say it converges if the sequence of partial sums

10



k
S = j{:an
n=1
converges to some finite s € R or C as k — . In this case, s is called the sum of the series,

[ee]
-3
n=1

Example 1.24

e ) > ,ndoes not converge as s, = Z’r‘ml n= %k(k +1) > oas k — oo.

» Geometric series. ) 7, r" < co converges iff |r| < 1. The partial sums for |r| < 1 are

k o k+1
sk=Zr”=11_rr _)1Er ask — oo.
n=0
* X
k k
1 1 1 1
_ -y 1_ —1-—— 51 ask
% Zn(n+1) Zn nt1 kv1 - ®ET®
n=1 n=1
Lemma 1.25

Fix A € C.If )_a, and ) b, converge, then ) (Aa, + b,) also converges.

Remark. Note that the product of two convergent series need not converge.
As usual, only the tail of the series matters for convergence.
Lemma 1.26

If a, = b, for alln > N for some N € N, then ) _a, converges iff ) b, converges.

Proof. Let

sk—Zan, =Z = bn+ian

11



Note that )} _, (b, — a,) is a finite sum, so it does not affect convergence. If k — oo, then s
converges iff r, converges.

Proposition 1.27 (nth Term Test)

A necessary condition for ) _a, to converge is that g, - 0 as n - .

Remark. a, — O is not a sufficient condition for ) a, to converge.
For example, the harmonic series ) 7>, % diverges even though its terms converge to 0. To see
that it diverges, note that the partial sums satisfy
k
1
Sk = =
(=2 >
n=1

1 1 1

R R T

1 1
> —_— = .
/sk+k2k s,(+2

Hence (s, ) is not Cauchy, so it diverges.

Proof.
Z a, converges & s, — s as k — oo forsome s

= (s, ) is Cauchy

= Ogp1 = Skp1 — Sk > 0ask — oo,

We shall first focus on tests for convergence of ) a, where a,, > 0 for all n.

Proposition 1.28 (Comparison Test)

If 0 < b, < a, for all sufficiently large n, then

Z a, converges = Z b, converges.

Proof. Let s, and r, be the partial sums of ) a, and )_b,. Because a,, b, > O, the sequences (s;)
and (r,) are increasing. Since s, — s, we have s, < s for all k. Hence

k k
bn<an=>an<Zan<s
n=1

n=1
= r, is bounded above by s

= (r,) converges by monotone convergence theorem.

Example 1.29

12



> ,,iz converges. This is because

[} 1 [} 1 o) 1 0 1
S=1+) =<1+ <1+ _
,;nz ';n2 ;(n+1)2 r;n(n+1)

so by Comparison Test 1.28, > niz converges.

The next two tests are about asymptotic comparisons to the geometric series.

Proposition 1.30 (Root Test)

If a, > O for all n, then consider /a,, and assume 3a such that a = lim,_,, J/a,.
Then

e a < 1limplies ) a, converges.

e a>1limplies ) a, diverges.

e ga=1isinconclusive.

Proof. If a > 1, then by the definition of limit,

1
AINeN,Vn>N:a7 > 1.

This implies that a, > 1 foralln > N, so }_a, diverges by nth term test 1.27.

Now, if a < 1, then there is some r € R such that a < r < 1. By the definition of limit,

1
AN eN,Vn > N,a" <r.

Hence a, < r" for all n > N. By Comparison Test 1.28, ) a, converges since ) r" converges.

Example 1.31

« ¥ 5 ifa, = 3 <1,s0it converges.

e > 4" ta, =4>1, soitdiverges.

Proposition 1.32 (Ratio Test)

If a, > O for all n, then consider “:;—:1, and assume 3a such that a = lim,_, “::1.
Then

e a<1limplies) a, converges.

e a> 1implies ) a, diverges.

e g =1isinconclusive.

Example 1.33

13



. Z% (divergent) and 3~ ,,iz (convergent) are both inconclusive under the root and ratio tests,
since both have limit 1 in both tests.

* Y o converges, since

a n+1 1 1
. . oonil .. n
lim =L = jim 22 = jim 2P - 2
n—oo an n—oo E n—oo n 2
Or alternatively, by the root test,
1 1
n _ nn

n 1
(5) =5 °3<t

logn
Remark. To show that n% - 1, write n% =en and L'Hospital's rule shows that len _, .

n

Exercise. Show that if the ratio test is inconclusive, then so is the root test. Show also that the
converse is not true, using

_ |2 n even
9 =12-0+1  nodd

Proposition 1.34 (Integral Test)
Suppose f : [1,0) = [0, o) is a continuous decreasing function (so it is integrable in [1, N] for
each N eN ). Let a,, = f(n) for each n e N.
Then
Z a, converges & lim f(t) dt exists.
n—>oo
n>1

Furthermore, as k — oo,

k

k
Z a, — / f(x)dx — | for some | € [0, f(1)].
n=1 1

Remark. The RHS is an improper integral, which will be discussed later. The last part tells
us that the integral is a good approximation for the series (if it converges), or the rate of
divergence (if it diverges).

Proof.

14



ol 1 2 3 4 ~k-1k -

We have

k
%—%=Z%=ZD<KHMM
n=2
k-1 k
&4=Z%=ZD>Lﬂmt
n=1

f1k f(t)dt < s,_4 < s since (Sk) is increasing and converges by assumption. Thus (f1k f(t) dt)k is
increasing and bounded above, so it converges.

if the integral exists, then ([1" f(t) dt)k is bounded. Hence (s;) is @ monotone bounded
sequence and it converges.

For the last part, let b, = ’;zl a, — f1k f(x)dx. We have

o b —b_y=a - [, ft)dt =f(k) - [, f(t)dt <O.

e b, >a,=f(k)>0.

Hence (k) is decreasing and bounded below, so it converges to some | > 0. Also, since
0 < f(k) < b <ay =f(1)

we get 0 < I < f(1).

Example 1.35
oy nip converges iff p > 1.

Note that

X —
lim [ ldt= lim {(1—p)x P p7&1+constant
. tP log x

X—00 X—00 p= 1

which exists for p > 1 and diverges for p < 1.

Remark. This is a much easier way to see the divergence of the harmonic series. Note a
posteriori that the divergence is not surprising, since for ) a, to converge we need a, — 0
sufficiently fast to overcome the growth in the number of terms we are adding up.

Rough calculation suggests that a, <« % for large n would be enough for convergence.

1 . .
Y Toam diverges since

15



[ 1 dt=fldu=|ogu+c=|og(|ogt)+c
tlogt u

with the substitution u = logt.

« Y —L_ converges since

nlog2n
[ 1 dt=[idu=—1+c=—i+c
tlog2t u? u logt

with the substitution u = log t.

Proposition 1.36 (Cauchy Condensation Test )

Let a, > O for all n, and suppose that (a,) is decreasing. Then

Z a, converges < Z 2"a,, converges.

Proof. We have

X 2%
[f(t)dt=|og2[ f(2')2! dt
1 0

using the substitution u = 2! dt.

From Integral Test 1.34, we have

0 X
Z a, converges < lim [ f(t) dt exists
X—o00 1

n=1
y
& lim [ f(2')2" dt exists.
y—)OO O
Hence, letting g(t) = 2f(2"),
f decreasing = f(2’<+1) <f(t) < f(2") vt € [k, k + 1],

= 2kf(2k+1) <3(t) < 2k+1f(2k) vt € [k, k + 1],
k+1 k+1 k+1
= 1 Z 2n+1azn+1 < [ g(t) dt < 2 Z 2nazn.
2 n=1 1 n=1
Thus, Y 2"a,. converges iff lim, _,, [7 f(2')2" dt exists, and the result follows.

Proposition 1.37 (Alternating Series Test)

Let (a,) be a decreasing sequence with g, > 0 and a, - 0. Then Y=, (-1)"*a, converges.

Example 1.38

16



n+1
> e converges though Z% diverges, by the alternating series test.

n

Proof. Let s, = Y ¥_, (-1)"*'a, be the partial sums. Note that
Sak = (a1 — a2) + (a3 — a3) + ... + (agy—1 — a2)

Hence,

so (s, ) is an increasing sequence.
Also,
Saket = 01+ (=0p +ag) + ... + (=ag + Agici1)
e
Sy > S35 S5 2 > Sppaq = o

and (sy,4 is decreasing.
Moreover, sy .1 — S = dg41 = 0, SO wWe have
a1 =0y =53 < Spk S Sk S 51 =01

Therefore, both (s,,) and (s,,1) are bounded. By Monotone Convergence Theorem 1.12, both
sequences converge. Let s, = sand sy 4 = Sask — oo.

Note that

§—s=lim(syq — Sp) = lim ag,q =0.
k—oo k—oo

Lemma 1.39

If the odd and even subsequences of a sequence both converge to the same limit, then the
whole sequence converges to the same limit.

Proof. Forall € > O,

Hence |s, —s| < € for all n > max{2Ny, 2N, + 1}.

Therefore, s, - sas k — oo.

Proposition 1.40 (Dirichlet Test)

17



Let (a,) be a decreasing sequence with a, > 0 and a,, — 0. Let (b,) be a sequence such that
the sequence of partial sums (Sk =3k, b,,)k is bounded.

Then ) a,b, converges.

Definition 1.41 (Absolute Convergence)
A series ) a, is said to converge absolutely if ) |a,| converges.

Remark. |a,| > O for all n, hence root, ratio, etc. tests can be applied to test for absolute
convergence.

Lemma 1.42

If ) a, converges absolutely, then it converges.

Remark. The converse is not true by Example 1.38. Hence, absolute convergence is a strictly
stronger notion. We call series that converge but not absolutely conditionally convergent.

Proof. Lets, =3, a, andletr, =3 _ |a,|. Since r, is convergent, it is Cauchy.

k

2 an

n=[+1

k
[se —s| = < Z|an|=|rk—r,|<e vk, | > N(g).

n=[+1

Thus, (s, ) is Cauchy and hence convergent.
Conditionally convergent series can behave badly under rearrangements.
Example 1.43

Consider

—_—

RN

I
NI~ +

NIR Nl N
M
Lo
S
F
[uy
S|

S
Il
N

This suggests that the rearranged series sums to half the original series.

18



In a conditionally convergent series, the order of the sum matters. This is not the case for
absolutely convergent series, where any rearrangement converges to the same sum.

Proposition 1.44 (Rearrangements of Absolutely Convergent Series)

Let o : N - N be a bijection. Let a, = a,(,. Then if 3_a, is absolutely convergent, we have

Za;=Zan.

Proof. Let s, =3 . a,. By assumption, 3s such that s, — s as k - oo. Fore >0,

AN =N(e),Vk >N : |s,—s| <& and Z|ak| <e.
k>N

Now, since o is a bijection, 3M > N such that a4, ..., ay is contained in a3, ...,ay. Hence, form > M,

m N m
2 =) &t ) a
n=1 n=1 n=N+1
el
SN

= |5N_S|+Z|ak|

k=N
<&g+¢e=2s.

m
!

> o

n=1

Hence ) a, =) a,.
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Continuity of Functions

Limits of Functions

Take a function f : X - C with X C C. Consider the meaning of f(z) » yasz — a, evenifa ¢ X.

A classic example is ™ at g = 0, which is not in the domain of the function. The reason we may

X

think of lim,_,, % is that there are points in the domain that are very close to 0. In other words, 0
is an accumulation point for R \ {0}, since for any threshold 6 > O, there are points in R \ {0} within
6 of 0.

Definition 2.1 (Accumulation Point)

Let X C C, and a € C. We say that a is an accumulation point for X if
V6 >0,3z€ X\ {a}:|z—al <é.

If a € X and is not an accumulation point for X, we say that a is an isolated point of X.

Example 2.2

For X = {0} U [1, 2], Ois an isolated point of X, while any pointin [1,2] is an accumulation
point of X.

The points on the circle S = {z € C : |z| = 1} are accumulation points forD = {z € C: |z| < 1}.

All the pointsin D = {z € C: |z| < 1} are accumulation points for D.

For the set {|z| < 1}, then all the points are accumulation points.

Lemma 2.3

Let X € C, a € C. Then a is a accumulation point iff there exists (x,) in X \ {a} such thatx, — a
ash — oo.

Hence, for f(z) - y as z — a to be meaningful, we need a € X, orif a ¢ X, it should be an
accumulation point for X. The rationale for our definition are

» for any threshold € > 0 (no matter how small it is), there exist points in Im f which are €-close to
y, i.e.

{zeX:|f(z)-yl<e} #@.
» furthermore, it must contain all points in X that are sufficiently close to a, i.e.

36>0:VzeX,|z—a|l<bd=>|f(z)—y|<e.

Definition 2.4 (Limit of a Function)
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Letf: X C C — C. Take a € C such that a is an accumulation point for X. We say that f(z) —» y
asz - aif

Ve>0,36>0,vzeX:0<|z—-a|<b=|f(z) —y| <e.
y is called the limit of f as z — a, and we write lim,_,, f(z) = y.
In particular, for a € C where a is an accumulation point for X, we say that f diverges (to «) as

zaaif%—wforsomelec,and

VL>0,36>0,vze X:0<|z—a| <6 = |f(z)| > L.

Remark. If a is an isolated point of X, then we can always find ¢ sufficiently small that
|z—al<eg,zeXez=a

So the definition of limit can be made for isolated points, but it is not very interesting.

Example 2.5
X has fomain R\ {0}. Consider its limit as x — O.

Claim.

. sinx
lim —— =1.
x>0 X

Proof. Recall that there is a geometric argument using trignometric circle that shows cos x <
X <1 forallx € (O, ﬂ). Hence
X 2
sin x

2
——1| < 1—cosx=25in2(£) < X—.
X 2

2
Hence Ve > 0O, choosing é(¢) = \/E gives

sin x
X

|x—0|<6=>| —1|<£.

We can also give a sequential characterisation of limits, which is often easier to work with.

Lemma 2.6 (Sequential Characterisation of Limits)

Letf: X CC — C. Leta € C where a is an accumulation point of X. Then

fizy >yasz—a & f(z,) - yforevery(z,)onX.

f(z) divergesasz - a < f(z,) diverges for every (z,) on X.

with (z,) — a and z, is not the constant sequence.

Lemma 2.7
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Suppose f : X C C —» C, and it has a limit at a. Then the limit is unique.

Proof. Suppose f(z) » y as z —» a, and f(z) » x as z — a are both true.
We have
Ix =yl =Ix—-f(z) +f(z) -yl < Ix = f(2)| + |f(z) = yI.
Note that LHS does not depend on z, but RHS does. So taking limit as z — a gives

X =yl < limix —f(z)| + lim[f(z) —y| = 0.

Hence x =y.

Lemma 2.8

Letf: X C C — C. Leta € C where a is an accumulation point of X. Suppose lim,_, f(z) =,
lim,_, 8(z) = x. Then,

im(f(2) +8(2) =y +x  lm(f@glz) =yx, lim (%) =Litvz e X, gl2) % 0and x %0,

Continuity of Functions
From the previous section, we can compute lim,_,, f(z) if a is a accumulation point for X.
Definition 2.9 (Continuity of a Function)

Letf: X C C —» C. We say that f is continuous at every point in X.
Take a € X. We say that f is continuous at a if

Ve>0,36 eR,VzeX:|z—al <6 = |f(z) —f(a)| <e.

Remark. If a € X is an isolated point, then f is continuous at a. Inf a € C is an accumulation point
for X, then f is continuous at a iff lim,_,, f(z) = f(a).

Example 2.10

e f(z) = z is continuous, since Ve > 0,36 given by 6(¢) = e suchthatVvz € X,|z—a| < 6 = |f(z) —
fla)l =1z —al <e.

* f(x) = {""G) "x#04s ot continuous at 0, since lim, 4 sin(2) does not exist.
0 if x=0 x—0 X

Definition 2.11 (Sequential Continuity)
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Letf: X € C — C. We say that f is sequentially continuous at a € X if for every sequence (z,)
in X such that z, — a, we have f(z,) - f(a).

Proposition 2.12

Letf: X CC — C. Then f is continuous at a € X iff f is sequentially continuous at a.

Proof.

By continuity of f, Ve > 0, 36 = &(¢) such that |z — a| < & = |f(z) — f(a)| < €. Take (z,) on X with
z, — a, then 3N = N(g) such that |z, — a| < & for all n > N. Hence |f(z,) — f(a)| < € foralln >N, so

We shall prove by contradiction. Suppose f is not continuous at a, then 3¢ > 0 such that
V6> 0,3z € X with|z—a| <& but|f(z) —f(a)| > &.

Take 6 =1,2,..,3, .. tofind (z,) with |z, —a] <1 - 0 but |f(z,) - f(a)| > & for all n. Hence z, » a

Ev (3 ;7

but f(z,) does not converge to f(a), contradicting the sequential continuity of f at a.

Example 2.13

e For
fo = Jsin(3) ifx#0
0 ifx=0
consider the sequence (x,) with x, = 5 il) . Then f(x,) = 1 for all n and x, = 0. Hence f is
n ET[

not sequentially continuous at O, and thus not continuous at O.
» Consider f(x) = 1g(x). f is discontinuous at every point a € R:
» if a € Qthen 3(x,) € R\ Q with x, - a but f(x,) = 0 for all n and f(a) = 1.
» if a € R\ @ then 3(x,) € Q with x, - a but f(x,) = 1 for all n and f(a) = 0.
» Consider f(x) = sin x, we shall show that it is continuous at every pointa € R. Fix a € R. We
can choose §(¢) = min(s, g),
If (x) = f(a)| = |sinx —sinal|

< 2cos(xza)sin(x ; a)

. (x—a
<
sin(*27)]

< |x—a| by taking

xaclnrn
2 2°2f

Therefore, |f(x,) — f(a)| < |x, — a| holds for n sufficiently large.

Lemma 2.14
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Letf,g: X C C — Cbe continuous at a € X. Then so are Af + g and fg. If f(z) # O forall z € X,

then so is %

Lemma 2.15
LetU,VeC f:U-V,g:V - C.If fis continuous at a € U and g is continuous at f(a) € V,

thengof:U — Cis continuous at a.

Proof. Since g is continuous at f(a),
ve>0,30 =o(e),Vy € V: |y —fla)l <o = Ig(y) — g(f(a))l <.
Also, f is continuous at a. So
A6 =96(¢),vzeU:|z—-a|< b= |f(z) —f(a)| < o.
Putting everything together,
Ve> 0,36 =6(e),vzeU:|z—al <6 = |f(z) —f(a)]| < o = |g(f(z)) — g(f(a))| < &.

Hence g - f is continuous at a.

Remark. Composition preserves continuity.
Extreme Value Theorem

Definition 2.16 (Closed Set)

A set X C Cis closed if all sequences (x,) in X which converge in C have their limits in X.

Example 2.17

[0,1] is closed,

(0,1) is not closed,

(0,1] or [0, 1) are not closed,
[0, ) is closed,

(0, ) is not closed.

Definition 2.18 (Bounded Set)

We say X C Cis bounded if 3IM >0 suchthat X C {z € C: |z| < M}

In other words, if 3M > 0 such that sup,x|z| < M.

Example 2.19

e [0,1], (0,1), [0, 1) are bounded,
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e [0,), (0, 0) are not bounded.

Proposition 2.20 (Continuity Preserves Closedness and Boundedness)

Let X C C be a closed bounded set. If f : X — Cis continuous then f(X) C C is a bounded
closed subset of C.

Proof.

Suppose f(X) is not bounded, then for each n € N we can find x, such that
|f(x,)| > n. Now, (x,) is a sequence in X, and it must be bounded since X is bounded.

By Bolzano-Weierstrass Theorem 1.13, there exists a convergent subsequence (Xn ) Let the
limit of (x,,k) be x. Since X is closed, x € X. On the other hand, |f(xnk)| >n>k.Sof xnk) cannot
converge as k — o. Then f is not continuous at x. x Therefore f(X) must be bounded.

Take (y,) in f(X), suppose that it converges to some y € C. We want to show that
y € f(X). Note thaty, € f(X) = 3x, € X such that f(x,) = y,. This sequence (x,) is inside X, hence
it is bounded. Copying the argument above to get x, — x € X. Thusy, = (Xnk)' By continuity of

f,
y = ,Jil'loy“k = k"l'lof(xnk) = f(kli_r)rloxnk) = f(x).

Hencey € f(X).

Theorem 2.21 (Extreme Value Theorem)

Let X C R be a closed bounded set. If f : X —» R is continuous, then there exist a,b € X with

a=supf(X), b=inff(X).

Remark. We know by Supremum Axiom (from IA Numbers and Sets), that there exist supremum
and infimum of f(X). The proof here is that these are always attained, so that they actually
maximum and minimum.

Proof. We will focus on the first equality, since the other can be proved similarly.

Let M =supf(X). Hence, M — % is not an upper bound for f(X) for all n € N. Hence, we can find a
sequence (y,) on f(X) such that

1
M—E<yn<M.

Note that 3x, such thaty, = f(x,) for each of y,.. This gives us a sequence (x,) on X such that
f(x,) =y, for all n with M — % < f(x,) < M. Now take limits and use the fact that f is continuous,
we get
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M < lim f(x,) <M = lim f(x,) = M.

n—oo n—oo

By closedness of X, f(X) is also closed by Proposition 2.20. Hence M € f(X), so there exists a €
X such that f(a) = M. Hence a = sup f(X).

Intermediate Value Theorem

Theorem 2.22 (Intermediate Value Theorem)

If f : [a,b] —» R is continuous, then f([a, b]) is an interval. Hence, if f(a) <y < f(b), then there
exists c € [a,b] such that f(c) =y.

Remark. The theorem guarantees existence, but not uniqueness.

Proof. If f is constant, or if y = f(a) or y = f(b), then this is trivially true.

If not, WLOG assume f(a) <y < f(b),and letS = {x € [a,b] : f(x) <y}. Thena €S, so S is hon-
empty. Also, S is bonunded above by b, so 3d = sup S € [a, b]. We aim to show that f(d) =y.

e Suppose f(d) >y. Then € = f(d) —y > 0. By continuity of f, 36 = 6(¢) > 0 such that V|x — d| < 6,
x€E€la,bl = |f(xX)—f(d)|<e=f(x)>f(d)—-e=y = x ¢&S.

This means that (d — 6,d) NS = @, which contradicts the definition of d.

e Suppose f(d) <y.Then e =y — f(d) > 0. By continuity of f, 36 = 6(¢) > 0 such that V|x — d| < 6,
x € [a,b] = |f(x) - f(d)| < & = f(x) < f(d) + £ =y. Butthen, f(d + 2) <y = d <d + £ € 5, again
contradicting the definition of d.

Hence f(d) = .

Example 2.23

We can apply this to show the existence of N-th roots (where N € N). Take t > O, and consider
f:[0,1+t] - R
x - xN.

This is a continuous function, and 0 = f(0) < t < (1 + t)N = f(1 + t). By Intermediate Value
Theorem 2.22, 3c € [0,1 + t] such that f(c) =t « ¢ =t, Hence c is a positive N-th root of t.

Definition 2.24 (Monotone Function)

Consider f : [a,b] - R. We say f is (strictly) monotone if either
e itis (strictly) increasing, so a < x; < X, < b = f(x1) < f(xy),
> f

(x2)-

e itis (strictly) decreasing, so a < x; < x, < b = f(x,)

Proposition 2.25 (Inverse Function Theorem, Version 1)
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Letf:[a,b] = R be a continuous function that is strictly monotone. Let ¢ = min{f(a), f(b)} and
d = max{f(a), f(b)}. Then f : [a,b] = [c,d] is a bijection and f~* : [c,d] — [a, b] is continuous and
strictly monotone.

Proof.

Since f is continuous and monotone, so it maps [a, b] to [c, d] because its
monotonicity implies that the extreme values are attained at the endpoints. Since it is strictly
monotone, it is injective. By Intermediate Value Theorem 2.22, it is surjective. Hence f is a
bijection.

WLOG take f to be strictly increasing. If f~* : [c,d] — [a, b] is not strictly
increasing, then 3y,,y, € [c,d] such thaty, <y, yet f‘l(yl) > f‘l(yz). Since f is strictly increasing,
f(f‘l(yl)) > f(f‘l(yz)) =y, > Y,, contradicting the choice of y,,y,. Hence 1 is strictly
increasing.

Fix yo € [c,d] and x, = f~*(y,). There are three cases:

o if x5 € (a,b), fix e > 0. Then choose n € (0, €] sufficiently small that [x, — 1, xo + n] € [a, b]. Now,
f is strictly increasing, so

f(xo —n) < f(x) =vo < f(xo+n).
Then take § = min{f(x, + 1) — Yo, Yo — f(Xo — n)}. We want to prove that for y € [c, d],
ly —vol <6 = |f_1(y)—x0| <E.
We have
ly —vo| <6 =2yg—-86<y<y,+6

= f(xg—n) <y <f(xo+n)

=X —N<fly)<x+n
= |[F2y) x| <n<e.
e if X =a, fixe > 0. Then y, = f(a). Choose n = min{e,b —a} and set 6 = f(a+n) — f(a) > 0. Then,

ly —vo| <8,y €lc,dl = f(a) <y <fla+n)
=>a<fly)<a+n

> |y -a| <n<e.

* if xy = b, the case is similar to the previous one.
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Differentiation

Introduction

Definition 3.1 (Differentiability and Derivative)

Letf: X C C —» Cwith a € X. We say that f is differentiable at a if the limit

im () —fla) _ . fla+h)—fla)
X—a X—a h—-0 h

exists.

This limit is called the derivative of f at a, and is denoted by f'(a) or %(a).

Remark. At isolated points, the definition of derivative is meaningless. For accumulation points,
we can distinguish between

« interior points, where we can approach a from both sides, and we need the limit to be
direction-independent, and

» non-interior points, where the limit is domain -restricted.

Example 3.2
e f(z) = z is differentiable at every point. This is because we have
Zz+h-z

v oo flz+h) —f(z2) . — im 1=
fi(z) = Jim h =jm—p— =jmil=1

» f(z) =Z is not differentiable at any point. This is because we have

. flz+h) —f(z) _ . z o
oy P = i =T

If this limit exists, then it must be the same as the limit along the real axis, whichis 1, and
the limit along the imaginary axis, which is —1.

e f(x) =sinx on R is differentiable at every point. We have

v o fx+h) = f(x)
)= i =
— lim sin(x + h) — sin x
- h-0 h
_Im]ﬁnxcosh+cosx§nh—SMX
- h—-0 h
— lim sinx(cosh — 1)+ cosxsinh
- h-0 h
. . cosh—-1 . . h
=sinx lim ————= + cos x lim sin —.
h—0 h h-0 h

28



cosh-1

We can use results from lectures that lim,,_, .

f'(x) = cos x.

= 0and lim;,_q sin = 1 to conclude that

We can also derive some properties of derivatives from properties of limits.

Lemma 3.3

letf,g: X € C — C be differentiable ata € X. Thenso aref + g,fg, and % if f(z) #0forall z € X.
Moreover, we have

(f +g)(a) =f'(a) + g'(a)
(fg)'(a) = f'(a)g(a) + f(a)g'(a)

(7=~

Proof. These follow from last chapter. The addition rule is left as an exercise. We have

h

_ lim f(a+h)g(a+ h)—f(a)g(a+ h) +f(a)g(a + h) — f(a)g(a)

h=0 h
_ lim (f(a+h) —f(a))g(a+ h) +f(a)(g(a + h) — g(a))

h—-0 h

h) — h) —

_ AL”E) fla+ ,3 f(a)g(a h+ f(a)rl,i_% g(a+ }3 g(a)
_ AL"B f(a+ hg —f(a) :!ifég(a +h) +fla) Aif?) g(a+ h; — g(a)

= f'(a)g(a) + f(a)g'(a).

For the last step, we need to show that a function is continuous at a if it is differentiable at a.
This will be dealt with later.

The reciprocal rule is left as an exercise.

Example 3.4

e f(z) = z% is differentiable with f'(z) = 2z. By induction, we can show that f(z) = z" is
differentiable with f'(z) = nz"~* for all n € N.
Hence polynomials are differentiable.

e f(z) = % is differentiable on C \ {0} with f'(z) = —Ziz. By induction, we can show that f(z) = z™"
is differentiable with f'(z) = —nz™""! for alln € N.

Hence rational functions are differentiable on their domains.
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Proposition 3.5 (Chain Rule)

LetU,VeCandf:U -V, g:V — C. Suppose that f is differentiable ata € U and g is
differentiable at f(a) € V. Then g f : U — C is differentiable at a € U, and we have

(g f)(a) = g'(f(a))f'(a).

It will be convenient to have an alternative characterization of derivative to prove this. It is
common to see f'(a) as the slope of the tangent line to the graph of f at a.

Lemma 3.6

Letf: X C C — C. Then f is differentiable at a € X iff 3A € Cand functione: {z:z+a€ X} - C
satisfying e(h) - O as h —» 0 such that

f(a+ h) =f(a) + Ah + g(h)|h].

Remark. This means f(a + h) =~ f(a) + Ah for small h, and the function €(h) is to quantify the error
of this approximation. We can equivalently write

f(a+ h) = f(a) + Ah + o(|h]).

Moreover, if f is differentiable at g, then we must have A = f'(a).

Proof.
We have

fla+h)—fla) lim Ah + €(h)|h|
B h—-0 h

lim
h-0

_ , |h|)
=A+ Al_r)%(s(h) P
— A
since ¢(h) » Oash — 0, and ':—' is bounded. Hence f is differentiable at a with f'(a) = A.
Choose A = f'(a), so that lim;,_,, 1=

f(a+ h) —f(a) — Ah

= A, or equivalently,

i h =0.
Take
fat+h)~f(a)-Ah .
ey =1 m ifh+#0
0 ifh=0

Then g(h) - 0 as h —» 0O, and the required equality holds.

Proof.

Since f, g are differentiable at a, f(a) respectively, there exists error functions ¢, ¢, such that
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g&(h) -0 ash-0
gg(k) >0 ask -0
and
f(a+h) = f(a)+f'(a)h + &(h)|hl,
g(f(a) + k) = g(f(a)) + g'(f(a))k + g (k)IK].

So we have

(gof)(a+h)—(g-f)a)=g(f(a+ h))—g(f(a))

= g(f(a) + f'(a)h + ef(h)lhl) - g(f(a))

k
= glfta)] + g'(f(a))(f'(a)h + & (h)|h]) + £, (k) Ik| — gtFka))
= g'(f(a))f'(a)h + g'(f(a))es (h)[h| + g4 (k)IK].

g(h)lh|

So, we just need to show that e(h) - 0 as h - 0. We have
e(h) = g'(f(a))es(h) + &, (hf'(a) + & (h)Ih])|f'(a) + & (h)|
and since
}]m[g’(f(a))ef(h)] = g'(f(a)) }jgg g(h)=0
lim & (f'(a) + & (MIAI) | (@) + & ()] ] = lim €, (k)] '(F(a)) + &(h)| = O,

our conclusion follows.

Example 3.7

Consider the function

At x # 0, we have

Atx =0,

f(h) — f(0) = lim @ = lim sin(l)

F(0) = p','i% h h-0 h h—=0

which does not exist. Hence f is only differentiable on R\ {0}.

Lemma 3.8



If X € C —» Cis differentiable at a € X, then f is continuous at a.

Proof. We have

lim f(x) = lim f(a + h) = lim(f(a) + f'(a)h + e(h)Ih) = f(a)-

Mean Value Theorems

We have concluded that the derivative of a function is the instantaneous rate of change. We want
to relate this to the average rate of change.

Theorem 3.9 (Mean Value Theorem)

Let f:[a,b] - R be continuous on [a, b] and differentiable on (a, b). Then 3c € (a, b) such that

b) —
= 0=l

We shall consider an easier case first.

Proposition 3.10 (Rolle's Theorem)

Letf :[a,b] - R be continuous on [a, b] and differentiable on (a, b). If f(a) = f(b), then 3c € (a, b)
such that f'(c) = 0.

Proof.

f(z)

f(0) A ‘
v 0(z) = fla) + M(I —a)
! b—a
! slope = average rate of change

fa) |-+ E

(0] a l; x

Let o(x) = f(x) — 2(x). Then ¢(a) = o(b) = 0 but also ¢'(x) = f'(x) — %
By Rolle's Theorem 3.10, there exists c € (a, b) such that ¢’(c) = 0, so we have f'(c) = %

Remark. Mean Value Theorem 3.9 can be rephrased as the followings.
Given h such thata + h € [a,b], 36 = 6(h) € (0, 1) such that f(a + h) = f(a) + hf'(a + 6h).

Note that there is no error function ¢ in this statement.

Proof.
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The idea is that we are looking for some c that is a local minimum or a local maximum.

By Extreme Value Theorem 2.21, f attains its maximum and its minimum on [a, b], i.e. 3x,,, Xy €
[a, b] such that

supf =f(xy), inff=7f(xy)

[a,b] [a.b]
If we can show one of x,,, xy is in (a, b), then by the we have our result:

(f(xm+hh)—f(xm))

* X, € (a,b) = sign = sign(h). Hence by taking limits from h - 0* and h - 07, we

have f'(x,,) = 0.

M) = —sign(h). Hence by taking limits from h - 0* and h - 0™, we

* Xy €(a,b) > sign( p

have f'(xy) = 0.
Now, suppose f is hot constant (or otherwise the result is trivial). Either f(a) < f(b) or f(a) > f(b),
so either xy, or x,, is in (a, b).

We shall see some applications about Mean Value Theorem 3.9.

Corollary 3.11

Letf :[a,b] - R be continuous on [a, b] and differentiable on (a, b). Then
1. if ' > 0on(a,b), then f is increasing on [a, b];

2. if f"<0on(a,b), then f is decreasing on [a, b];

3. if f'=0o0n(a,b), then f is constant on [a, b].

The monotonocity of f is strict if the inequalities are strict.

Remark. It is not always possible to replace [a, b] with some sets X C R. For example, consider
the function f : @ — R defined by

2
w=p 523

Note that by definition, f is continuous and differentiable at every point in @, and f' = 0 on Q.
However, f is not constant on Q.

Note that we can generalise Corollary of Mean Value Theorem 3.11 (3) to functions defined on C.

Lemma 3.12

Letf : C —» C be differentiable in Cand f'(z) = 0 for all z € C. Then f is constant on C.

Proof. The idea is to reduce to the R case. Fix some z € C, take g(t) = f(tz) where g : [0,1] - C.
Note that g is continuous on [0, 1] and differentiable on (0, 1), so we can apply Mean Value
Theorem 3.9 and its corollaries to Re g(t) and Im g(t) separately. We have
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gt =2f(t2) =0 = [

Hence g(t) is constant on [0, 1], so we have f(z) = g(1) = g(0) = f(0).

Since z is arbitrary, we have f(z) = f(0) for all z € C, so f is constant on C.

Theorem 3.13 (Inverse Function Theorem, Version 2)

Letf :[a,b] » R be continuous on [a, b] and differentiable on (a, b). Assume that f'(x) > O for all
x € (a,b). Then f : [a,b] = [f(a), f(b)] is bijective with inverse f~1 : [f(a), f(b)] — [a, b] continuous
and differentiable on (f(a), f(b)) with

1Y _ 1
()W) = gy W € (@ fO).

Proof. By the corollary above, f is strictly increasing, so Inverse Function Theorem (Version
1) 2.25 applies, so f is a bijection to its image and f~! is continuous.

Now for differentiability, lety € (f(a), f(b)) and x = f~(y). This x is unique by bijectivity. Given h
such thaty + h € (f(a), f(b)), define k such thaty + h = f(x + k) & k = f~X(t + h) — x. Then

fry+h) —f'y)  x+k-x _ k 1
k

h Tfx+k) -y fx+k) —f(x) f(X+k—f(X)'

So differentiability and the formula holds if we show that h - O implies k — 0. This is true
because

lim k = lim (F1(y + h) = f%(y)) = 0

by continuity of .

Example 3.14

« Fix R > 0. Define f : [0,R] - R with x » x" where N € N. Then f is continuous on [0,R] and
differentiable on (0, R) with f'(x) = Nx"=1 > 0 for all x € (0,R). Thus by Inverse Function
Theorem (Version 2) 3.13, f is a bijection to its image [O, RN] with inverse 1 : [0, RN] -
[0, R] continuous and differentiable on (0, RN) with

1Y _ 1 — 1
()W = 5565 = N

We can write f7(y) = y%, so we have (f‘l)'(y) = T =YV

e f(x) = e* is continuous and differentiable on R with f’'(x) = €* > 0. Then there exists an
inverse
1

1Y (y) = _1
W=y =y

34



Proposition 3.15 (Cauchy Mean Value Theorem)

Let f,g:[a,b] —» R be continuous on [a, b] and differentiable on (a, b). Then 3c € (a, b) such that
[f(b) — f(a)lg'(c) = [g(b) — g(a)]f'(c).

Proof. We aim to reduce to Rolle's Theorem 3.10. Let

@(x) = [8(x) — g(a)[f(b) — f(a)] - [g(b) — g(a)][f(x) — f(a)]
@'(x) = g'(X)[f(b) = f(a)] - f'(x)[g(b) — g(a)],

and note that ¢(a) = 0 = @(b), Hence by Rolle's Theorem 3.10, there exists c € (a, b) such that
@'(c) =0, so the result follows.

Proposition 3.16 (L'Hopital's Rule)

Letf,g:[a,b] —» R be continuous on [a, b] and differentiable on (a, b). Assume that g'(x) # O for
all x € (a,b) and that lim,_, , f(x) = lim,_,, g(x) = 0. If lim_,, % exists, then lim, % also exists
f'(x)

and is equal to lim, 700"

Example 3.17

We have seen that lim, _,, % = 1. With L'Hépital's rule, we can also compute this limit as
follows:

. sinx . COS X
lim = lim =

1.
x-0 X x-0 1

Behind the scenes in this computation, we are saying that 36 € (0, 1) such that

sinx _ sinx —sin0 _ cos(6x)
X x—-0 1
. sinx . - .
lim —= = limcos0x =1 by continuity of cosine.
x-0 X x—0

by Cauchy MVT

Corollary 3.18

Letf :[a,b] » R be continuous on [a, b] and differentiable on (a, b). If there exists x, € (a, b)
such that f'(x,) # O, then locally around x,, there is an inverse function for f which is
differentiable.

Higher Derivatives and Taylor's Theorem

Definition 3.19 (Higher Derivatives)
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Letf : X € C — C be differentiable on X. We say that f is twice differentiable if
ff:X->R
x = f'(x)

is differentiable. We similarly define thrice differentiable and n times differentiable forn e N
inductively.

We say that f is k -times continuously differentiable, and write f € CK(X), if f is k times
differentiable and

fk:X—>[R
x - ¥ (x)

is continuous.

Remark. Recall that f being differentiable implies its continuity, so if f is k -times differentiable,
then f' is continuous for all i < k.

Definition 3.20 (Smoothness)

Wesay f: X C C —» Cis smoothif f is k-times differentiable for all k € N. We write f € C*(X).

We saw that f being differentiable implies that it can be well-approximated by a linear function
near a:

f(x) = f(a) + f'(a)(x — a).

Meanwhile, if f is twice differentiable, then we can do better:
F(x) = f(a) + f'(a)(x — a) + %f”(a)(x —a)2.

We want to state a general version of this apprixmation, under appropriate conditions, and also
quantify the error of this approximation.

Definition 3.21 (Taylor Polynomial)

If f : X —» Cis n-times differentiable, x, € X, then we call

n f(k) X
k(! o (x = xo)“
k=0

the Taylor polynomial of f at x, of degree n. We denote this by T, , (x).

If f is smooth, we call

= £)(x, )
Zf k(! )(X—Xo)

k=0

the Taylor series of f at x,.
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Theorem 3.22 (Taylor's Theorem: Lagrange Remainder)

Let f : [a,a + b] be continuous, and assume its first n — 1 derivatives are continuous as well,
and that it is n-times differentiable on (a, a + h).

Let the Taylor remainder be

Rofalh) =fla+h) =T, s ,(h)

n=1 ¢(k)
—fla+h -y D

par LS

Then there exists 6 € (0, 1) such that

h" )
Rogalh) = 25(a + 6h)

Remark. For n = 1, this is just Mean Value Theorem 3.9. There is nothing special about h > 0; if
h=-t <0andf and its n — 1 derivatives are continuous on [a — t, a] and its n-th derivative exists
on (a —t,a), then we can apply the above to g(x) = f(—x):

carn=S W a4 oo o
d T L n!
S (=t)"

n!

f"(a + 6h).

Remark. If f € C"((c, d)) with [a,a + b] C (c, d), then f™ is continuous and hence bounded on
[a,a + h]. Hence 3M,, such that

M, = sup f(")(x)|.
x€la,a+h]
Hence
h" hn
Rugo] = | B + om)| <, 2

Therefore R, ¢ ,(h) is O(h") as h — 0. Note that this does not tell use that R, ,(h) = 0 as n — oo,
since even if f € C*, we do not know how M, behaves with n.

Proof.

Proof 1 WLOG take a =0. Let ¢ be a continuous
function, with its first n — 1 derivatives continuous and the n-th derivative existing on (0, h),
defined by

@:[0,h] » R

tn
t = f(t) = Th_q1f0(t) — HB
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where we pick B such that ¢(h) = 0. Note that ¢(0) = 0 and also ¢*(0) = 0 for all k < n. By
Rolle's theorem,

®(0) = @(h) =0 = 36, € (0,1) s.t.¢'(6,h) = 0.
©'(0)=¢'(6,h =0 = 36, € (0,1) s.t. " (6,0,h) = 0.

" 1(0) = " V(8,_,...8,6,h) =0 = 36, € (0,1) s.t.¢"(8,...8,6,h) = 0.
Now let6 =6, -...-8,. Then 6 € (0, 1) and we have effective shown that
36(0,1) s.t.f"(6h) — B = @ (Bh) =0
and hence B = f(6h), so we have

Rnsolh) = f(h) = To_y50(h) = :—f‘“’(eh).

|
Proof 2 WLOG take a = 0. Let
g:[0,h] » R

n-1 ck
t - f(h) - fk—('t)(h—t)“.
5 k!

=
Il

Note that g is continuous on [a, h], differentiable on (a, b) with

! _ f(n)(t) n-1
gt =7 —qy(h =1
Forp=1,...,n, set
(h—t)°
Pp(t) = 5(t) = —-—3(0).
Then
’ p(l - e)p—l i
¢,(h) =¢,(0)=0= 36 €(0,1) st g'(6h)+ Tg(O) = @,(6h) =0
i.e. 36 € (0,1) such that
) (1-ePf*
—Wf (6h) + PTg(O) =0
h" n—p ¢(n
& f(h) = T,_150(h) = m(l - 0)"Pf"(Bh).

Now, we can choose p = n to get the required result.

The second proof leads to an alternative version of Taylor's Theorem.

Theorem 3.23 (Taylor's Theorem: Cauchy Remainder)



Let f as in Taylor's Theorem: Lagrange Remainder 3.22 and define R, ¢ , similarly. Then there
exists 6 € (0, 1) such that

hn

o 1)!(1 —0)" 1" (a + Bh).

Rofalh) =

Remark. If f € C"([c,d]) with [a,a + h] C (c,d), then as in the previous remark, we can set

M, = sup |f"(x)|

x€la,a+h]
Then by Taylor's Theorem: Cauchy remainder 3.23, we have

"
(n—1)!

IR.falh)| <M,

It appears that this is not better than the bound in Taylor's Theorem: Lagrange Remainder 3.22.
However, the following example shows that the Cauchy remainder can be better than the
Lagrange remainder.

Example 3.24

Consider f(x) = x4 where g € @, which is smooth on (0, o). Clearly

() = q(g — 1)...(q — k + 1)x97k.

Remark. If q € Z, then f is exactly its Taylor polynomial of some degree.

Then
CHaa-0.la-k+1)
Tn—l,f,l( )_ k!
k=0, i |
(1
_ n—1(q) B
= X .
k=0 k

We now look at the remainder

n-1
Rpfa(x)=(1+x) - Z(q)xk in (-1, 1).
k=0
There are two ways to estimate this remainder:

e Lagrange remainder: 36 € (0, 1) such that
Raga0) = (1)1 + 877,

If n > q, then (1 +6x)%" < 1 for x € (0,1), so for any x € (0,1), we have
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i

n
|Rn,f,1(X)|<|(Z)X| -0 as hn - oo.

Note that argument fails for x € (-1, 0).

e Cauchy remainder: 36 € (0, 1) such that

Rnpa(x)=(1- 9)"_1'7(:)(1 +0x)9"x"
= 1-oriq( 17 s o
n-1
- q—l(l—e)n—i .
—q(n_l) ) (LT
Now (1+6x)=(1-6)+6(x+1)>1-8,so (11+;eex)n_1 < laslongasn > 1. Hence
-1
[Rofa ()] < lax] (: ~ 1)x"‘1 11+ 6x]77*

no dependence
onn

<C for some constant C > 0

qg-1 n-1
(n—l)x

-0 as h — oo for every x € (-1, 1).

Hence, we can see that the Cauchy remainder estimate gives us that the remainder is
exponentially small as n - o for all x € (-1, 1), while the Lagrange could only guarantee it for
x € (0,1).

Definition 3.25 (Analytic Functions)

We say f € C*((c, d)) if for every a € (c,d), there exists r > 0 such that V|h| < r, we have

= fY(a .
flathy=y T0h = tim T, h),
k=0
which is equivalent to saying that
nlm R, f.a(h) =0.

Example 3.26
x7 is an analytic function in (0, 2), i.e. (1 + x) is analytic in (-1, 1), such that R, ¢ ,(h) — O for

every |lhj<1l=r.

Remark. If R, ; ,(h) » O as n — oo, it does not necessarily mean that the Taylor series of f ata
does not converge. It instead implies that the Taylor series does not represent f near a.
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Integration

Basics

We want to define fab f(x) dx as the signed area under the graph of f. If the region enclosed by the
graph if a simple shape, then we can define the area using geometry. However, in general, the
region may be very complicated, and we need to try to approximate.

y \
f(z) f(z)
(0] T (0] x
Pessimist's Approximation Optimist's Approximation
[Underestimate] [Overestimate]

Definition 4.1 (Upper/Lower Riemann Sums)

Letf : [a,b] —» R be bounded. Given a partition, P = {xo, X..., X,} wWith a = x5 < x; < ... < x, = b,
we set
n
L(f,P) = Z(x,. - x,._l) inf  f(x)
= xe[xj_l,xj]

U(f,P) = i(x,- - xj_l) sup  f(x)

i=1 X€[Xj_1,x;]

where L is the lower Riemann sum and U is the upper Riemann sum of f associated with P.

Example 4.2

Consider, on [0, 1], the function

(1 ifxea
f(x)‘{o if x & Q

No matter what P we take, we always have rationals and irrationals in each subinterval I; =

[xj_l,xj], hence

Ui, P)=1- i(x,. —Xjq) =1

j=1

L(f,P)=0- i(x,. ~Xj-1) =0.
=1
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Remark. If f is bounded, then sup, ,;|f| = k for some k, and

UF.P) < ) suplfi(xg = 1) = kib - a)
j=1 e

L(f,P) > i(— suplfl)(xj - xj_l) = —k(b —a).

j=1 [a,b]

Also, U(f,P) > L(f,P), hence both
{L(f,P) : P is a partition of [a,b]} and {U(f,P): P is a partition of [a, b]}

are non-empty bounded sets.

Definition 4.3 (Upper/Lower Integral)
Letf:[a,b] - R be bounded. We say
L(f)=supL(f,P) and I'(f)= infU(f,P)
P

to be the lower integral and upper integral of f on [a, b] respectively.

We say f is Riemann integrable on [a, b] if I (f) = I"(f), and in this case we set

b
1(f) = [ F(x) dx = L(F) = I*(f).

Remark. By the way we set up the sums, fab fdx =— [ fdx.

Example 4.4

Take the function on [0, 1], defined by

_[1 ifxeaq
f(")‘{o if x & Q

as before, we have I*(f) = 1, I.(f) = 0, and f is not Riemann integrable.

The coarsest partition of [a,b] is P = {a, b}. Our intuition is that a finer partition leads to a better
estimate for the area.

Lemma 4.5

Let P, P’ be partitions of [a, b], such that P’ 2 P, such that P’ is a refinement of P. Then
L(f,P) < L(f,P") < U(f,P') < U(f,P).

Proof. We can do this by induction. Let
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P = {XO’Xl""’ Xn},
and choose some y € (x,_q, x,) for some k. Let P’ = {y} UP. Then

sup f(x),sup f(x) < sup f(x)

[X—1.Y] ly.xk] [Xk—1,%]
(v = x_1) sup f(x)+ (x —y)sup f(x) < ((y —Xcq1) + (X —y)) sup f(x)
[x—1.¥1 [y, xi ] [Xk—1.Xk]

(v = Xe_1) sup f(x)+ (X —y) sup f(x) < (x = X_1) sup f(x)

[xk-1,1 by xi ] [Xk—1.%]

U(f,P’) < U(f,P).
So similarly, using inf instead of sup, we can show L(f,P) < L(f,P’).

This argument can be repeated for any refinement,

P’ \P = {Yf[’ Yz, eeey Ym}’

and the result follows by induction.

Lemma 4.6

Let P, P’ be partitions of [a, b] . Then
L(f,P) < U(f,P’).

Proof. Note that P,P' C P U P'. By Lemma 4.5, we have
L(f,P) < L(f,P uP’) < U(f,PUP’) <U(f,P').

Lemma 4.7

If f : [a,b] = R, then I (f) < I"(f).

Proof. We have
L(f, P) < infU(f, ")
sup L(f,P) < infU(f,P’)
P P

L(f) < I*(f).

/N

Remark. This means that f is integrable iff I (f) > I"*(f).

Integrability Criteria

There is another way to define integrals. No matter how small the threshold is, we can always find
a partition of [a, b] so that the gap between the optimistic and pessimistic estimates is smaller than
the threshold. Our definition of integrability is equivalent to this.
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Proposition 4.8 (Riemann Integrability Criteria)

Letf : [a,b] - R be bounded. Then f is Riemann integrable iff
Ve > 0,3P = P(¢) partition of [a,b] : U(f,P) — L(f,P) < €.

Proof.
We have Ve > 0,
0 < I'(f) - L(f) <U(f,P) - L(f,P) <.
Hence I*(f) = L (f).

From the definition of sup and inf, we can always find partitions 7, P’ such that

U(f,P) < I*(f) + g
i

L(f,P') > L) - £

By assumption, I*(f) = L (f), so U(f,P) — L(f,P’) < €. To conclude, we can take P" =P uP’, and by
Lemma 4.5, we have

U(f,P") — L(f,P") < U(f,P) — L(f,P') < € < 2¢.
It can be shown that this is equivalent to a sequential version.
Proposition 4.9

Letf : [a,b] - R be bounded. Then f is Riemann integrable iff there exists a sequence of
partitions (P,) of [a, b] such that

u(f,P,) - L(f,P,) > 0 asn — oo.

Exercise. The proof is left as an exercise.

Example 4.10

» With original definition,
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L(f) = sup L(f.P) > sup L(f,P,) =

I'(F) = inf U(F, P) < inf U(F, P,) =

So L(f) > 3 > I'(f). By I'(f) > L(f), we have [} f(x)dx = 3, an

» With Riemann Integrability Criteria 4.8, we have

the function is integrable.

u(f,P,) - L(f,P,) = % -0 asn — oo.

So f isintegrable.
2. Consider on [0, 1] the function

B ERLERS
fox) = 0 ifx>

NIRLrNI-

Take P, as before forn > 3. Then

sup f— inf f=

Xy—1:Xk Xk—1:Xk

1 if % € (Xe_1, %)
0 otherwise.

Hence,
11
n

== >0 asn - oo.
n

u(f,?,) - L(f,P,) =1

By Proposition 4.9, f is integrable.

We can try to generalize the above examples to get classes of functions that are integrable.

Proposition 4.11

Letf :[a,b] —» R. If f is monotone, then f is Riemann integrable.

Proof. If f is monotone, then f is bounded by max{|f(a)|, |f(b)]}.

SlIpr - igff)|1,-| where I, = [xj_l,x-].

i

U(f,P) - L(f,P) = Z(

j=1

Since f is monotone, supy, and ian], are attained at the endpoints of I;. WLOG assume f is
increasing, then

sm;p = f(xj), i?if = f(xj_l).

J

Hence, for any partition P of [a, b],
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S

U(f,P) - L(f,P) = (f(xj) - f(xi—l))|Ii|'

j=1

SetP, = {a,a+%9,a+2%4, b}, sothat |[;| = 22 for all j. Then
n n n

U(EP) ~ L Pa) = B2 Y (1(0) ~ F(54) = 2= 260) (@) > 0 asn o

n =

Proposition 4.12 (Continuity Implies Integrability)

If f : [a,b] —» Ris continuous, then it is integrable.

Proof. By Extreme Value Theorem 2.21, f is continuous on [a, b] with |a|, |b| < oo, sO f is bounded.
We will show that contrapositive, that if f is not integrable, then f is not continuous.

If f is not integrable, 3¢ > O such that VP partition of [a, b],

e <U(f,P) - Z|I |(supf mff)
Z'Ik| max(supf - mff)
k=1 1<jgn I

=(b—a) max(supf mff).

1<j<gn f

Hence 3j such that supy, f— ianA f> %

By Extreme Value Theorem 2.21, 3y,z € [ Xj_1, X ]] such that f(y) — f(z) > E

Since the above is true for all partitions, it should also be true for the P, |n the previous proof.
So for each n, we can gety,, z, with |y, — z,| < =2 and |f(y,) - f(z,)]| > = b -

From this point, we want to show that f is not sequentlally continuous. The problem is that we do
not know if (y,), (z,) are convergent. However, since (y,) and (z,) are both bounded, by
Bolzano-Weierstrass Theorem 1.13, we can find subsequences (ynk), (an) that are convergent.
Lety =lim; Y, and z = lim; _,, Zp, - Theny,z € [a, b], and by

b—
Ny

a
-0 ask — oo,

Zp = Yn | <

we have y = z. We can now invoke the sequential continuity: we have

YnoZn > Y =12 as k — oo,

) ~lea)] > 5 o5k o

hence f(ynk) and f(an) do not converge to the same limit, and f is not sequentially continuous,
hence not continuous.
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Proposition 4.13 (Piecewise Continuity Implies Integrability)

If f : [a,b] — R is piecewise continuous, i.e. suppose there is a partition P of [a, b] such that
f|(x,-_1,x,-) is continuous and has a finite limit as x - x;” and x — xj+, forallj=1,..,n,thenfis
integrable, and

fab f(x)dx = ]Z flle f;(x) dx

where
f(x) if x € (xj 1,x1)
fJ(X) = Ilmx—>xj‘ f(x) if x = Xj
Iimx_,xj+_1 f(x) ifx=x_4
Proof.
Lemma 4.14

Letf,g:[a,b] —» R be bounded. Suppose g is integrable, and the set
{x €la,b]:f(x)#g(x)}={zq,... 2y}

is finite, then f is integrable and fab f= fab g.

Proof. Set M = supy, ,,; . Fix € > 0 then 3P of [a, b] such that

The idea is to choose a partition which isolates problematic points, and gives them very little
weight. Choose intervals J; = [z, — 1y, z + 1, ] with

N

N
Z|Jk| =22rk <e.
n=1 n=1

SetP' =P uU{zy+r,2, +1p,..., 2y £ ry}. Also, let J = JN_, J,. Then

U(g,P')-L(g,P)<U(gP)-LgP) <e.

Try to estimate

u(f,P) - L(f,P)

jzil|1i|(5lj;pf - isz)

n n

|Ij|(51jjpf—i5}ff)+ S |I]-|(51J,|jpf—irj1jff).

=112

j=11;¢J

Note thatif I; ¢ J, then f = g, and hence
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n |I,.|(supf—inff)<i|1,-|(supg—infg)=U(g, - LGP <e,
Jj J; =) J; Jj

j=1I;c)

and if I; C J, then we only know that f is bounded, and

supf —inff|] < 2M

" |Ij|(supf—i?ff)<2M |Ij|<2Mi|Jn|<2Me.
icJ i j=1I,cJ n=1

Hence,

Thus,
U(f,P') = L(f,P') < (2M + 1)e.

For the formula for the integral, we have
b
Lt P < [ f <l
a
b
Us.P)< [ 5 <UEP)
a
Hence

[r-[s <UL U )5 )L )

<€

Thus [’ f - [’ g < 2¢. Similarly, we can show fab g — P f < 2¢, and the result follows by
arbitrariness of .

By Lemma 4.14 we have that f|, ., is integrable and [} f= [} f;. To conclude, we just need
- = j—
to show that

Proposition 4.15

Letf:[a,b] » Randc € (a,b). Then f is integrable iff f|, , and f|, ,; are integrable.

Moreover,
b c b
[ f(X)dX=f f(X)dX+[ f(x) dx.

Proof. We will set I, = [a,c], Iz =[c,b], f, = f|1L and fg = f|1 for brevity.

For £ > 0, then there exists a partition P of [c, b] such that U(f, P) — L(f,P) < . WLOG let
¢ = x, for some ¢ € {0, ...,n}
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. Then P =P, UP, where P, = {Xg,... X, t and Pp = 1X,, ..., X,
R T %

] are partitions of [a, c]
and [c, b] respectively. Furthermore,

U(f,P) = U(fL, P.) + U(fr, Pr)
L(f,P) = L(f., Pr) + L(fr. Pr)

gives

IU(fL’PL) - L(fL’PL)I + IU(fR77DR) - L(fR77DR)I <E.

20 >0

So f, and fy are integrable.

For € > 0, 3P, Py partitions of I, and I respectively such that

U(fr, Pr) — L(fr,Pr) < €
U(f,PL) - L(fL.P) <e

Hence by the equalities in the first part,
U(f,P) — L(f,P) < 2e.

Hence f is integrable in [a, b]. Furthermore,

b
[ £ > L(f, P,) + L(fr, Pr)

c b
>[ fL+[ fo 26,

b c b
[fgjfL+ij+28.

Hence, | [P f - (fac fL+ [P fR)| < 2¢. Since ¢ is arbitrary, the result follows.

Continuous, piecewise continuous and monotone functions are all integrable, we may wonder if
these are all the Riemann integrable functions. The answer is negative.

Example 4.16 (Thomae Function)

Consider the function f : [0,1] —» R defined by

1 ey =P i =
flx) =14 if x qe@wmhgcd(p,q) 1

0 otherwise

Since R\ Q is dense in R, L(f,P) = 0 for any partition P of [0, 1], hence L, (f) = 0. We claim that
f is integrable, then Ve > 0,3P such that U(f,P) < e.

Pick N € N such that N > % Set
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Xy={xel0,11:f(x >

}

g{g:lsqu,OSPSG}

={y1,...Ym} for some finite M.

Z|=

Define P such that
1. eachy, is some subinterval of P
2. this subinterval has length < ﬁ

Then,

IﬂXN?éQ <1 InXN=®

<y om+ Yy mi

IeP IeP
IﬂXN?é@ IﬂXN=®
1
< IZ HESDNN
eP IeP
INXN#0
€ 1
<M-=+=-1
= M N
< 2e.

This gives us a different result compared to the Dirichlet function. Despite both functions have
infinitely many discontinuities, the integrability properties are fundamentally different.

Proposition 4.17 (Countable Discontinuities Implies Integrability)

If f :[a,b] » R, and D = {x € [a, b] : f is not continuous at x}, then
1. D is finite implies that f is Riemann integrable.

2. D is countable implies that f is Riemann integrable.

Proof.
1. See Example Sheet 3 Q13.

2. The proof is non-examinable.

Remark. Proposition 4.17 (1) is a stronger version of Proposition 4.13, since we do not require
the one-sided limits to exist at the discontinuities. For example, consider oscillating functions

. . 1

like sm(;).
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Important. If f is not Riemann integrable then D cannot be countable. However, there are
functions which have uncountably many discontinuities but are still Riemann integrable, such as
the indicator function of the Cantor set.

Basic Properties of Integrals

Lemma 4.18

Letf,g:[a,b] —» R be integrable functions. Then
1. f(x) < g(x) for all x € [a,b] implies [°f < [P g.
2. ForAeR, [PAf =7 [PF.

3. f+gisintegrable and [*(f +g) = [ f+ [ g.
4. |f|is integrable and |fa"f| < fIf1.

5. fgisintegrable but [fg # [f [ g in general.

In order to show the lemma, we first need a few other lemmas, including
e an intermediate lemma about upper and lower Riemann sums

e anintermediate lemma on sup and inf of functions on intervals.

Exercise. Write out the equivalent lemma for the first one, having seen the second one below.

Lemma 4.19

Let I be a closed and bounded interval, and letf,g: I —» R be bounded. Then
1. If f(x) < g(x) for all x € I, then sup and inf preserves this inequality.

2.1. sup;(—f) = —inf; f.

2.2. For A > O fixed, sup;(Af) = A sup; f.

3. sup;(f + 8) < sup; f +sup; g, and inf(f + g) > inf; f +inf; g.

4. sup;lf| = inf;|f| < sup; f —inf; f.

5. sup; f? —inf; f2 < 2 suplf|(sup; f — inf; f).

Proof.
Exercise. 1-3 are exercises.

4. If f > 0onallof I, orif f <0 on all of I, then the result is immediate.

If inf; f < O < sup; f, then

51



supﬁl—inﬂfbssupﬁl<|ﬂaX(ﬂuJﬁsupt—ﬂ)
I I I I I

<supf +sup(—f) =supf —inff.
I I I I

5. We have
f2(x) = F2(y) = (F(x) = F(y))(F(x) + f(y)
sgl@f2 inf 2 < < supinfl[f(x) = F()IIF0) +F(y)]l
25uplflité|13|ynf[f( x) = f(y)].
sup; f—infy f
Proof.

Exercise. 1-3 are exercises.
4. For any partition P of [a, b],
U(lfl, P) — L(If|,P) < U(f,P) — L(f, P).
Hence if f is integrable, then |[f| is also integrable.

Since for all x € [a, b],

=If(x)] < f(x) < If(x)],

b b b
—fm<[f<[WL

by (1) we have

Hence

| < o
5. We have

fg = %[(f +9)% - (f - g)?]

Hence we only need to show that f being integrable implies that 2 is integrable.

For any partition P of [a, b],
U(f%,P) = L(*P) < 2suplfl - [U(F, P) - L(F, )]

Hence if f is integrable, then f? is also integrable.

Integration and Differentiation

One have probably heard that integration and differentiation are inverse operations. We will make
this precise in this section.

We will think about integral of f in this section as
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X
F:la,b] - R, F(x) =f f(t)dt.
If we want F to be differentiable, it must be continuous:

Proposition 4.20 (Integration Is Continuous)

Letf : [a,b] - R be Riemann integrable, ans let F(x) = fa" f(t)dt. Then F is continuous in [a, b].

Proof.

IF(x +h) = F(x)| =

fam F(t)dt — [ f(t) dt‘
[Xx+h " dt|

X+h
< [ IF(t)] dt

x+h
< suplf| dt -0 ash - 0.
[a,b] X

—

h

Theorem 4.21 (Fundamental Theorem of Calculus, Part 1)

If f : [a,b] — R is Riemann integrable and continuous at x,, then F(x) = fa" f(t)dtis
differentiable at x,, with

F(xg+h)—F(xg)—hf(xg)

i and we want to show

Proof. We will use ¢ -definition of integrability, i.e. €(h) =
that e(h) - Oas h - 0.

Estimating numerator, we have
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Xo+h
[FOto-+h) = F(r0) = bfGo)] = | [ Fl6)dt = hf(x)

0

Xo+h
R CETAIE

0

Xo+h
< [~ )

0

X0+h
< sup [(xo +t) = f(xo)] - / dt
te[0h] %o

[E—
h

= |e(h)l < sup |f(xo+t) —f(x)] =0 ash - 0.
te[0,h]

Example 4.22

Take [a,b] = [-1,1] with

f(x) = -1 forx>0
“ 11 forx<O

is integrable, with
x -1-x x<0
Foo = | f(t)dt={ SO -1
o x—-1 x>0

which is not differentiable at x = 0.

Hence the condition of continuity at x, is necessary in Theorem 4.21.

Corollary 4.23

If f = g’ is continuous on [a, b], then

F(x) = [X f(t)dt = g(x) —g(a) Vx € [a,b].

Proof. (F — g)' = 0 by Theorem 4.21, so by Mean Value Theorem 3.9, F — g is constant, i.e.
F(x)—g(x) = F(a) —g(a) <« F(x)=g(x)—g(a) Vx

—_

0

Theorem 4.24 (Fundamental Theorem of Calculus, Part 2)

If f : [a,b] — R is Riemann integrable, and there exists differentiable F : [a,b] — R such that
F' =f, then

b
f f(x)dx = F(b) — F(a).



Proof. By assumption, Ve > 0, 3 partition P of [a, b] such that U(f,P) — L(f,P) < ¢
Applying Mean Value Theorem 3.9 to F on intervals of this partition,

F(xj) - F(xj_l) = f(tj)(xj - xj_l) for some t; € [ X;_ 1,x]]
> Z f(t)(x = x-1) 2 1L P, UG, P

= L(f) <F(b) - F(G) < I°(f).

Since f is integrable, I*(f) = L(f) = I(f) = [’ f, hecne F(b) — F(a) = [’ f.

Now we shall derive some common consequences.

Proposition 4.25 (Integration by Parts)

Suppose f,g € C([a, b]). Then
f f'g =f(b)g(b [ fg'

Proof. By Fundamental Theorem of Calculus, Part 2 4.24 and product rule,
f'g=(fg) —fg'

Integrate in (a, b) and using FTC, the result follows.

Proposition 4.26 (Integration by Substitution)

Let f : [a,b] —» R be continuous and let g € CY([a, B]) with g : [a,B] — [a, b], and g(a) = a, 3(B) =
b. Then
b B
[ foodx= [ ristens'erae

Proof. Let F(x) = fa" f(t)dt, then F : [a,b] —» R is well-defined and differentiable by
Theorem 4.21.Seth=F - g:[a,B] = R. Then h is differentiable:

h'(t) = F'(g(t))g'(t) = f(g(t)g'(t).

Hence,

b
f f(x)dx = F(b) — F(a) = F(g(B)) — F(g(a)) = h(B) — h(a)

B
=[ h'(t) dt
B
_ [ F(3(t)g'(t) dt.
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Theorem 4.27 (Taylor's Theorem: Integral Remainder)

Suppose f € C"([a,a + h]). Let R, ; ,(h) be as before. Then
_h
(n—1)!

1
(h=1)!

1
Rn,f,a(h) = L (1- t)"_lf(")(a + th) dt

h
[ (h—u)"1f"(a + u) du.
0

Remark. By Extreme Value Theorem 2.21, 3M,, = sup,¢on

Theorem: Integral Remainder 4.27,
1 n 1 n
[ |-t [fa=t
0 n. 0 n.

If we knew sup,,o M, = M < o, then we would get

Mh"
h!

£ (a + x)| < o. Thus, by Taylor's

hn
|Rn,f,a(h)| < F

Hence R, ,(h) = O as h — 0O for fixed n.

|R,fa(h)] < -0 as n- oo

for all |h| < 1, and this would mean f to be analytic at a.

Remark. Taylor's Theorem: Integral Remainder 4.27 generalisestof : X C C — C, where X
contains the line segment [a, a + h] (see Example Sheet 3). The reason we don't further explore
this is that in C, differentiability implies smoothness, which in turn implies that they are analytic

. This comes with estimates on M,, as a function of n, that then one
can plug into the above to get convergence of R, ¢ ,(h) to 0 as n — o for some h.

Proof. Using Integration by Parts 4.25,

1
(nh—1)!

_ f"Y(a) 1
_ _pn-1
=T o)

h
Rufalh) = [ = urta + wya

h
[ (h—u)"2f" (g + u)du
0

n-1 f(k) (G)

e K

h
hk +[ f'(a+u)du
0

n—1 (k)
=fla+h)~fla) -y 2

k=1

hk.

We would use Taylor's Theorem: Integral Remainder 4.27 to give an alternative proof of Taylor’s
Theorem: Cauchy Remainder 3.23 and Taylor's Theorem: Lagrange Remainder 3.22. To do this,
we would need to mean value theorem for integrals.

Proposition 4.28 (Cauchy Mean Value Theorem for Integrals)
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Letf,g:[a,b] » R be continuous, and g(x) # O for all x € [a, b], then 3c € (a, b) such that
b b
[ foostex =rie) [ gt ox
a a

Proof. Apply Cauchy Mean Value Theorem 3.15 to F(x) = [ f(t)g(t) dt and G(x) = [* g(t)dt, we
get 3c € (a, b) such that

(F(b) - F(a))G'(c) = (G(b) — G(a))F'(c)

b
[ F(Hg(t) dt = F(Q)s(c) f g(t)dt
b
[ F(Hg(t) dt = f(c) [ g(t)dt

Proof of TT: Lagrange Remainder 3.22. Assuming continuity of f™, let g(t) = (1 — t)"%, then
36 € (0, 1) such that

n 1
Rogalh) = =g fta+ 0h) [ (1 -t

hn
= —f"(a + 6h).
n:

Proof of TT: Cauchy Remainder 3.23. Take g = 1.

hn

Rn,f,a(h) = (l"l — 1)|

(1—6)""1f"(a + 6h) [1 dt
0

_ :_:'(1 — 0)"1f (g + Bh).

Improper Integrals

In this section, we will integrate functions of unbounded domain and unbounded image.

Definition 4.29 (Improper Integrals: Unbounded Domain)

Suppose f : [0,0) —» R is integrable on [a,R] for every a < R < o0, and set

F:la,0) > R

R— fRf(x)dx

Then we say that f°° ) dx exists (converges) if

lim=LeR

R—o0

then we set [ f(x) dx = L. Otherwise, we say that | f(x) dx does not exist.
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set

]mf(x)dx=L1+L2

_ =f_:f(x)dx+[a°°f(x)dx
=Amf_2f(x)dx+rlLrgofarf(x)dx

Remark. This is different from

R
Rli_r)rgo[[_R f(x) dx].

See further discussion in Example Sheet 4.

Example 4.30

o J2xPdx =limg, [ Xi dx exists iff x > 1

_ R dx _ 1
f2 xlog2 dx = IImR_’°°f xlog2x ~ log2°

. [Z e - dx exists assuming knowledge of normal distribution.

We need some convergence tests to have a proper proof for the last example.
Proposition 4.31 (Comparison Test for Integrals)

If f,g : [a,00) - R satisfy 0 < f(x) < g(x) for all x > a, then
1. J* g(x)dx converges implies | f(x) dx converges, and [ f(x)dx < [* g(x) dx.

2. [ f(x)dx diverges (to +oo) implies [ g(x) dx diverges to +co.

Proof.

1. LetF(R) = [0 f(x) dx, note that this is increasing since f > 0. It is also bounded, since
R ()
O0<F(R) £ [ g(x)dx < [ g(x)dx < oo.
0 0

Since F is monotone and bounded, let L = supg,, F(R) exists. We claim that

L= I|m f f(x)d

Indeed, by the definition of supremum, Ve > 0, 3R, € [a, ) such that for R > R,

If f : R - Ris such that [*f(x)dx = L, and [?_f(x)dx = L,, then we say [* f(x)dx exists, and
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Hence,

Taking limits to infinity,
L-e<FR)KL VR=R, = limF(R)=L.

R—o0

2. Sincef >0, limg_,, fo x)dx = +oo necessarily. Hence VL > 0, 3R such that Vr > R,F(r) >

F(R)
But
R
[ g(x)dx > F(R) > L
0
Hence [;° g(x) dx diverges to +co.
Example 4.32

2 . . .
If x > 1, x2 > x. Hence e™" < e™ using properties of exponentials. Thus,

["‘zdx [ "‘dx—[ =1
1 e
(o) 1
=>[ - dx =2 / dex=2[ e"‘zdx+2[ e dx.
1 0

2
e

finite since e~*?
is integrable

2
Indeed, [* e™ dx converges.

Proposition 4.33 (Ratio Test for Integrals)

Letf,g:[0,0) — R satisfy f,g > 0, and

- f(x)
lim — =L € (0, o),
X —00 g(X) ( )
then
f f(x) dx converges < [ x) dx converges.
Proof.

‘ Exercise. This is an application of the comparison test. Proof left as an exercise.

v —— = 0, then f(x) < g(x) for very large x, hence by Comparison Test for
Integrals 4.31 from the large x onwards,

Remark. If lim

L.

59



[ g(x)dx converges:[ f(x) dx converges.
a a

If lim o _ oo, then f(x) > g(x) for very large x, and similarly by Comparison Test for

Integrals 4.31 from the large x onwards,

j g(x) dx diverges:>[ f(x) dx diverges.
a a

Example 4.34

2
* For e"‘z, we have lim £ =0and f0°° e dx = (1) < co. By the remark,

X—)ooe_
(o]
2
[ e ™ dx < oo.
0

_x_
. x4+1
lim

X—00 X

o X H
« For [ 2= dx converges since

=1 € (0, 00)

and by [}* % dx < co we have [° %= dx < co.

Exercise. On Example Sheet 4, there are examples of root test, Dirichlet test for integrals. Is a
version of the n-th term test for integrals true or false?

We shall now consider improper integrals with bounded domain but isolated singularity.

Definition 4.35 (Improper Integrals: Isolated Singularity)

Letf : (a,b] - R be integrable on [a + §,b] forany 0 < 6 < b —a. Set
F:(0,b—a]l - R

b
6|—>[ f(x)dx.
a+oé

Then, we say fab f(x) dx exists (converges) if lims_,, f(6) exists and is finite, and we say

[b f(x)dx = lim F(5).

6—-0

Otherwise, we say it does not exist (converge).

If f : [B,b]\ {a} is such that [ f(x)dx = ¢, € R and fa” f(x)dx = £, € R, then say

b b
f f(x) dx exists, and f fix)=20,+¢,.
B B

Remark.
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[ dx—[fx)dx+[d
—Ilmf dx+I|mj f(x)dx
6-0 B

a—6 b
gi_r)%[[B f(X)dX+L+5 f(x)dx].

This can be seen by taking f(x) = =

In general, this is not equal to

Example 4.36

. f01 Xip dx convergesiff p < 1, sinceas 6§ - 0

14 p=1: [Iogx]§=—log6—>—oo
= dp = 11
s P Tt [Xll—:] =22 L, 0iffp < 1.
P ls

o Consider
1 log2 0
[Zd—xzf (_l)duzf ldu
o X Ing(X) ) upP log 2 uP
which converges iff p > 1.

Actually, we can always reduce, by substitution, an improper integral of function with isolated
singularities to improper integrals with unbounded domain.

Lemma 4.37

Letf : (a,b] - R be Riemann integrable on [a + 6, b] for all § € (0,b — a). Choose ¢ : [c, ] —
[a,b] on C? strictly decreasing bijection with ¢(c) = b, lim;_ . @(t) =a. Then

[b f(x) dx exists foo f(@(t))(—'(t)) dt exists.



Sequences and Series of Functions

We now have sufficient tools to revisit and generalise notions in Section 1.

Introduction

Definition 5.1 (Sequence of Functions)

A sequence of complex-valued functions (f,), , on a set X is an enumerated list (f,, f;,...)
where each element is a function f; : X —» C.

If, for each x € Y C X, the numerical sequences (fn(x))nel\I converges, we can define a function
f:Y CX — C such that

x o f(x) = lim f,(x)

Definition 5.2 (Series of Functions)

Let (f,), .y 0€ @ sequence of complex-valued functions. We call the enumerated sum
Y fa=fi+f+
n=1

a series of complex-valued functions on X.

If, for each x € Y C X, the numerical series } > , f,(x) converges, we can define a function f :
Y € X - C such that

x> fx)=) fux)
n=1

Since we have discussed continuity, differentiability and integrability of functions, it is natural to
ask whether these properties are preserved under limits.

For the easiest case of continuity we are asking whether

lim lim f,(x) = Ilmf() f(a )—Ilmf(x)—llm lim f,(x).

nh—oo X—a X—=>dh—o0

Example 5.3

Swapping limits is not trivial. Consider s, ,, = —*-.

= 1.
= 0.

e Fixingn, lim,, . s,, =1and hencelim,lim,_ s,

o Fixing m, lim,_, s, , =0and hence lim,_lim, s,

Remark. For a general and formal treatment on this issue, see Part IB Analysis II.
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Basics on Power Series

Definition 5.4 (Power Series)

Fora € C and (c,) we say

1
HEZ>0

[o0)
Z Cn(X - a)n
n—p ————!

fa(x)

is a power series with centre a and coefficients (c,).

Example 5.5

The Taylor series of a smooth function f around a is a power series, where

_ f"a)

n!

n

Tautologically, any power series converges at its centre. We would like to consider if
xeC:ch(x—a)”
=0

has any points other than a.

Lemma 5.6

If ) » o c,(x —a)" converges for some x and |y —a| < |x —al, then } * ;c,(y —a)" converges
absolutely.

Proof. Fix x such that ) c,(x —a)" converges, and let y be such that |y — a| < |x — a|. Then since
> ¢,(x —a)" converges, by n-th term test 1.27 we have lim,_, ¢,(x —a)" = 0.

Hence (c,(x —a)") _ is bounded, so there exists M > 0 such that
lc,(x—a)"| <M VvneN.
Thus

y—a
X—a

lealy = a)"| < leatx = )| - [E=2|" < mr"

where r = |E| < 1. Since ) Mr" converges, by comparison test ) |c,(y — a)"| converges.

Definition 5.7 (Radius of Convergence)

Let) c,(x —a)" be a power series. Then R € [0, o] is called the radius of convergence of the
power series, if
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e Y c,(x —a)" converges absolutely for all x such that [x — a| <R.

e if R < oo, then) c,(x —a)" diverges for all x such that [x —a| > R.

Remark.On |x —a| =R , this definition does not
enforce anything.

absolutely for all x € C.

Proposition 5.8

Every power series has a radius of convergence.

Proof. Define
A= {r > 0:3x € C with |x — a|] = r such that Z C,(x —a)" converges}.

Clearly O € A and A is hence non-empty.

If Ais unbounded, we set R = oo; by Lemma 5.6, not only Vr > 0, there exists x with [x —a| =r
such that ) c,(x —a)" converges, but in fact ) c,(x — a)" converges absolutely for all x € C.

Otherwise, if A is bounded, let R = sup A. Then
e ) ¢,(x —a)" diverges for [x — a| > R by the definition of A

e ifly—al<R=supA,then3dr e Awith|y —a| <r <R.HenceIdx e Cwith [x —a|=r > |y —a|,
such that ) c,(x — a)" converges. By Lemma 5.6, ) c,(y —a)" converges absolutely.

To compute the radius of convergence, we can use our usual tests for series.

Proposition 5.9 (Root Test for Power Series)
Let (c,) be a sequence in C such that
L= r!mo |Cn|
exists. Then the power series ) c,(x — a)" has radius of convergence
R==
L
with the conventionthat R=0if L= and R=w if L = 0.

Proposition 5.10 (Ratio Test for Power Series)

Let (c,) be a sequence in C such that

Moreover, if R = 0, the power series only converges at a; if R = oo, the power series converges
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L= lim

n—oo

Cn+1
o

exists. Then the power series ) c,(x — a)" has radius of convergence

1
R=~—
L

with the conventionthat R=0if L= and R=o if L =0.

Exercise. Show that

° Cn+1

— oo implies R = 0.

e \/|c,| = o implies R =0.

Example 5.11

n .
> ):,_. converges on all of C, since

Cn+1 n! 1
= = O R =
Ch (n+1)!| n+1_> > oo
e > n!x" converges only for x = 0.
C !
il = m;“|=n+1—mm:R=0
N !

o~ 1 ’r:—z has R = 1 and converges absolutely at |x| = 1.

Cn+1
C

n 2
:( )al:R=L
n+1

n

=y 1 <.

Xn
2 n=1 p2

At|x| =1, we have } >, 3

o X

el 7 has R = 1, but behavior at |x| = 1 is more subtle.

If x = 1, then it diverges as harmonic series.

If x #1, then
N n n n n+1
X X X
1- — = —_ -
(1-%) Z n — ( n n )
n=1 n=1
n xn+1 xn+1 xN+1
~L\n+1 n) TN+1
n=1
n n N+1
X X
=- +X - .
XZ;Mn+1) TN+
Hence
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N n
ZX_ B X Z Xn N XN+1
n C1-x
n

= nin+1) (N+1)(1-x)

By taking the limit as N — oo, observe that 372, —*—

converges absolutely, so ) > , 7
converges absolutely for all x with x| =1 and x # 1.

Remark. The set

{x eC: Z c,(x —a)" converges}

can be bigger or equal to

{xeC:|x—al <R}

Term-by-Term Operations on Power Series
Since f,(x) = c,(x — a)" are polynomials, they are hence continuous, integrable and differentiable. It

is natural to consider whether possible to conclude something about the continuity, integrability,
differentiability of

And if so, whether

dx —
[raac2y e, [w-arax
n=0
Example 5.12
D o _ converges on all of C.
s n
ZF&( x") Z (n—1)! =n )r(w'

which again converges on all of C. This seems to be consistent.
°* Xy 2 _ convergeson D = {x € C: |x| < 1}.
= 1d — X"
2=
n=0 n=1

which does not converge on all of D, but it converge on {x € C: |x| < 1}. This hints that the
argument above is not totally correct.
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We need to be careful that term-by-term operations will not hold on the entire set of
convergence of power series, but we will show that they do within the radius of convergence.

Proposition 5.13 (Continuity of Power Series)

Let

Br(a) ={x € C:|x —a| <R}
D,(a)={xeC:|x—a|<r}

Let) > ,c,(x —a)" have a radius of convergence R > 0. Then

f:Bgla) » C
X - ch(x—n)”
n=0

is continuous inside D, (a) for every r <R.

Proof.
Let

Snix) = Z Cp(x —a)", which is a polynomial of degree N
W)= Y clx—a), which is a "tail"

and note the tail estimate

|Th(x)] < Z lca|Ix —al” < Z lc,|r"  Vx € D,(a).

n>N+1 n>N+1

By the definition of radius of convergence, Ve > 0,3N = N(¢) such that

Z lc,|r" < e = |Ty(x)| <€ Vx €D,l(a).

n=N+1

Take xy € D,(a). We want to show that it is continuous at x,. We have

[F(x) = f(x0)| = [Sn(x) = Sn(x0) + Tn(x) = Ty (x0)|
< [Sn(x) = Sn(x%0) | + [Tn O] + [T (x0) |
< |Sn(x) = Sn(Xo)| +2¢  Vx € D,(a).

To conclude the proof, choose 6 = 6(¢) so that
|Sn(X) = Sn(x0)| < &

which is possible because Sy is a polynomial.

Proposition 5.14 (Integration of Power Series)

Let) > ,c,(x —a)" have a radius of convergence R > 0. Then




f:(a—R,a+R) > R
XHch(x—a)”
n=0

is integrable on [a —r,a +r] for every r <R, and

Proof.

We use the same split
f(x) = Sy(x) + Ty(x).

[:f(t)dt—%—a)m [f dt—[ Sy(b) dt‘
— faxTN(t)dt‘

< sup |Ty(t)]
|t—al<r

Then

X
[«
a

<r- sup |Ty(t)]

|t—al<r
<re
if we choose N large enough. Hence
X . C (X n+1 ) a)n+1
[a f(t)dt—dl_r)nwz n+1 Z n+1
ng<N n=0

Proposition 5.15 (Differentiation of Power Series)

Let) c,(x —a)" and f as in the previous proposition. Then f is differentiable on (a — R,a + R),
and

00 0

f’(x)=Zc Z a(x —a) .

n=0 n=1

Proof.

If g(x) = >y ncy(x — a)"! has a radius of convergence R’ > R, then g is continuous on [a —r,a +
r] for every r < R by Proposition 5.13, and by Proposition 5.14 we have
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[X g(t)dt = i nc, [ (t—a)"ldt = i c,(x —a)" = f(x) - co.
a n=1 a n=1

Hence, by Fundamental Theorem of Calculus 4.21, we have

f'(x)=g(x) Vxe€la—-r,a+r],Vr <R
= f'(x) = g(x) Vx € (a—R,a+R)

It remains to show that new series has radius of convergence > R. Take r < R, then we have

some s € (r,R). THen

- n(lx—al\"*
|ncn(x—a)" 1| < |c,,|s"—(| l)

s\ s
n(ry\n1
< |cn|s”g(§) Vix —al<r.

Since s <R, |¢,|s" — 0 by the definition of radius of convergence. Hence 3M such that |c, |s" <

M ! foralln > 0. Thus

n-1 n(r\n-1
|ncn(x—a) | <M=|- Vix —al <r.
s\s

Now

= Mn . r

Z —(= converges since — < 1.

S S

n=0

Hence,

[o0]
Z nc,(x — a)"! converges absolutely for all |x — a| < r,Vr <R.

Example 5.16

* Do IhasR 0. SO

d & x" <« x"! — x"
dxr;)n'_r;(n—l)'_n= n!
X & XN o Xn+1 o XN
—dt= =
[OZO ! ,;(nm)(n') ;n'
L |
-y %
n=0n
°* D, 2hasR 1. For |x] < 1, we have
d o XN o Xn—l
denZ_Z n
n=1 n=1
X Xn ) Xn+1
—dt =
«[o r;n ;(n+1)(n2)
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Exponential and Logarithms

Exercise. Using familiar properties of exp, namely %e" = e*, to show that they Taylor series of

at x = 0 is, with radius of convergence R = o,

More ambitiously, Taylor's theorem says that 3¢ € [0, x]
x" €&
Rno(x) — Z i MXN

n<N-1

For fixed x € R,
N
Ryo(X)] < |€ &AO as N - oo.
ND N!

n
Hencee* =} > = forall x € R.
-V n:

Lemma 5.17
We define
e:C->C
[ee] Zn
zZ = j{:'BT
n=0 °

with radius of convergence R = .
With this definition,

1. e is smooth with e'(z) = e(z),

2. e(0) =1,

3. e(a+b) =e(a)e(b).

Proof. (1) and (2) are immediate from what we know about power series. For (3), let
f(z) =e(a+b—2z)e(z2).
Then

f(z)=—e'(a+b—2)e(z) +e(a+b—2z)e'(z)
=—f(z)+f(z) =0 Vz.

Hence f is constant on C, and thus
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Lemma 5.18

Consider e : R —» R, the restirction of e to the real axis. Then
. e is smooth with e'(x) = e(x),
. e(x +y) =e(x)ely),
. e(x)>0forall x € R,

1

2

3

4. e is strictly increasing,

5. e(x) » 0as x —» o0, and e(x) » 0as x » —oo,
6

. e:R — (0, 00) is a bijection.

Proof. (1) and (2) follows immediately from Lemma 5.17.
For x > 0O, every term in the series is non-negative, so

e(x)>1+x = e(x) >0 forx>0
e(

X) > 00 asx — oo

_ — —x)=¢9 _ 1
For x <0, e(—x)e(x) = e(0) = 1. Hence e(—x) = ) = 00" Then

e(x)>0 vx <0
e(—x) > Ot asx » —oo

It follows that

e €e'(x) = e(x) > O gives that e is strictly increasing, and that e is injective.

« giveny € (0, ) = (lim,_,_ e(x),lim,_, e(x)), there are a,b € R such that e(a) <y < e(b). By
Intermediate Value Theorem 2.22, 3x € [a, b] such that e(x) = y. Hence e is surjective.

Thus we have proved all statements.
Sincee: R — (0,) is a bijection, it must have an inverse. We will call it £ : (0,00) — R.

Lemma 5.19

For ¢ as defined above, we have

1. £:(0,0) - Ris a bijection with £(e(x)) = x forall x € R, e(4(y)) =y forally € (0, ).
2. ¢ is smooth and monotone with ¢'(y) = %

3. £(1)=0and &(y) = [ 1 dt.

4. L(yz) = L(y) + £(2)

5. 0(y) » coasy — o, and £(y) » —co by y — 0O*.

Proof. (1) follows from the definition of inverse. It also gives us that Ju, v such that

L(yz) = L(e(u)e(v)) =L(e(u+vVv))=u+v=2y)+£(2)

71



wherey =e(u) @ u=2(y),andz=e(v) & v = £(z).

Using Inverse Function Theorem 3.13, we get that £ is smooth, and ¢'(y) = 1

Since y > 0 in the domain of ¢, £ is monotone.
Since e(0) =1 © e(1) =0, by Fundamental Theorem of Calculus 4.21,
y
Ly) = [ 2'(t)dt
1
y
[ 1 4t.
. t
Exercise. The final part is left as an exercise.
Remark.
Y dt [ 1
L1+y)= Tt —[1 1—(—t)dt
j Z (-1)"t"dt given |t| < |yl < 1
1 n 0
=Z[(1t”dt Vlyl <1
_ (_1)n n+1
_,,Zo”"‘ly vyl < 1.

One can push this, in Part IB Analysis II, to show that

= (-1
2 =

n=1

We shall define
I, (x) = e(al(x))

Lemma 5.20

Letx,y >0, a,B € R. Then
1. Ta(xy) =T (x)Ta(y)

2. Toyp(x) =T (x)Tg(x)

3. T(Tp00) = Tplx)

4. (x)=x,Th(x) =1

eely)

1

v
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analogous statements for e and 2. Now for (3),

() = elat(e(Be(x)
= e(aBe(x)) = Mp(x).

Corollary 5.21

Take p,q € Z, then
o Tp(x)=Ty(x) - Ty(x) = xP,

p products

I, (x) =x7" by (3),
. (rl(x))p —Ti(x) - - Ta(x) = [, (x) = x, and s0 1 (x) = x?,

p

p products

o xa =Tp(x).
q

We have that I (x) = x% for a € Q. Thus

X

e(x) =e(xloge) =T, (e) = e”.

This allows us to identify e(x) = €* and use standard notation. We shall write ¢ =

Proposition 5.22 (Exponentials, Powers and Logarithms)

1. x"e™*

- 0as x —» oo,
2. x"logx - 0as x - oo,

3. x"logx - 0t as x —» 0O*.

Proof.
1. Letx>1,

foranyne N, x > 0. Choosen—r > 1. Then

r n! n!
<——>O as X — oo.

<
0< Soxn-r oy

2

2. t71 <t t > 1and any € > 0. Pick € € (0,r). Then

E—r
0<x"logx =x"" [dt "[te‘idtsxT—>O

n—oo

—t -
. xX=e _ y rt eV
3. lim, » 0" x"logx "= —lim,_,te™" == —lim = =0.

Proof. (1) and (2) follow by group isomorphism properties of e and £. (4) is clear from the

log from now on.
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Trigonometric Functions

With A-Level knowledge about sin and cos, we can calculate the Taylor series of them at x = 0.

Moreover, using Taylor's theorem, we can show that for all x € R,

o © . x2ntl
SInX = nZ_O (—1) (2n—+1)|
il 2n
_ _an X
COSX = HZ_O( 1) 2n)
Lemma 5.23
We define
c:C->C
26> Lle(iz) +e(—i2)] = i (1) 2
2 5 (2k)V’
s:C->C
1 B ® Z2k+1
2o o-le(iz) - e(-iz)] = kgo(— BT

Note that both series have radius of convergence R = o. We will show that c and s are the
complex cosine and sine functions, respectively.

With this definition, for w,z € C,
1. ¢c(0)=1,5(0)=0

c'(z) = =s(z),5'(z) = c(z)

s(z +w) = s(z)c(w) + c(z)s(w)
c(z+w)=c(z)c(w) —s(z)s(w)

c?(z) + s%(z) = 1.

a & N

Proof. All statements follow from the definition and properties of e. For example, for (4),

c(z)c(w) — s(z)s(w) = %(eiz + e‘iz)(eiW + e‘iw) + %(eiz - e‘iz)(eiw - e‘i‘”)
— %(eizeiw +e—ize—iw)
=c(z +w).

Taking z = —w, we get (5).

Remark. From (5), Vx € R,

S2(X)+c2(x) =1 = |s(x)] € 1, |cx)] < 1.
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Note that this is generally not true for complex z.

Proposition 5.24 (Periodicity of Trignometric Functions)

There is a smallest positive w such that c(%) =0, s(%) =1, and
1. s:R > R,c:R — Rare periodic with period 2w, i.e.

s(x +2w) =s(x), c(x+2w)=c(x) VxeR.
2. s(x + w) = —s(x),c(x + w) = —c(x) for all x € R.

3. s(x + %) = c(x),c(x + %) = —s(x) for all x € R.

Proof. Once we have existence of smallest w > 0 such that c(%) =0, s(%) =1, the rest of the
statements follow from Lemma 5.23.

Let us find the smallest such w. Starting from looking at x € (0, 2), we have

3 5 7

oy B X2 x> x
C(X)——S(X)—— X—a-l'g—ﬁ-i'"’ < 0.

>0 >0

Thus c(x) is strictly decreasing on (0, 2), and thus it has at most one root in (0, 2). To see the
existence of the root,

c(\/§)=1— o +. TR .+ >0
\/52 \/54 \/56 \/§8 \/510 \/512
PTG
-1/8 >0 >0

By Intermediate Value Theorem 2.22, there is a root in % = (\/5 \/5) C (0,2). Now

o(g)-1-0(8)-1=g) =

But since % € (0,2) we get s(%) >0, so s(%) =1.
Corollary 5.25

1. The function e'* for x € R is periodic with period 2w
2. ev=-1

iw
3. ez =|.

Finally, we need to relate w to the more familiar mn.
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Lemma 5.26

2w is the perimeter of the unit circle,

Sl={zeC:|z|=1}.

Proof. If we can show y : [0,2w) — $' with t — €'t is a bijection, then we get that

2w 2w .
perimeter of 5 = length of y = [ [y'(t)| dt = j |i e't| dt = 2w.
0 0

To show that y is a surjection, take z € $* writtenas z=a+ib witha? +b?> =1, and a,b € R. We
have

e c:[0,w] = [-1,1]is continuous and strictly monotone, hence 3t € [0, w] with c(t) = a.
e s:[0,w] — [0,1] is nonOnegative, hence s(t) =1 —a2. Thenif b =1 — a2, we get s(t) = b. If
b=—J1-a2 wegetbh=—s(t) =s(2w —t).

Hence for every z € $%, there is some t € [0, 2w) such that y(t) = z.

To show that y is an injection, since e't has least positive positive 2w, it is injective when
restricted to [0, 2w).

Hence w = m, and c(z) = cos z,s(z) = sinz for all z € C. We can now define tan, arccos etc.

We can further define, for z € C,

cosh = %(ez +e7?)=cos(iz), sinh= %(ez —e7?) = oosin(i z).

Proposition 5.27

Forz e C,

1. cosh’(z) = sinh(z)

2. sinh’(z) = cosh(z)

3. cosh?(z) — sinh?(z) = 1.

Exercise. The proof is left as an exercise. It should be similar to the proof of Lemma 5.23.
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